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BergeåååÎÎÎYYY555

!!!¬¬¬ 1.1
!U,Y¥›˛òm, Èu8äN#S : U ◆ Y ,
(1) °8äN#S3u0 2 U?¥Berge˛åÎY!, eÈzò
á˜vS(u0) ⇢ O!m8‹O, "3� > 0, ˜v

S(u) ⇢ O, 8u 2 B�(u0).

(2) °8äN#S3u0 2 X?¥BergeeåÎY!, eÈzò
á˜vS(u0) \O 6= ;!m8‹O, "3� > 0, ˜v

S(u) \O 6= ;, 8u 2 B�(u0).
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HausdorffåååÎÎÎYYY555

!!!¬¬¬ 1.2
!U,Y¥›˛òm, Èu8äN#S : U ◆ Y ,
(1) °8äN#S3u0 2 U?¥Hausdorff ø¬e˛åÎY
!, e?ø" > 0, 9� > 0, ˜v

S(u) ⇢ S(u0) + "B, 8u 2 B�(u0).

(2) °8äN#S3u0 2 U?¥Hausdorff ø¬eeåÎY
!, e?ø " > 0, 9� > 0, ˜v

S(u0) ⇢ S(u) + "B, 8u 2 B�(u0).
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limsvy.sn ESIU 。 ) ( 等号 )
u-uodniifsnzs.lu
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,
等号 )

n-uodimsuy.su
) = { x : Iak → ug ⺕ xkESlukJ.tk → a}

u → u 。

liminfsn-f.ci Vuk → ⽐ ,
⼆ xkc-Sluyi.sc }

a → u 。



Hausdorf 距⾼

A.

cd.CA/C)-nifksoiAEC+sB,CEA+ElB2gG=niffszo:AECt9lB
}

9. ⼆时 9920, C = A 4 9 1 13 }𪆫前…… ……以
Slu。 ) a)

t.CA
,
c) sq-A.EC +9 113 → 下 半 连续

C E A ⼗ 三 113
→ 上 丰达 1天

和 Su
。 )



òòòááá~~~fff

"F : <n
! <

m3x 2 <
n?¤‹LipschitzÎY, @F (x)

¥Clarke2¬Jacobian

@F (x) = conv{limJ F (xi) : xi ! x , xi /2 ⌦F}.

d[4, 2.6.2 Proposition]1,
(a) @F (x)¥<

m⇥n"òöò4;ó8‹.
(b) @F3x?¥4";=xt ! x , Zt 2 @F (xt), Zt ! Z ,
KZ 2 @F (x).

(c) @F3x?¥˛åÎY":8✏ > 0, 9� > 0˜v

@F (y) ⇢ @F (x) + ✏Bm⇥n, 8y 2 x + �B.

1Clarke F H. Optimization and Nonsmooth Analysis. New York: John
Wiley and Sons, 1983.
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BergeÜÜÜHuasdorffåååÎÎÎYYY555"""'''XXX

Bergeø¬e"ÎY5⁄ Hausdorffø¬e"ÎY5kXe"
'X,Ñ[1].2

(a) XJ8äN$S3u0?Hausdorffø¬e˛åÎY
ÖS(u0)¥;ó", KS3u0?Bergeø¬e˛åÎY.

(b) XJ8äN$S3u0?Berge ø¬e˛åÎY,
KS3u0?Hausdorffø¬e˛åÎY.

(c) XJ8äN$S3u0?Hausdorffø¬eeåÎY,
KS3u0?Bergeø¬eeåÎY.

(d) XJ8äN$S3u0?Berge ø¬eeåÎYÖ
clS(u0)¥;ó", KS3Hausdorffø¬e¥eåÎY".

2Bank B, Guddat J, Klatte D, Kummer B and Tammer K. Nonlinear

Parametric Optimization. Berlin: Akademie-Verlag, 1982.
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3¤‹k."^áe, 8‹"$åÎY5$duBergeø¬
e"˛åÎY"[24, !n 5.19].3 È4ä"8äN$,
Hausdorffø¬e˛åÎY$du$åÎY5(45)[24, !
K5.12(a)].

3Rockafellar R T and Wets R J B. Variational Analysis. New York:
Springer-Verlag, 1998.
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!!!¬¬¬ 1.3
8äN#F : X ◆ Y3(x0, y 0) 2 gph F?¥±«è›˛"

K!, XJ"3#çU 2 N (x0), V 2 N (y 0)⁄~Í > 0, ˜
v

d(x , F�1(y))  d(y , F (x)), 8(x , y) 2 U ⇥ V .

!!!¬¬¬ 1.4
8äN#F : X ◆ Y3x0Èy 0¥›˛g"K!, X
J(x0, y 0) 2 gph F , "3#çU 2 N (x0), V 2 N (y 0)⁄~
Í > 0, ˜v

d(x , F�1(y 0))  d(y 0, F (x) \ V ), 8x 2 U.
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#ƒ&Â8‹

� = {x 2 X : G (x) 2 K},

Ÿ•XÜY¥kÅëHilbertòm,K ⇢ Y¥öò4‡8‹. !
¬

FG (x) = K � G (x),

K� = F
�1
G (0). "x0 2 �, K FG3(x0, 0)?˜v›˛$K5

øõX

dist (x ,F�1
G (y))  dist (y ,FG (x)) = dist (G (x) + y ,K )

È(x , y) 2 B�(x0)⇥ �B§·.
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!!!¬¬¬ 1.5
(Aubin5ü⁄„!). °8äN#S : X ◆ YÉÈuX3x0:

'uu0‰kAubin5ü, Ÿ•x0
2 X, u0

2 S(x0),
egphS3(x0, u0):?¥¤‹4!, Ö"3#çV 2 N (x0),
W 2 N (u0) ⁄~Í 2 <+, ˜v

S(x 0) \ W ⇢ S(x) + kx 0
� xkB, 8x , x 0

2 X \ V . (1)

eÚ˛„^á•!X \ VOÜèV , K°Aubin5ü3x0:'

uu0§·. dû, S3x0:'uu0!„!(graphical modulus)
è

lipS(x0
|u0) := inf{ : 9V 2 N (x0),W 2 N (u0), ˜v

S(x 0) \ W ⇢ S(x) + kx 0
� xkB, 8x , x 0

2 V }.
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!!!¬¬¬ 1.6
°8äN#F : X ◆ Y3x0?'uy 0¥""!(calm), X
Jy 0

2 F (x0), "3ò~Í > 0, x0 !ò#çV ⁄ y 0 !ò

#çW˜v

F (x) \ W ✓ F (x0) + kx � x0
kB, 8 x 2 V .

!!!¬¬¬ 1.7
°8äN#F : X ◆ Y3x0?'uy 0¥"Ë""!(robustly
calm), XJy 0

2 F (x0), "3ò~Í > 0, x0 !ò#çV ⁄
y 0 !ò#çW˜v

; 6= F (x) \ W ✓ F (x0) + kx � x0
kB, 8 x 2 V .
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!!!¬¬¬ 1.8
°8äN#F : X ◆ Y3x0?'uy 0¥%·""!(isolated
calm), XJy 0

2 F (x0), "3ò~Í > 0, x0 !ò#çV ⁄
y 0 !ò#çW˜v

F (x) \ W ✓ {y 0
}+ kx � x0

kB, 8 x 2 V .

!!!¬¬¬ 1.9
°8äN#F : X ◆ Y3x0?'uy 0¥"Ë%·""

!(robustly isolated calm), XJy 0
2 F (x0), "3ò~

Í > 0, x0 !ò#çV⁄ y 0!ò#çW ˜v

; 6= F (x) \ W ✓ {y 0
}+ kx � x0

kB, 8 x 2 V .
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!!!¬¬¬ 1.10
°8äN#F : X ◆ Y3x0?¥˛Lipschitz !,XJ"3ò
~Í > 0⁄x0 !ò#çV ˜v

F (x) ✓ F (x0) + kx � x0
kB, 8 x 2 V .

!!!¬¬¬ 1.11
°8äN#F : X ◆ Y3x0?'uy 0¥Ç5m!,XJ"3
#çV 2 N (x0), W 2 N (y 0) Ü~Í  2 <+, ˜v

F (x + "B) � [F (x) + "B] \ W , 8x 2 V , " > 0;

15 / 74



⽣ : X - Y 在 G,
✗
。 ) Egphg 141我性 ⾟ 870 为 开 的, 来 Itmax > , 及

a.
,⼼ 的 ⼀ 命城 V

,

HGYJEgphznv.tt

ECoitmaaJyttilBYEU.latt 呢 )



!!!¬¬¬ 1.12
(8äN#!LipschitzÎY5). °N#S : <n ◆ <

m3<
n!

f8X˛¥Lipschitz ÎY!, eß3X˛¥öò4ä!Ö"
3 2 <+èLipschitz ~Í, ˜v

d1(S(x 0), S(x))  kx 0
� xk, 8x , x 0

2 X ,

#&d/,

S(x 0) ⇢ S(x) + kx 0
� xkB, 8x , x 0

2 X .
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!!!¬¬¬ 1.13
#ƒ2¬êß

0 2 f (x , p) + F (x),

Ÿ•F : X ◆ Y ¥ò8äN#. "¬

G (x) = f (x0, p0) + Dx f (x0, p0)(x � x0) + F (x).

XJG�1¥l0 2 Y!òá#ç(x0!ò#ç!¸

äLipschitzÎYN#, K°2¬êß3(x0, p0)?¥r"K!.

17 / 74

院王致实现
推⼴

o = 9 1, p
) ,

⼤ 印
)

0 = 9
gpstDI.PH

""

,⼼

--
ÓEG 的( 1 -→ xc) :焦 → ㄨ

0
-1 4 1 13

x 年 后 , Lip。 连续



Karush-Kuhn-TuckerXXX⁄⁄⁄

#ƒ&Â`zØK

min
x

f (x)

s.t. G (x) 2 K ,
(2)

Ÿ•f : X ! <, G : X ! Y , K ⇢ Y¥ò4‡I, X ,Y¥k
Åë"Hilbertòm. Karush-Kuhn-Tucker^á

DxL(x ,�) = 0, � 2 NK (G (x)).

%§2¬êß/™

0 2 F (x ,�) + N<n⇥K�(x ,�), F (x ,�) =

"
DxL(x ,�)

�G (x)

#
.
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ÎÎÎÍÍÍKarush-Kuhn-TuckerXXX⁄⁄⁄

#ƒÎÍ&Â`zØK

min
x

f (x , u)

s.t. G (x , u) 2 K ,
(3)

Ÿ•f : X ⇥ U ! <, G : X ⇥ U ! Y , K ⇢ Y¥ò4‡I,
X ,Y¥kÅë"Hilbertòm. Karush-Kuhn-Tucker^á

DxL(x , u,�) = 0, � 2 NK (G (x , u)).

%§2¬êß/™

0 2 F (x , u,�) + N<n⇥K�(x ,�), F (x , u,�) =

"
DxL(x , u,�)

�G (x , u)

#
.
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� 2 F (x0, u0,�0)+DxF (x0, u0,�0)


(x � x0)
(�� �0)

�
+N<n⇥K�(x ,�)

3(0, x0,�0)NCkçò"LipschitzÎY"N$(x(�),�(�)).

XXX⁄⁄⁄ççç[[[%%%§§§:
"

�x

��

#
2

"
DxL(x0, u0,�0)

�G (x0, u0)

#

+

"
D

2
xxL(x0, u0,�0) DxG (x0, u0)⇤

�DxG (x0, u0) 0

# 
(x � x0)
(�� �0)

�

+N<n⇥K�(x ,�).
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Lipschitz”””"""

!!!¬¬¬ 1.14
(¤‹ Lipschitz ”#). °ÎYºÍ F : O ✓ X ! X3

x 2 O ?¥¤‹ Lipschitz å_!, XJ"3x!òám#ç
N ✓ O¶)Å"3˘á#ç˛!N# F |N : N ! F (N ) ¥
V#øÖß!_ºÍ¥ Lipschitz ÎY!. °F3xNC¥¤
‹ Lipschitz ”#!, XJF3xNC¥¤‹ Lipschitz å_!
øÖF3x?¥¤‹ Lipschitz ÎY!.

21 / 74
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òÑ/™"&Â`zØK

min
x

f (x)

s.t. G (x) 2 K ,
(4)

Ÿ•f : X ! <, G : X ! Y , K ⇢ Y¥ò4‡8‹, X ,Y¥
kÅë"Hilbertòm. "U¥òBanachòm, f : X ⇥ U ! <,
G : X ⇥ U ! Y .
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°(f (x , u),G (x , u)), u 2 U, ¥ØK(4)"òC
2-1wÎÍz,

XJf (·, ·)ÜG (·, ·)¥$gÎYåá", Ö$3u 2 U˜
vf (·, u) = f (·), G (·, u) = G (·). ÉÈA"ÎÍ`zØK‰
ke„/™

min
x

f (x , u)

s.t. G (x , u) 2 K .
(5)

°˛„ÎÍz¥IO"(canonical), XJU := X ⇥ Y ,

u = (0, 0) 2 X ⇥ Y , Ö

(f (x , u),G (x , u)) = (f (x)� hu1, xi,G (x) + u2),

x 2 X , u = (u1, u2) 2 X ⇥ Y .
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y30)[2, Definition 5.33]4 •""!:"r"!5"V
g, ß3`zØK"(Ø›©¤•Â%á"ä^.

!!!¬¬¬ 1.15
!x⇤¥ØK(4)!"":. °3x⇤?'uC

2-1wÎÍz
(f (x , u),G (x , u))¥r""!(strongly stable), XJ"3 x⇤!

#çVXÜu!#çVU ⇢ U, ˜vÈ?¤u 2 VU , ØK(5)"3
çò!"":x(u) 2 VX , x(·)3VU ˛ÎY. XJ˘ò5üÈ
zòC

2-1wÎÍz˛¥§·!, K°x⇤¥r""!.

4Bonnans J F and Shapiro A. Perturbation Analysis of Optimization

Problems. New York: Springer-Verlag, 2000.
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e„òó$(O%^á"!¬$g[2, Definition 5.16].

!!!¬¬¬ 1.16
!x⇤¥ØK(4)!"":. °3x⇤?'uC

2-1wÎÍz
(f (x , u),G (x , u))!òó$%O%^á§·, XJ"3
↵ > 0, x⇤!#çVXÜu!#çVU ⇢ U, ˜vÈ?¤u 2 VUÜ

ØK(5)!"":x(u) 2 VX , e„ÿ&™§·:

f (x , u) � f (x(u), u)+↵kx�x(u)k2, 8x 2 VX˜vG (x , u) 2 K .

(6)
°3x⇤?!òó$%O%^á§·, XJ(6)™ÈØK(4)!
?¤C

2-1wÎÍz˛¥§·!.
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!!!nnn 1.1
[24, Theorem 9.43]

5 egphS3(x̄ , ū) 2 gphS:?¥¤‹4
!, Ke„^á&d:
(a) (_Aubin5ü): S�1 3ū:'ux̄‰kAubin5ü;
(b) (›˛"K5): 9V 2 N (x̄), W 2 N (ū),  2 <+, ˜v

d(x , S�1(u))  d(u, S(x)), ex 2 V , u 2 W ;

(c) (Ç5m5): 9V 2 N (x̄), W 2 N (ū),  2 <+, ˜v

S(x + "B) � [S(x) + "B] \ W , 8x 2 V , " > 0;

(d) (ä”*Íö¤…5): ˜v0 2 D⇤S(x̄ |ū)(y)!yê
ky = 0.

5Rockafellar R T and Wets R J B. Variational Analysis. New York:
Springer-Verlag, 1998.
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e„!nL#8äN$"›˛g$K5$du_N$"$

"5.

!!!nnn 1.2
[7, Theorem 3H.3]

6 !8äN#F : <n ◆ <
m, ȳ 2 F (x̄). @

oF3x̄?'uȳ±~Í > 0¥›˛g"K!+Ö=+ß!
_N#F�1 : <m ◆ <

n3ȳ?'ux̄±É”!~Í > 0¥"
"!, øÖkclm(F�1; ȳ |x̄) = subreg(F ; x̄ |ȳ).

6Dontchev A L and Rockafellar R T. Implicit Functions and Solution

Mappings. New York: Springer, 2009.
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"C ⇢ <
n¥ò48‹.

• Radial cone/XàI

RC (x) = {d : 9t⇤ > 0, 8t 2 [0, t⇤], x + td 2 C}.

• Tangent cone/ÉI

TC (x) = {d : 9tk & 0, d k
! d , x + tkd k

2 C}.

• Regular tangent cone/$KÉI

bTC (x) = {d : 8y k
! x , 8tk & 0, 9d k

! d , y k+tkd k
2 C}.

29 / 74
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• Regular normal cone/$K{I

bNC (x) = {v 2 <
n : hv , x � xi  o(|x � x |) for x 2 C}.

• Normal cone/{I

NC (x) =

(
v 2 <

n :
9xk

2 C , 9v k
2 bNC (xk)

such that v k
! v

)
.

• É{'›'X

30 / 74
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Graphical derivatives and
coderivatives

!!!¬¬¬ 2.1
The graphical derivative of S at x̄ for any ū 2 S(x̄) is the
mapping DS(x̄ |ū) : Rn ◆ Rm defined by

z 2 DS(x̄ |ū)(w) () (w , z) 2 Tgph S(x̄ , ū),

whereas the coderivative is D⇤S(x̄ |ū) : Rn ◆ Rm defined by

v 2 D⇤S(x̄ |ū)(y) () (v ,�y) 2 Ngph S(x̄ , ū).

31 / 74
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Regular graphical derivatives and
coderivatives

!!!¬¬¬ 2.2
The regular derivative bD(x̄ |ū) : Rn ◆ Rm and the regular
coderivative bD⇤(x̄ |ū) : Rn ◆ Rm are defined by

z 2 bDS(x̄ |ū)(w) () (w , z) 2 bTgph S(x̄ , ū),

v 2 bD⇤S(x̄ |ū)(y) () (v ,�y) 2 bNgph S(x̄ , ū).

32 / 74



Strict graphical derivatives

For a mapping S : Rn ◆ Rm, the strict derivative mapping
D⇤S(x̄ |ū) : Rn ◆ Rm for S at x̄ for ū, where ū 2 S(x̄), is
defined by

D⇤S(x̄ |ū)(w) :=
n

z | 9⌧ ⌫ & 0, (x⌫ , u⌫)
gph S
! (x̄ , ū),w ⌫

! w ,

with z⌫
2 [S(x⌫ + ⌧ ⌫w ⌫)� u⌫ ]/⌧ ⌫ , z⌫

! z
o

or in other words, for �⌧S(x |u)(w) :=
S(x + ⌧w)� u

⌧
D⇤S(x̄ |ū) := g-limsup

⌧&0,(x ,u)gph S! (x̄ ,ū)
�⌧S(x |u).

Note that if F is strictly continuous, one then has the simpler
formula

D⇤F (x̄)(w) =
n

z |9⌧ ⌫ & 0, x⌫
! x̄ with �⌧⌫F (x⌫)(w) ! z

o
.
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MordukhovichOOOKKK

MordukhovichOKJ¯&ò´Oé˙™, å^u%‰8äN
$¥ƒ‰kAubin5ü.

!!!nnn 2.1
[24, Theorem 9.40] (MordukhovichOK). !S : <n ◆ <

m,
x̄ 2 domS, ū 2 S(x̄). !gphS 3(x̄ , ū) :¥¤‹4!.
KS3x̄:'uū‰kAubin5ü+Ö=+

D⇤S(x̄ |ū)(0) = {0},

#&d!, |D⇤S(x̄ |ū)|+ < 1.
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aaa'''nnn)))MordukhovichOOOKKK

F is strictly continuous at x̄ relative to X if x̄ 2 X and the
value

lipXF (x̄) := lim sup
x ,x 0 X!x̄ ,x 6=x 0

|F (x 0)� F (x)|
|x 0 � x |

is finite.
9.13 Theorem(subdifferential characterization of strict
continuity). Suppose f : Rn

! R is locally lsc at x̄ with f (x̄)
finite. Then the following conditions are equivalent:
(a) f is strictly continuous at x̄ ,
(b) @1f (x̄) = {0};
(c) the mapping b@f : x ! b@f (x) is locally bounded at x̄ ,
(d) the mapping @f : x ! @f (x) is locally bounded at x̄ .
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f 在刘产格达续 2吅》 = { o}

| 2时 - { (nioJENey.E.fm ) }

b (0,0 ) ENepifli.tn ) ⇒ ~ - 0

Mardnckh.richigy-EEED-nyH~ilnylENgg.nl/DTGEln7lo)=fo了
。

造 [
cncnc-Ngc.cz

字化 ) = 内乐 化仔⼼ )
(6)

Profile : ⻋ 化) : = { x i fa <a }
,

9时 与 "附
,



rrr$$$KKK555–***;;;"""¤¤¤ºººÍÍÍ!!!nnn"""ˇ̌̌–––

!!!nnn 2.2
7 !X¥Dâï˛òm,YÜZ¥¸áBanachòm, ⌦ ⇢ X
⇥Y¥ù*:(a, b)!òm8‹,� 2 C(⌦;Z ) ˜v

(i) �(a, b) = 0;

(ii)
@�

@y
(x , y) 2 L(Y ;Z )È?¤(x , y) 2 ⌦ "3,Ö

@�

@y
2 C(⌦;L(Y ;Z ));

(iii)
@�

@y
(a, b) 2 L(Y ;Z )¥V#,

✓
@�

@y
(a, b)

◆�1

2 L(Z ,Y ).

7pp.548-549, Philippe G. Ciarlet, Linear and Nonlinear Functional
Analysis with Applications,SIAM,Philadelphia,2013.
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(a) K$3X•"a"òm'çV ,$3Y•"b"òm'
çWÜò¤ºÍf 2 C(V ;W )˜v

V ⇥ W ⇢ ⌦,

"
{(x , y) 2 V ⇥ W : �(x , y) = 0}

= {(x , y) 2 V ⇥ W : y = f (x)}.

#
.

(b) XJ�3(a, b) 2 ⌦¥åá",@of3a?¥åá",

f 0(a) = �

✓
@�

@y
(a, b)

◆�1 @�

@x
(a, b) 2 L(X ;Y ).
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(c) XJ� 2 C
m(⌦;Z ),Ÿ•m � 1¥(Í,K$3X•"a"

òm'çeV ⇢ VÜY•"b"òm'çfW ⇢ W ˜vÈ

?¤(x , y) 2 eV ⇥ fW ,
@�

@y
(x , y) 2 L(Y ;Z )¥V$,

✓
@�

@y
(x , y)

◆�1

2 L(Z ,Y ), f 2 C
m(eV ;Y )

È?¤x 2 eV ,

f 0(x) = �

✓
@�

@y
(x , f (x))

◆�1 @�

@x
(x , f (x)) 2 L(X ;Y ).
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rrr$$$KKK555øøøõõõXXXüüüooo?

#ƒdÎÍ2¬êß!¬")N$

S(x) = {z 2 <
k : 0 2 C (x , z) + NQ(z)}, (1)

Ÿ•C : A⇥<
k
! <

k¥òÎYåáN$, A ⇢ <
n¥òm8

‹, Q ⇢ <
k¥òöò4‡8‹. â!(x0, z0) 2 gphS , x0 2 A.

áááœœœ¶¶¶^̂̂ááá, 333˘̆̆òòò^̂̂áááeee$$$333x0"""òòòááá'''çççO⁄⁄⁄z0"""òòò

ááá'''çççV ˜̃̃vvv333O˛̨̨$$$333òòòááá¸̧̧äää"""LipschitzÎÎÎYYYNNN
$$$� : O ! V¶¶¶***

�(x0) = z0, �(x) 2 S(x), 8x 2 O, (2)

$ˆ¶*

�(x) = S(x) \ V , 8x 2 O. (3)
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隐 王 数定理

FG y ) = o

① Fki ) = o

1
7② D.

,
F-T ) 不逆 ⼼

王 ⼦ : 1 13
。
⼼ → 1号 5)f. -,,- , 附近 。

1 1嘿;!点
…_

lhs8-F-pti-ily.gl
有解

, 成了 连续 可 微⼼
与 强玔性 表达 同



!¬

⌃(⇠) = {z 2 <
k : ⇠ 2 C (x0, z0)+JzC (x0, z0)(z�z0)+NQ(z)}

(4)
Ü

r(x , z) = C (x0, z0) + JzC (x0, z0)(z � z0)� C (x , z).

N¥(ye„(ÿ.

!!!KKK 2.1
e„'X§·

z 2 S(x)+Ö=+ z 2 ⌃(r(x , z)).
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yyy###

ä‚⌃Ür"!¬, k

z 2 S(x)+Ö=+ 0 2 C (x , z) + NQ(z) (5)

Ü

z 2 ⌃(r(x , z))+Ö=+

r(x , z) 2 C (x0, z0) + JzC (x0, z0)(z � z0) + NQ(z).
(6)

{¸"Oéå*(5)Ü(6)•"2¬êß¥$d". ⌅
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duC3A⇥<
k˛¥ÎYåá", å±¿$x0"'çeU,z0"

'çeVÜò$"¢~ÍL˜v

kC (x1, z)� C (x2, z)k  Lkx1 � x2k, 8x1 2 eU, z 2 eV . (7)
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!!!nnn 2.3

(a) !"30 2 <
k!#çW, "3¸äLipschitzÎYN

#� : W ! <
k , ŸLipschitz~Íè�, ˜v

�(0) = z0, �(⇠) 2 ⌃(⇠), 8⇠ 2 W . (8)

KÈzò" > 0, "3x0!#çU"Üz0!#çV", ±9ò
¸äN#� : U" ! V"˜v

�(x0) = z0, �(x) 2 S(x), 8x 2 U", (9)

ÖN#�3U"˛¥LipschitzÎY!, Lipschitz~Í
è(� + ")L, Ÿ•Ld(7)"¬.
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(b) XJÑk,$3z0"ò'çV˜v

�(⇠) = ⌃(⇠) \ V , 8⇠ 2 W , (10)

K

�(x) = S(x) \ V", 8x 2 U". (11)

yyy### ky#(a). È?ø*!"" > 0, ¿$� = �(") > 0,
⇢ = ⇢(") > 0Üx0"ò'çU", ˜vÈuV" = z0 + ⇢B, k

�� < "/(� + "),

r(x , z) 2 W , 8(x , z) 2 U" ⇥ V",

kJzC (x0, z0)� JzC (x , z)k  �, 8(x , z) 2 U" ⇥ V",

kC (x0, z0)� C (x , z)k  (1 � ��)⇢/�, 8x 2 U".
(12)
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r(a)"y#©§¸‹©: (i) +E�; (ii) (y� "Lipschitz
ÎY5.
Èzò*!"x 2 U", !¬N$�x : <k

! <
k ,

�x(·) := �(r(x , ·)). (13)

e°*Çy#

�x ¥ V" ˛"òÿ†N$, ßrV"N,V". (14)

XJ˛„(ÿ§·, KdBanachÿƒ:!nå*$
3z 2 V"˜v

z = �x(z) = �(r(x , z)).
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u¥ä‚(8),
z 2 ⌃(r(x , z)).

d!K2.1å*z 2 S(x), œèx¥U"•"?ø:, !¬
3U"˛"N$

� : x ! z 2 S(x)

¥$3". d

�x0(z0) = �(r(x0, z0)) = �(0) = z0

å*�(x0) = z0, ˘y*(9). e°êI(y(14)™.
è(y�x"ÿ†5ü, Èz1, z2 2 V", dW˛!¬"�

"LipschitzÎY5üå*

k�x(z1)� �x(z2)k  �kr(x , z1)� r(x , z2)k

 � · sup{kJzr(x , (1 � µ)z1 + µz2)k : µ 2 (0, 1)} · kz1 � z2k.
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duJzr(x , z) = JzC (x0, z0)� JzC (x , z), d (12)å*

k�x(z1)� �x(z2)k  ��kz1 � z2k, 8z1, z2 2 V". (15)

d�"¿$k�� < 1, �x¢S˛¥òÿ†N$. ?ò⁄,

k�x(z0)� z0k = k�(r(x , z0))� �(0)k

 �kr(x , z0)� 0k

= �kC (x0, z0)� C (x , z0)k

 (1 � ��)⇢.

˘øõXÈuz 2 V"(= z0 + ⇢B),

k�x(z)� z0k  k�x(z)� �x(z0)k+ k�x(z0)� z0k

 ��kz � z0k+ (1 � ��)⇢  ⇢,
(16)

=�xNV" ,g-.
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ÿ$™(15)Ü(16) L#, å±^Banachÿƒ:!n, l'+
yN$�"$35.
y3y#�3U"˛¥LipschitzÎY", Lipschitz~Í
¥(� + ")L. ÿî"U" ⇥ V" ⇢

eU ⇥ eV , Ÿ•eU, eVd(7)!¬,
KÈ?øx1, x2 2 U",

k�(x1)� �(x2)k = k�x1(�(x1))� �x2(�(x2))k

 k�x1(�(x1))� �x1(�(x2))k+ k�x1(�(x2))� �x2(�(x2))k.

d(15)å*

k�x1(�(x1))� �x1(�(x2))k  ��k�(x1)� �(x2)k.

d�"LipschitzÎY5å*

k�x1(�(x2))� �x2(�(x2))k = k�(r(x1, �(x2)))� �(r(x2, �(x2)))k

 �kC (x1, �(x2))� C (x2, �(x2))k.

48 / 74



(‹˘+,O⁄(7)*,

k�(x1)� �(x2)k  ��k�(x1)� �(x2)k

+�kC (x1, �(x2))� C (x2, �(x2))k

 ��k�(x1)� �(x2)k+ �Lkx1 � x2k,

ddåÌ—

k�(x1)� �(x2)k 
�L

1 � ��
kx1 � x2k < (� + ")Lkx1 � x2k,

=�3U"˛¥LipschitzÎY".
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25y#(b). XJk7á, å±¿J(12)•"⇢ø©,, §±
å±b"V" ⇢ V . y3*!x 2 U", -z¥lS(x) \ V"•?

ø¿$"-É. èy#(11), êIy#z = �(x). ä‚!
K2.1kz 2 ⌃(r(x , z)) \ V". d(12)å*r(x , z) 2 W , u¥d
b"(10)⁄!¬™(13)k

z = �(r(x , z)) = �x(z).

œè�x(·)3V"=kòáÿƒ:, z7¥d(a)(!"çò"ÿ
ƒ:�(x), ˘y*

�(x) = S(x) \ V", 8x 2 U".

⌅
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rrr$$$KKK555

!!!¬¬¬ 2.3
#ƒ2¬êß

0 2 f (x , p) + F (x),

Ÿ•F : X ◆ Y¥ò8äN#. "¬

G (x) = f (x , p) + Dx f (x , p)(x � x) + F (x).

XJG�1¥l0 2 Y!òá#ç(x!ò#ç!LipschitzÎY

N#,K°2¬êß3(x , p)?¥r"K!.

51 / 74

再归纳

fEfiptB.fig)(x-) t F们
n

u

"
410 ) : ⼩了 → B-)

0



)))NNN$$$

dÎÍ2¬êß!¬")N$

S(x) = {z 2 Rk : 0 2 C (x , z) + NQ(z)}, (17)

Ÿ•C : A⇥Rk
! Rk ¥òÎYåáN$, A ⇢ Rn¥òm8

‹, Q ⇢ Rk¥òöò4‡8‹.
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!!!nnn 2.4
â"(x0, z0) 2 gph S, x0 2 A. XJ(x0, z0)¥X⁄(17)!r"
K),K"3x0!òá#çO⁄z0!òá#çV , ˜v3O˛

"3òá¸ä!LipschitzÎYN#� : O ! V¶)

�(x0) = z0, �(x) 2 S(x), 8x 2 O, (18)

#ˆ¶)

�(x) = S(x) \ V , 8x 2 O. (19)
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ÓÓÓÇÇÇ„„„...ÍÍÍOOOKKK

• +È8äN$"r$K5, Klatte and Kummer[13]8|^
ÓÇ„.Í"5üâ—&r$K5"èx.

• °8äN$F : X ◆ Y3(x̄ , ȳ)?¥r$K", eŸ_N
$F�13(ȳ , x̄)?‰kAubin5ü, ÖÑ©O$3x̄"'
çU, ȳ"'çV , ¶*Èy 2 V , kU \ F�1(y)¥¸ä".

• °ÓÇ„.ÍD⇤F (x̄ |ȳ)¥¸$, ek

0 2 D⇤F (x̄ |ȳ)(u) ) u = 0.

8Klatte D and Kummer B. Nonsmooth Equations in Optimization.
Kluwer Academic, 2002.
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!!!nnn 2.5
[13, Lemma 3.1] (r"K5!ÓÇ„*ÍOK) !8äN
#F : X ◆ Y (Dâòm), z̄ = (x̄ , ȳ) 2 gphF . Kk
(a) eF3z̄?¥r"K!, @oD⇤F (z̄)¥¸#;
(b) eX = <

n, KF3z̄?¥r"K!øá^á¥D⇤F (z̄)¥
¸#ÖF�1 3(ȳ , x̄)?¥LipschitzeåÎY!.

S is called Lipschitz l.s.c. at (x , y) with rank L

dist (y , S(x 0))  LdX (x , x 0)

for all x 0 in some neighborhood V of x .
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yyy###

áy{. (a) b"D⇤F (z̄)9 ÿ¥¸$, K9u 6= 0, ¶
*0 2 D⇤F (z̄)(u). d!¬,, $3⌘k

2 F (xk + tkuk), tk # 0,
gphF 3 (xk , y k) ! z̄ , uk

! u, kv k = (⌘k
� y k)/tk ! 0.

-⇠k = xk + tkuk , K

$3(xk , y k), (⇠k , ⌘k)
gphF
���! z̄ ,¶*

d(⇠k , xk)

d(⌘k , y k)
= kuk

kkv k
k
�1

! 1,

(20)
˘ÜF3z̄?¥r$K"gÒ.

9£-!¬

D⇤F (x̄ |ȳ)(u) :=
n

v | 9⌧⌫ & 0, (x⌫ , y⌫)
gph F
! (x̄ , ȳ), u⌫

! u,

with v
⌫
2 [F (x⌫ + ⌧⌫u⌫)� y

⌫ ]/⌧⌫ , v⌫
! v

o
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(b) "X = <
n. b"F3z̄?ÿ¥r$K", ˘$du

$3y k
! ȳ ,¶*d(x̄ , F�1(y k)) > kd(y k , ȳ). (21)

$$3(xk , y k) 2 gph F , (⇠k , ⌘k) 2 gph FßÇ—¬Ò,z̄ ,˜
v

d(⇠k , xk)

d(⌘k , y k)
> k . (22)

Ÿ•, (21)øõXF�13(ȳ , x̄)?ÿ¥LipschitzeåÎY".
e(22)§·,(AO/, +F�1(y k)3x̄NC¥ıäû),
"tk = k⇠k

� xk
k Öuk = (⇠k

� xk)/tk . (22) $du˜v±
e^á"˘+S)"$35µ

⌘k
2 F (xk + tkuk), tk # 0, gphF 3 (xk , y k) ! z̄ ,

kuk
k = 1, v := lim(⌘k

� y k)/tk = 0.
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duX = <
n, K9u 6= 0, ¶*uk

! u, Kk9u 6= 0,
v = lim(⌘k

� y k)/tk = 0, Ÿ•⌘k
2 F (xk + tkuk), tk # 0,

gphF 3 (xk , y k) ! z̄ , uk
! u,=9u 6= 0, ¶0 2 D⇤F (z̄)(u),

Ü¸$^ágÒ.
áÉ, b"D⇤F (z̄)ÿ¥¸$$F�13(ȳ , x̄)?ÿ¥

LipschitzeåÎY", d(a),1ò´ú'ÜF3z̄?¥r$K
"gÒ, '1$´ú'èÜF3z̄?¥r$K"gÒ. ⌅

58 / 74

⼀



"X , Y¥¸ákÅë"Hilbertòm, (x̄ , ȳ) 2 X ⇥ Y , P

⇡x@H(x , y) = @H(x , y) ,òm X˛"›K .

e°"⁄ÿ¥Iá"

⁄⁄⁄nnn 2.1
! H : X ⇥ Y ! X ¥(x , y) 2 X ⇥ Y!,òm#ç˛!¤‹
LipschitzÎYºÍ, H(x , y) = 0. XJ⇡x@H(x , y)•!zò&
É˛¥ö¤…!, K"3y!òm#ç OYÜò¤‹

LipschitzÎYºÍ x(·) : OY ! X ˜vx(y) = xÖÈzò
y 2 OY ,

H(x(y), y) = 0 .

?ò⁄, XJH3(x , y)!m#ç•!zò:˛¥(r)å1w

!, Kx(·)3OY•!zò:˛¥(r)å1w!.
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yyy###

(‹Clarke'u¤‹LipschitzÎYºÍ"¤ºÍ!n[4,
Section 7.1]10åÜ.*,cå‹©(ÿ§·. (å‹©"y
#d [25, Corollary 2.1]11⁄[27, Lemma 2]12å,,X
JH3(x , y)"m'ç•"zò:˛¥(r)å1w",
Kx(·)3OY•"zò:˛¥(r)å1w". ⌅

10Clarke F H. Optimization and Nonsmooth Analysis. New York: John
Wiley and Sons, 1983.

11Sun D F. A further result on an implicit function theorem for locally

Lipschitz functions. Operations Research Letters, 2001, 28: 193-198.
12Kummer, B. Newton’s Method Based on Generalized Derivatives for

Nonsmooth Functions: Convergence Analysis. In: Oettli, W., Pallaschke
D. eds., Lecture Notes in Economics and Mathematical Systems 382;
Advances in Optimization. Springer, Berlin, 1992, 171-194.
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(VI) 求 -

< F的灭⼀⼩ s o , ⽐Eí
闭蟝

y-F-7-OEFC.gl
t Nk 的闷

的 刘⼀灰 悠 ⼤侧 ) = 。

䛭
"咋的

⾮克清⽅ 敢问是
x-Tcx-Fc.ci ) ⼆ 0

对应拗
,( - 1㶣 (x-fc.ci - 8 ) = 0

-

⇒ ,⼼
Ckrke 引之数颜



AAA^̂̂|||µµµ

C©ÿ$™VI(G ,K ):¶x 2 K ˜v

hG (x), z � xi � 0 8z 2 K .

ß$du

�G (x) 2 NK (x).

6ƒØK

�G (x)� y 2 NK (x).

^Natural mappingLà§ö1wêß:

H(x , y) = x � ⇧K (x � G (x)� y) = 0.

61 / 74



Clarke222¬¬¬Jacobian

• H" Clarke2¬Jacobian

@H(x , y) =
n
[I�(I�DG (x)⇤)V V ] : V 2 @⇧K (x�G (x)�y)

o
.

• ,X˛"›K

⇡x@H(x , y) =
n
I�(I�DG (x)⇤)V : V 2 @⇧K (x�G (x)�y)

o
.

• Èıú'e⇧K¥å1w",'XK = P ,P¥‡"ı°N
8‹,K = Sp, K = Qm+1, K = epi k · k, k · k2¥Ãâ

Í,k · k⇤¥ÿâÍ.
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!!!nnn 2.6
[24, Theorem 9.54] (¸ä¤‹z). !S : <n ◆ <

m,
ū 2 S(x̄). !S±e„*¬3x̄ ÉÈuū¥¤‹SåÎY!,
="3#çV 2 N (x̄)ÜW 2 N (ū), ˜vÈ?
¤x 2 VÜ" > 0, "3� > 0,

S(x) \ W ⇢ S(x 0) + "B

S(x 0) \ W ⇢ S(x) + "B

)
+ x 0

2 V \ B(x , �).

(a) S3x̄?ÉÈuū‰kòLipschitz ÎY!¸ä¤‹zT+
Ö=+D⇤S(x̄ |ū)(0) = {0}.

(b) XJS¥‡ä!, KS�13ū?ÉÈux̄kLipschitzÎY!
¸ä¤‹zT+Ö=+D⇤S(x̄ |ū)�1(0) = {0}Öm = n.
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ÌÌÌÿÿÿ 2.1
[24, Corollary 9.55] (¸äLipschitzºÍ!å_5).
-O ⇢ <

n¥òm8‹, F : O ! <
n¥òÎYN#. È

ux̄ 2 O, F�13ū = F (x̄)?‰kòLipschitzÎY!¸ä¤‹
z!ø©7á^á¥F˜vö¤…ÓÇ*Í^á:

D⇤F (x̄)(w) = 0 =) w = 0.

yyy###. .Ìÿ¥Ú8äN$SOÜè¸äN$F(!
n2.6(b)"‰Nz. ⌅
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Lipschitz”””"""

±e"SN$gKummer (1991)[14].13

e°"!¬å^uèx¤‹Lipschitzå_5ü.

!!!¬¬¬ 2.4
[14, Definition 1.3]! F : <n

! <
m ¥òáÎYºÍ,

x 2 <
n, "¬ �F (x)è

�F (x) =

8
<

: z

������

9x⌫
! x , y ⌫

! x , x⌫
6= y ⌫

¶)
F (y ⌫)� F (x⌫)

ky ⌫ � x⌫k
! z

9
=

; .

13Kummer B. Lipschitzian inverse functions, directional derivatives, and

applications in C
1,1

-optimization. Journal of Optimization Theory and
Applications, 1991, 70: 559-580.
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⁄⁄⁄nnn 2.2
[14, Lemma 2.1] ÎYºÍ F : <n

! <
n3xNC¥¤

‹Lipschitzå_!+Ö=+ 0 /2 �F (x).

yyy###. ()) |^áy{. b"ÎYºÍF3xNC¥¤
‹Lipschitzå_", 3 0 2 �F (x), K$3
x⌫

! x , y ⌫
! x , x⌫

6= y ⌫¶*

[F (y ⌫)� F (x⌫)]/ky ⌫
� x⌫

k ! 0

§·. 'dF�13F (x)?¤‹LipschitzÎYå*, $3$
Í¶*

kF�1(F (y ⌫))� F�1(F (x⌫))k  kF (y ⌫)� F (x⌫)k

§·. ˘))&gÒ.
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(() e0 /2 �F (x), K$3$Í"⁄¶*

kF (x 0)� F (x 00)k � kx 0
� x 00

k, 8 x 0, x 00
2 B(x , "). (23)

d(23),F¥ò¸$, 25øß¥ÎY", KÈum8
‹O ⇢ <

n, kF (O)¥m8‹. u¥$3� > 0¶
*B(F (x), �) ⇢ F (B(x , ")). §±d(23)å
*F (y) = z , y 2 B(x , ")$3çò)y = F�1(z)Ö F�13

B(F (x), �)˛¥LipschitzÎY". ⌅
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⁄⁄⁄nnn 2.3
[14, Lemma 2.2]

14 e F 2 C
0,1(<n,<m), K

�F (x) =
[

kuk=1

D⇤F (x)(u).

yyy###. d!¬å,,
[

kuk=1

D⇤F (x)(u) ⇢ �F (x)¥w,". y

y#Éá"ù0'X.

14Note that if F is strictly continuous, one then has the simpler formula

D⇤F (x̄)(w) =
n

z |9⌧⌫ & 0, x⌫
! x̄ with �⌧⌫F (x⌫)(w) ! z

o
.
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?$ z 2 �F (x), K$3 x⌫
! x , y ⌫

! x , x⌫
6= y ⌫ ¶*

z⌫ = [F (y ⌫)� F (x⌫)]/ky ⌫
� x⌫

k ! z

§·. - �⌫ = ky ⌫
� x⌫

k, u⌫ = (y ⌫
� x⌫)/�⌫ , K {u⌫

}¥k.

Í), ÿî" u⌫
! u, K kuk = 1. !¬

v ⌫ = (F (x⌫ + �⌫u)� F (x⌫))/�⌫ ,

KÈø©å" ⌫, $3$Í  ¶*

kz⌫
� v ⌫

k = kF (y ⌫)� F (x⌫ + �⌫u)k/�⌫

= kF (x⌫ + �⌫u⌫)� F (x⌫ + �⌫u)k/�⌫

 k�⌫(u⌫
� u)k/�⌫

§·. §± lim
⌫!1

z⌫ = z = lim
⌫!1

v ⌫
2 D⇤F (x)(u). ⌅
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Kummer___ºººÍÍÍ!!!nnn

ƒu˛„⁄nå±*,_ºÍ!n.

!!!nnn 2.7
[14, Theorem 1.1](Kummer_ºÍ"n). !ºÍ
F : O ⇢ X ! X 3 x 2 ONC¥¤‹LipschitzÎY!. K
F3 x̄ NC¥Lipschitz”#!+Ö=+e„ö¤…^á§
·:

0 /2 D⇤F (x̄)(u), 8 0 6= u 2 X .
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yyy###

d⁄n2.2⁄⁄n2.3å,, F 3x̄NC¥Lipschitz”""+Ö
=+

0 /2
[

kuk=1

D⇤F (x̄)(u).

'dD⇤F (x)"$‡g5å*

0 /2
[

kuk=1

D⇤F (x)(u)

$du 0 /2 D⇤F (x̄)(u), 8 0 6= u 2 X . ⌅
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111···$$$"""555"""„„„...ÍÍÍOOOKKK

(‹[15, Proposition 4.1] 159[11, Proposition 2.1]16, â—8
äN$1·$"5"„.ÍOK, =^8äN$"„.Íè
x1·$"5.

!!!nnn 2.8
(%·""5!„*ÍOK) ! X,Y¥¸ákÅë
!Hilbertòm. !8äN#F : X ◆ Y . È(x̄ , ȳ) 2 gphF ,
F3x̄?'uȳ%·""!øá^á¥{0} = DF (x̄ |ȳ)(0).

15Levy A B. Implicit multifunction theorems for the sensitivity analysis

of variational conditions. Math. Program., 1996, 74: 333-350.
16King A and Rockafellar R T. Sensitivity analysis for nonsmooth

generalized equations. Math Program, 1992, 55: 341ı364.
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yyy###

7á5.17#ƒ?òv 2 DF (x̄ |ȳ)(0), K$3S)v k
! v ,

uk
! 0, tk # 0, ˜vÈ8k , kȳ + tkv k

2 F (x̄ + tkuk). œ
èF3x̄?'uȳ1·$"", kx̄"'çV , ȳ "'çW , ~
Í > 0˜vF (x) \ W ✓ {ȳ}+ kx � x̄kBY , 8x 2 V . Èø
©å"k , kȳ + tkv k

2 ȳ + ktkuk
kBY , =v k ù03åª

èkuk
k "••, du{uk

} ! 0, Kv7è0.

17£-

DS(x̄ |ū)(w̄) = lim sup
⌧&0,w!w̄

S(x̄ + ⌧w)� ū

⌧

=

⇢
v : 9t

⌫
& 0,w⌫

! w̄ , 9u
⌫
2 S(x̄ + ⌧⌫w⌫),

u
⌫
� ū

⌧⌫
! v

�
.
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ø©5. áy{. b"F3x̄?'uȳÿ¥1·$"", K$
3S)xk

! x̄ , 9y k
2 F (xk), ¶*y k /2 {ȳ}+ kkxk

� x̄kBY ,
Kkky k

� ȳk > kkxk
� x̄k. -tk = ky k

� ȳk,
v k = (y k

� ȳ)/tk , Kkv k
k = 1, duYkÅë, 9v 6= 0, ¶

*v k
! v . -uk = (xk

� x̄)/tk ,K

kuk
k = kxk

� x̄k/ky k
� ȳk < 1/k ! 0,

=$3tk # 0, (uk , v k) ! (0, v)˜vȳ + tkv k
2 F (x̄ + tkuk),

˘øõX0 6= v 2 DF (x̄ |ȳ)(0), Ü^ágÒ. ⌅
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