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"ƒe„8äN$"›˛#K5"èx:

S(u) = {x 2 X : G (x , u) 2 K}

Ÿ•X¥kÅëHilbertòm, K ⇢ Y¥öò4‡8‹, Y¥k
ÅëHilbertòm.

• K = {0} ⇢ Y"ú%,";"¤ºÍ!nå£âÅ{¸
"ú%;

• K¥òÑ"4‡8‹"ú%,Robinson#Â5âèx›
˛#K5.
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约 来 优化问是 fminct.co Ek → 约束集 G
"
( k ) = Slu

。 )

GI.su 。 ) = G化 )

G
" (K ) 在什哈,

件是 凸集 ?

ueuGcin-o.knn.me
r 阮之数定理



888äääNNN$$$"""444ÜÜÜ‡‡‡555

• 8äN$ 3x 2 X?$°è¥4", exn ! x ,
yn 2  (xn), Ö yn ! y , Ky 2  (x). ° ¥4", eß
3X•"zò:˛¥4".

• 5ø' ¥4"(Ö=(ß"„gph( )¥X ⇥ Y•"ò
4f8.

• ° ¥‡"(convex), eß"„gph( )¥X ⇥ Y•"ò‡
f8. %)d/,  ¥‡"ø©7á^á¥È?¤
x1, x2 2 X , t 2 [0, 1],

t (x1) + (1 � t) (x2) ⇢  (tx1 + (1 � t)x2). (1)
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外 平连续

么
yrepi F

⽤途 : 什么是与优化问题 ? T-GM-k-ht.fi
,
与⽔ ⼀ 上组合

是 国业 的

i) minfajst.GSc) Ek 2) mn 5们 t.ECG 们 )
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• ‡"ï˛äºÍ

• ‡"›%ºÍ
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于⼼ ⼀ 抓 ⼀ 胆 是凸 的 ⇒ 正是⼀是

为了 分量 的 分量与
0 txszsgutc-co.it彦的 +

CMJGEgctoc.tl,⼀切(⼀)
tlsa.HR! ] + (1 -8 1 D的 ⼀ 肥 了

ESg-IRM-tga.it/i-t)SHz)ESbG)-1RMGI0ElRm,0,gtSGc,)tC1t4
位) =9位 ) +8

② 9作 ) ← tg仏 ) t ( 1-t )9位)
,
i E (m ]

i i
i

gi 是 凸上 致
,
i E的

,

年 = {xc-i.gs : 以 可化) = 8们 ⼀贴 是 周⽇ 的

我是 凹之数.EE Cm 了 ,



出的知轻取

⽣ ⼆ ( >< EBTGDY_o3.GR →

㾀 化 ) = G从 1 - S, 㾀 是 国凸 的 1,从 E, t e a, ⻔ )

TT ) = t T a ) + ( 1- t) 有 位,

GCxtl-STZtCGan.SI ) + at ) G- ⼀列

Ggi-SYZtGa.it atJGC.cz 1

IAESI.CA 201 泻⾜

Gslt ) - A = tGG) + ( 1-t) G位 )
从 这⽔

, ⼗ (-4),4

GC-ZtGSGj.ec/-t)Gblz) ✓ (四)

E-kEIRTGMfobaatiftGgj.tl 1-t) G 的⼼
,

(趴
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eA : X ! Y¥òÎY"Ç5éf, A¥N˛"^á)du
^á 0 2 intA(X ). åÚmN$!nÌ2'‰k4‡„"8
‹äºÍ"ú/.

!!!nnn 1.1
(2¬mN$!n)!XÜY¥Banachòm,  : X ! 2Y¥4

!‡!8äºÍ. -y 2 int(range  ). K
Èx 2  �1(y)98r > 0ky 2 int  (BX (x , r)).

8 / 39

A 峡 上 (

ontol-AX-YZGGIZG.tl
⼠化, ) + t 2位 )

,
t.ca , ⻔

_ _

_
t r > o , 项 , ytklB.ie⽣化 +顺 )

即 : ⼀
-_-
-

与 ⼠ 的 openn.si 主攻相关
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!!!¬¬¬ 1.1
°ıäºÍ : X ! 2Y3(x0, y0) 2 gph( ) ±Ç5«� > 0
èm!, e!3tmax > 09(x0, y0)!#çV˜v
È8(x , y) 2 gph( )

T
V , 8t 2 [0, tmax], e„ù"'X§·:

y + t�BY ⇢  (x + tBX ). (2)

###KKK 1.1
eıäºÍ ¥‡!,K 3:(x0, y0) 2 gph( )?èm!ø
©7á^á¥!3"Í⌘, ⌫˜v

y0 + ⌘BY ⇢  (x0 + ⌫BX ). (3)
9 / 39
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w,, %⌫ = tmax, ⌘ = �tmax, d(2)å,(3). Éá/, ' ¥
‡", Ö (3)§·. ÿî'x0 = 0, y0 = 0. %

V = ⌫BX ⇥ 1
2⌘BY , (4)

-(x , y) 2 gph 
T

V . d "‡59(3),8t 2 [0, 1],

y + 1
2t⌘BY = (1 � t)y + t(y + 1

2⌘BY )
⇢ (1 � t)y + t⌘By

⇢ (1 � t) (x) + t (⌫BX )
⇢  ((1 � t)x + t⌫BX )
⇢  (x + 2t⌫BX ).

K-

� =
⌘

4⌫
, tmax = 2⌫,

dV"!¬, å,(2). ⌅
10 / 39

-
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y.tk/ByEEGGtOlBx1t'=zzt
⇒ iy ⼀点 t 8←

conveycit.TO/my+itlBYEEbitt1Bx'GlftEGtmaxJObly)EY
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###KKK 1.2
!ıäºÍ : X ! 2Y¥4!, ‡!. K 3(x0, y0)?¥m
!&Ö=&y0 2 int(range ).

yyy""". 5ø', e8äN$ ¥&åÎY", ‡", ä‚2¬
mN$!n1.1, d#K5^áy0 2 int(rge )åÌ—%3⌘

Ü⌫ ˜v(3), l&d#K1.1,  3:(x0, y0) 2 gph ?èm
". w,, Éá"(ÿ'§·. ⌅
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1
0

了
。

⼗ 之 级
, ⼆ ⼠ 化

。
+ 2 1只 )#
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!!!¬¬¬ 1.2
°ıäºÍ : X ! 2Y3(x0, y0) 2 gph ±«c›˛"K!,
eÈ(x0, y0)ò#ç•!§k!(x , y)k

dist (x , �1(y))  c dist (y , (x)). (5)

!!!nnn 1.2
ıäºÍ : X ! 2Y3(x0, y0) 2 gph ±«cè›˛"K!
&Ö=& 3(x0, y0)?±� = c�1è«¥m!.

12 / 39

-

cr-i-E-v-gsc-YHtEGtma.JGIXEP.no)
,

⼆ tmax " 传
yt ftp.iEIblttlBD -
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' 3(x0, y0)?¥±«� > 0"mN$. -tmax > 0ÜVè!
¬1.1â—". ÿîòÑ5, å'V‰ke„/™

V = "xBX ⇥ "yBY .

ek7á, ~'tmax, 2'

tmax�  1
2
"y . (6)

-(x , y)˜v

kx � x0k < "0
x
, ky � y0k < "0

y
, (7)

Ÿ•"0
x
, "0

y
¥˜ve™"#~Í

"0
x
 "x , �"

0
x
+ "0

y
 tmax�. (8)
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⺕ VENGC.hn#max70,lfC,y)EVngphyy+8tlByEZCxttlBx),VtECo,tma><]



5ø'˛„'XL""0
y
 1

2"y . y35y'X™

d(x , �1(y))  cd(y , (x)) (9)

3c = ��1û¥§·". Ø¢˛, du"0
y
 "y

Ö 3(x0, y0)?¥m",
dy 2 y0 + ky � y0kBY ⇢  (x0 + ��1ky � y0kBX ) ,'

 �1(y) ⇢ x0 + ��1ky � y0kBX .

%3x⇤ 2  �1(y)˜v

kx⇤ � x0k  ��1ky � y0k.

l&k

d
�
x , �1(y)

�
 kx�x⇤k  kx�x0k+��1ky�y0k  "0

x
+��1"0

y
.
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• XJ

d (y , (x)) � �"0
x
+ "0

y
= �("0

x
+ ��1"0

y
)

(cŸ, e (x) = ;˘¥§·"), K

d
�
x , �1(y)

�
 �d (y , (x)) ,

y,(ÿ.
• ƒK,d (y , (x)) < �"0

x
+ "0

y
, d(8), Èø©'"↵ > 0,

%3y↵ 2  (x), ˜v

ky � y↵k  d (y , (x)) + ↵ < �"0
x
+ "0

y
 tmax�. (10)

Kd(6)–(8)å,

ky↵�y0k  ky↵�yk+ky �y0k < tmax�+"0
y
 "y . (11)

15 / 39



• œd, (x , y↵) 2 gph 
T

V . (‹(11)Ü 3(x0, y0)?"
m5,%3 x 0 2  �1(y)˜vkx 0 � xk  ��1ky � y↵k. u
¥,'

d (x , �1(y))  kx 0 � xk  ��1ky � y↵k
 ��1d (y , (x)) + ��1↵.

du↵ > 0¥?ø", (c = ��1 û, (9)¥§·".
• Éá/, ' 3(x0, y0)?±c > 0è«¥›˛#K".
-(x , y) 2 gph , z 2 Y˜vky � zk < tc�1. KÈø©
*Cu (x0, y0)"(x , y) Üø©'"t > 0, k

d
�
x , �1(z)

�
 c d (z , (x))  ckz � yk < t.

˘øõX%3w 2  �1(z)˜vkw � xk < t; œd
kz 2  (x + tBX ). ˘“y,!n. ⌅
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!!!nnn 1.3
(Robinson–Ursescu"!5!n)- : X ! 2Y¥4‡ıäº

Í. K 3(x0, y0) 2 gph( ) ?›˛"K!øá^á¥"K
5^áy0 2 int(range )§·. ç"(/, !(3)§·, (x , y)˜
v

kx � x0k <
1
2
⌫, ky � y0k <

1
8
⌘. (12)

Kc = 4⌫/⌘û!(5)§·.
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㢕啡 :
V - 1 13 %

,
⼼ ㄨ 1 13 1%, 䚲 )

c = 40亿

%

c.int/rangz)GC3)iIbn,Ivs0GyotElByENeGt2lBx)
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"ƒÎYN$G : X ! Y , 4‡8K ⇢ Y , ÜÉA"8äN
$

FG (x) = G (x)� K . (13)

'Xy0 2 FG (x0)øõXG (x0)� y0 2 K . ' y0 2 FG (x0), e
FG 3(x0, y0)?¥›˛#K", =XJ(x , y)3(x0, y0) "ò'
ç•, k

d(x ,F�1
G

(y))  c d(y ,FG (x)). (14)

18 / 39

死。
E , G的EKI-kc-XiGc.aek 1 % 。 后情况

下
,
是凸的 ⇒ ⼆是蝶

的⼼。 )

gfT-i-cdiifCGCM-y.KJL-uhttyai.net
,川性 的。

"她𠺫 )
-_-
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!!!nnn 1.4
([1, Theorem 2.84]). !G : X ! Y¥òÎYN&. !ÉA!
8äN&FG3(x0, y0)?±«c > 0 ›˛"K, $äN
&D(x) := G (x)� H(x)3x0!ò#ç±! < c�1

LipschitzÎY. K8äN&FH 3(x0, y0 � D(x0))?±
«c() := c(1 � c)�1 ›˛"K, =

d(x ,F�1
H

(y))  c()d(y ,FH(x)) (15)

Èø©#Cu(x0, y0 � D(x0))!(x , y)§·.

19 / 39

(⽔
,
% ) 的中年, 在 化 1 = Gm - K

,

如何刻画 Ta 在位,灯处渡 是到性 ?

在

-50

⼀⼀
7

- 种T
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'G (x)¥åá"ÖDG (x)¥'ux"ÎYN$. "ƒ:
x0 2 �⁄8äN$

F⇤(x) = G (x0) + DG (x0)(x � x0)� K . (16)

d•ä!n, &ºÍ

G (x)� [G (x0) + DG (x0)(x � x0)]

3x0"'çVS¥LipschitzÎY", ŸÉA"Lipschitz~
Íå±ø©'. (‹!n1.4, ˘åÌ—,eÇ5z8äN
$F⇤3(x0, 0)?¥›˛#K", KFG3(x0, 0)?'¥›˛#
K". Éá/,FG3(x0, 0)?"›˛#K5åÌ—F⇤"›˛

#K5.
20 / 39

G a)

T.fr/tbc)=Gaa+DGlxDbc-DTET

-
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5ø

F⇤(x) = G (x0) + DG (x0)(x � x0)� K ,

k

rangeF⇤ = G (x0) + DG (x0)X � K .

ä‚#K1.21, Ç5z8äN$F⇤3(x0, 0)?¥›˛#K"
ø©7á^á¥Robinson#Â5â§·:

0 2 int (G (x0) + DG (x0)X � K ) .

FG 333(x0, 0)???"""›››˛̨̨###KKK555)))ddduuuRobinson###ÂÂÂ555âââ.

1#K1.2 !ıäºÍ : X ! 2
Y ¥4", ‡". K 3(x0, y0)?¥

m"#Ö=#y0 2 int(range ).
21 / 39

我 闭, 它的在 化
,
0 1处度 是 正则性⇐) oeiget )

⼀)
✓



注 : Robinsoncc.0EmtfGC.co ) +DG们X - K }
T T 在位 ,

o ) 处官 是 正 川 性

⇒ ⺕ E> o
, ⼆ Òso , ⺕ > 0

,有

disfo-s.cc difly.ec。) , K 化
,
"呲们 ✗

EB-cdifG.GS
- K )

cd.it/Gny,K) ⇒岄化
,

年 )
结论 : 放 G 在 xoi.GR 。 binsona 成⽴

,
那么 Ecdtkn

, K )
医化

。

7-fdEXiDGc.co?dETkCGao)Y'7Zi
左端 E右端 另 1 2

. 要 1 2右端 E 左端
, V-dEXiEGfyc.ECG ⼼)

⼆ 个 to 伎 disllaa.it 以 听的10 ⽇
, K ) = o 质 ) ,



巫化。
1 - { h E X : ⼆ ⽀ 」 。 传 difG.tn

,

⽣ ) = o - }
度正 正则

disflx.tt , E) Ecd.it Eee, K ) ①作 ) = 。利

-

cd.it/Ga)_IDn.)d_nGIaonntO_G),E)EcdfCGantt.tcllg=oCf)=7dE
医们 ,
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"ƒ‰ke„òÑ/™"‡`zØK:

(P) min f (x) s.t. x 2 Q. (1)

Ÿ•f : <n ! <èC2"‡ºÍ,Q ✓ <n è4‡8.
å^ç´ºÍÚØK(P))d"(§*#Â`zØK:

min
x2<n

f (x) + �Q(x).

duf (x) + �Q(x)è‡ºÍ, Öf (gÎYåá, K‡`zØ
K(P)"KKTX⁄å±(§e„2¬êß"/™:

0 2 @(f (x) + �Q(x)) = rf (x) + NQ(x). (2)

23 / 39

是 反 ) = { "
"

EQ.tn
,
>< ¢ Q

.

-
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!!!¬¬¬ 2.1
°N&T : <n ◆ <n ¥¸N!(monotone), XJÈ
uv0 2 T (x0), v1 2 T (x1), k

hv1 � v0, x1 � x0i � 0;

°N&T¥ÓÇ¸N!(strictly monotone), XJÈux0 6= x1,
˛„ÿ*™§èÓÇÿ*™. N&T¥4å¸N!, XJ
„gphTÿ˝ù"3Ÿ¶?¤!¸NéfT 0 : <n ◆ <n!

„gphT 0•.

24 / 39

(x
, y ) Egii 牝 派 )

T极⼤单词 化-,,-g) 3 0
,
tbi.PE 9所 7

0 E T位) 合伙⼈, y-oyz.co ,
以

'
t T 化 '

)
,
⽐ Edom T



'u4å¸N5, ÆkNıŸ("(ÿ, ~X,eåÎY‡º
Í"gá©¥4å¸N". Èu<n •"?ø4‡8

‹C 6= ;, {IN$NC¥4å¸N". XJT‰ke„/™:

T (x) =
⇢

T0(x) + ND(x), x 2 D,

;, x /2 D,

Ÿ•D ⇢ <n¥òöò4‡f8‹, T0 : D ! <n¥¸ä"¸

N"ÎYN$, K˘+"éf¥4å¸N". (,, Èu¸
NéfT , Ÿ_N$T�1'¥¸N".

25 / 39

T
"

(y ) = fxc-domi.AETa }



以凸规划问题为例

oc-Tbciaiygr.inI-fmnif.az
j

= 2 g (凹 )

们 ,⼼ f-eo.in , 在 涨 ✗ 然
><EC lc, g)

m"

ff。 从 ⼗点 ⽣⼈ 的
,
7CEC.AE ⽇早

lg =

1
- , xEC.br 4㫟 ⻋

"

⼼ >< ¢ c J
"

( p) minfaO-su.pl/x,y) 在
"

XER "
y

(D) maxgy-mff.sc ) ⼗点yifsymaxfDO-si-i.ly/gZo
>< Ec

gy ) = 坐 ly )

游上) 州 的 @… )⽔
,
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ÚœL|^[2, Proposition 5.1]5*ÔØK(P)"KKTX⁄"
r#K5ÜAubin5ü")d5.

###KKK 2.1
[2, Proposition 5.1] !X¥Banachòm, F : X ◆ X ⇤è¸N

N&Ö3(x0, y0)?‰kAubin 5ü, @oF3x0!ò#çS

¥¸ä!.

26 / 39

TT>< ) MWEFY +8 㲻-1 期 ,xiEU.TW
E)㣉。 )
,
Ucii)
-
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b'F3x0"?¤'çS˛ÿ¥¸ä". @o%3S
(xk ! x0 ¶,È?òyk 2 F (xk), k = 1, 2, . . ., %
3zk 2 F (xk), k = 1, 2, . . ., ¶,È§kk , ˛kzk 6= yk . œ
èF3(x0, y0)?‰kAubin5ü, å¿%yk 2 F (xk) ˜
vyk ! y0. Èzòák%3òáÇ5ºÍÓÇ©l:yk⁄zk ,
=Èzák = 1, 2, . . ., %3hk 2 X , khkk = 1Ü~Íbk > 0,
¶,

hzk , hki � bk + hyk , hki. (3)

'F±#�9'çU⁄W‰kAubin 5ü. %òÍ(tk˜v

tk > 0, tk ! 0, Ötk < bk/2�. (4)

27 / 39

vrr vv vr

么
, >



KÈø©å"k , kxk 2 U, xk + tkhk 2 UÖyk 2 W . ä
‚F"Aubin5ü, k

yk 2 F (xk) \ W ⇢ F (xk + tkhk) + �tkB.

œd, %3S(uk 2 F (xk + tkhk) ¶,

kuk � ykk  �tk . (5)

dF"¸N5,

huk � zk , xk + tkhk � xki � 0.

(‹(3), k

huk , hki � hzk , hki � bk + hyk , hki.

?ò⁄, d(4)⁄(5),

bk + hyk , hki  huk , hki  hyk , hki+ �tk < bk/2 + hyk , hki,

w,gÒ. œd, b'ÿ§·, F3x0"ò'ç¥¸ä". ⌅
28 / 39

不h.FI
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_
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!!!nnn 2.1
Èu‡`zØK(1), 2¬êß(2)3x0NC¥r"K

!(=x0è0 2 rf (x) + NQ(x) !r"K))!ø©7á^á
èT�13x0?‰kAubin5ü, Ÿ•N&T : <n ◆ <nè

T (x) := rf (x0) +r2f (x0)(x � x0) + NQ(x).

29 / 39
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7á5dr#K"!¬=å,'.
ø©5. 'T�13x0?‰kAubin 5ü. du‡º
Íf"Hessian%¥å#!", Kke™§·:

hr2f (x0)(x1 � x2), x1 � x2i � 0, 8x1, x2 2 <n. (6)

œd, N$T 0(x) := rf (x0) +r2f (x0)(x � x0) ¥¸N"Ö¸
ä", KN$T¥¸N", ?&T�1¥¸N". d#K2.1(,
T�13x0"ò'çS¥¸ä", dr#K!¬,(ÿ§·.
⌅
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!!!¬¬¬ 2.2
A set-valued mapping � : <n ◆ <m is called polyhedral, if its
graph is the union of finitely many polyhedral sets, called
components of �.

e„'uı°8äN$"!n5)u©z[4].2

!!!nnn 2.2
!S : <n ◆ <m¥òı°8äN&, KS3zá:x̄ 2 dom S
?˛¥˛Lipschitz ÎY!.

2
Robinson S M. Some continuity properties of polyhedral

multifunctions. Mathematical Programming Study, 1981, 14: 206-214.
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⁄⁄⁄nnn 2.1
Let P : <n ◆ <m be a polyhedral set-valued mapping with
components Gi ,i = 1, . . . , k. Suppose that x 2 dom P and
define the index set

J(x) = {i 2 [k] : x 2 ⇡1(Gi)},

where ⇡1 denotes the canonical projection of <n ⇥<m onto
<n. Then there is a neighborhood U of x such that

(U ⇥<m) \ ghp P ⇢
[

i2J(x)

Gi .
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Proof

The affine subspace {x}⇥<m and the components Gi ,
i 2 [k], are nonempty polyhedral subsets of <n ⇥<m. If
j /2 J(x), the intersection of {x}⇥<m and Gi is empty and
these two sets can be strongly separated. Hence there are
neighborhoods Ui of x such that

(Ui ⇥<m) \ Gi = ; for i /2 J(x).

Thus U := \i /2J(x)Ui is also a neighborhood of x and

(U ⇥<m) \ gph P ⇢
 

k[

i=1

Gi

!
\

0

@
[

i /2J(x)

Gi

1

A ⇢
[

i2J(x)

Gi ,

as required. ⇤
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⁄⁄⁄nnn 2.2
Let G be a nonempty polyhedral set in <n ⇥<m. For
z = (x , y) 2 ⇡1(G )⇥ ⇡2(G ) define

dx(z ,G ) = min{kx 0 � xk : (x 0, y) 2 G}

and
dy (z ,G ) = min{ky 0 � yk : (x , y 0) 2 G}

the “horizontal" and the “vertical" distance of z to G,
respectively. Then there exist nonnegative real numbers ⇠,⌘
such that

dx(z ,G )  ⌘dy (z ,G ) and dy (z ,G )  ⇠dx(z ,G ) (7)

for all z 2 ⇡1(G )⇥ ⇡2(G ).
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Proof

The convex polyhedral G can be represented in the form

G = {(x , y) 2 <n ⇥<m : Ax + By  c},

where A 2 <l⇥n, B 2 <l⇥m and c 2 <l . By the standard form
of Hoffman’s theorem there are reals ↵ and � such that for
each a 2 R (A) + <l

+, b 2 R (B) + <l

+,x0 2 <n and y0 2 <m

one has

dist
⇣
x0, {x 0 : Ax 0  a}

⌘
 ↵k(Ax0 � a)+k

and
dist

⇣
y0, {y 0 : By 0  b}

⌘
 �k(By0 � b)+k. (8)
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Put ⇠ := �kAk,⌘ := ↵kBk and choose any
z := (x , y) 2 ⇡1(G )⇥ ⇡2(G ). Then we get from (8) that

dy (z ,G ) = dist
⇣
y , {y 0 : By 0  c � Ax}

⌘

 �k(Ax + By � c)+k.
(9)

For x̃ closest to x in the set {x 0 : Ax 0  c � By}3 one has

k(Ax +By � c)+k  k(Ax +By � c)� (Ax̃ +By � c)k, (10)

which yields

k(Ax + By � c)+k  kAkkx � x̃k. (11)

3kkx � x̃k = dx(z ,G )
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But kx � x̃k = dx(z ,G ) by construction and thus, combining
(9), (10) and (11), we get

dy (z ,G )  �k(Ax + By � c)+k  �kAkkx � x̃k = ⇠dx(z ,G ).

The first inequality in (7) is proven in the same way. ⇤

!!!nnn 2.3
[?]4 Let P : <n ◆ <m be a polyhedral set-valued mapping.
Then there is a constant � such that P is locally upper
Lipschitz with modulus � at each x 2 dom P.

Proof. Let Gi ,i 2 [k], be the components of P . With the
constant ⇠i associated with Gi according to Lemma 2.2 we put

� = max{⇠1, . . . , ⇠k}.
4
Outrata J, Kočvara M and Zowe J. Nonsmooth Approach to

Optimization Problems with Equilibrium Constraints, Theory, Applications

and Numerical Results. Kluwer Academic Publishers, 1998.
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Now consider some arbitrary x 2 dom P and the index set

J(x) = {i 2 [k] : x 2 ⇡1(Gi)}.

By Lemma 2.1 there is a neighborhood U of x such that

(U ⇥<m) \ ghp P ⇢
[

i2J(x)

Gi .

For x 0 2 U with x 0 /2 dom P nothing has to be shown. Hence
let x 0 2 dom P and y 0 2 P(x 0). Then we have

(x 0, y 0) 2 [(U ⇥<m) \ ghp P] ⇢
[

i2J(x)

Gi ,

which implies (x 0, y 0) 2 Gi for some i 2 J(x).
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For this i we get

dist(y 0,P(x)) = dist (y 0, {v : (x , v) 2 ghp P})
 dist (y 0, {v : (x , v) 2 Gi})
= dy ((x , y 0),Gi)  ⇠idx((x , y 0),Gi)

= ⇠idist (x , {u : (u, y 0) 2 Gi})
 ⇠kx 0 � xk  �kx 0 � xk.

Since P(x) is closed and y 0 was arbitrary in P(x 0), it follows
that

P(x 0) ⇢ P(x) + �kx 0 � xkB

and we are done. ⇤
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