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Berge - &2tk

EX 1.1
WU, Y REESE, S TEERNS: U= Y,

(1) FRE(EWLYT STE Uy € UL Berge I FIEEEN, H X —
MRS () C OMHEEO, /7155 > 0, 2

S(u) C O,Vu € Bs(up).

(2) PREEMEWLY STEuy € XAb 2 Berge N Y-3&E4:1, X6 —
MFRS(ug) N O £ DIHEEO, F71ES > 0, i 2

S(u)yNO #0,Yu € Bs(up).
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Hausdorff¥ & 22 14

E X 1.2
WU, Y REESE, S TEERNS: U= Y,

(1) REEAEWYT STEuy € ULLJE Hausdorff & UK L iE 4k
(1), ZERe >0, 30 > 0, WL

S(u) C S(up) + B, Vu € Bs(up).

(2) WREAEIRIT STEuy € URL & Hausdorff 5 3T T 1% 2:
i), #4ER e > 0,36 > 0, &

S(up) C S(u) + B, Vu € Bs(up).
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— AT
WF R — R™Ex € R4 R ESLipschitziZE 4L, OF (x)
#&Clarke]™ X Jacobian
OF (x) = conv{lim JF(x;) : x; = x,x; ¢ Qr}.
Hi[6, 2.6.2 Proposition]*,
(a) OF (x)ZR™ " —IE R BIES.

(b) aFEXALI\IEIL:IﬂH/‘];EDXt — X, Z; € 8F(Xt): Zy — Z,
MZ e OF (x).

(c) OFFEXAbE LAFIELERTVe > 0, 30 > O L

OF(y) C OF(x) + €Bpmxn, Yy € x + IB.

LClarke F H. Optimization and Nonsmooth Analysis. New York: John
Wiley and Sons, 1983.
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Berge 5 HuasdorffiES2M )58 &R

Bergei® X HZESM: AT HausdorffE XN HIZESEMA 4~ Y
KHR,M[1).2
(a) WIREEAE ML STE upAbHausdorfFE ST b iE 4k
HS(uo) 288, WISTE upibBerges UF b4k
(b) W SEEAE YT STE uphbBerge = K L% LE,
NI STE upAbHausdorffE: R b1 4k,
(c) WP EEME WL STE upibHausdorffiE LR R -4k,
M STE ugAbBerge i LR R f-iE4E.
(d) WIREEAE WS STE upibBerge = R N ¥-i&4:H.
clS(ug) & B EUY), WISTEHausdorff ST A& T IE 4L 1.

2Bank B, Guddat J, Klatte D, Kummer B and Tammer K. Nonlinear
Parametric Optimization. Berlin: Akademie-Verlag, 1982.
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HHEESMER R R

TERHE RINZAE R, A AN S 10 T Berge i X
T R ELR 29, A EE 5.19].3 F PAE AR LG
Hausdorffi S _E L T 403 S0k (FIHE) [29,
#15.12(a)].

3Rockafellar R T and Wets R J B. Variational Analysis. New York:
Springer-Verlag, 1998.
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E X 1.3
EAEBLTF - X = YVTE(X, y°) € gph FAL R DLk N = IE
M, G SRAFAESRIR U € N(x°), V € N(y°) R $ik > 0, 3
i

d(x, F(y)) < kd(y, F(x)), Y(x,y) € Ux V.

EX 1.4

SEAEBLSTF - X = VIEXORT OS2 B 2 R IE (Y, 4

B (x%,y°) € gph F, FEAEATIRU € N (x0), V € N(yO)FH
ik >0, W&

d(x, F1(y°)) < kd(y°, F(x) N V), Vx € U.
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— AT
EIRARES
®={xeX:G(x)eK},

Hix 5y &G R4EHilbert = 8], K ¢ YERIETHMES. &
X
Fe(x) = K — G(x),

M = FZ1(0). Bixo € b, W ForE (xo, 0)4bih 212 5 TE U 44
Rk

dist (x, F2'(y)) < rdist (y, Fe(x)) = rdist (G(x) + y, K)
X (x,y) € Bs(xo) x 6BEKAL.

11/203



EN 15

(Aubinth AT EIRL). FREENS © X = YAHXT T XTEXO £
KT HAAubinth iz, Hix® e X, u® € 5(x°),

#1gphSTE (X0, u°) siAb 2 R A, HAFERRNIRV € N (x0),
W e N(u°) FiEHrx € R, 2

S(XYNW cC S(x) +k||x —x||B, Vx,x e XNnV. (1)

ks LR SR X 0 VBV, AR Aubintt FAEX® Fi5%
TuORaL. B, STEXC 1R T uC 1) AR (graphical modulus)
%

lipS(x°|w®) := inf{x : IV € N(x°), W € N(u), it
S(X)YNW cC S(x) + k||x — x||B, Vx,x" € V}.
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E X 1.6

RIS F - X = YIEXOhb 55Ty O FA4 ] (calm), 1
By® € F(x0), FFE—HHr >0, xo 38KV A1 y° f)—
S35 Wi A2

F(x)NW C F(x°) + kl|x —x°||B, VxeV.

EX 1.7

PREEMEIU F - X = VIEXCAL KTy O R AP A2 (robustly
calm), WHy° € F(X°), FAE—H K > 0, xo BI—2BBLV Fl
y© W — &R Wi 2

0 #F(x)NW C F(x°) +xllx —x°|B, VxeV.
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E X 1.8
PRERMEMU F - X = YIEXCAb R Ty O RIS AS Y (isolated

calm), WRy° € F(x%), fAE—HHr > 0, xo BFI—2RIKV F
O B —<IA W 2

F(x)NW C {y°} +klx —x°||B, VxeV.

EX 1.9
MREEBUNF - X = y&x°&3€?y°%ﬁ&i‘[&i¥ﬁ

[1] (robustly isolated calm), Witky° € F(x°), f#{E—
k>0, xo 4B VAT yOff— AR W s 2

0#F(x)NW C {y°} +klx —x°|B, V¥xeV.
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xE X 1.10
FREE(EMES F : X = YTEXCAL & L Lipschitz i, a0 S AFAE—
Wk > 0FMxg H—2LIV 2

F(x) C F(xX°) + &|x —x°||B, ¥xe€ V.

E X 111
FREEAE M F - X = YIEXOUL IR Ty O Bt 1, W SR A7 AE
IV e N(xX°), W e N(Y°) 5HEL k e R, 2

F(x +keB) D [F(x)+eBlNnW, Vx € V,e > 0;

15 /203



E X 1.12

(ERAE WU 1) LipschitzZE 2R 1), FRRESS © R" = RMER"H
THEEX b2 Lipschitz 2EW), B AEX ERRAEZ MIMER BAF
fEx € R A Lipschitz HEL, i /e

doo(S(x), S(x)) < |Ix" — x|, ¥x,x" € X,

3517

S,

S(x") € S(x) + k||x — x||B, ¥Vx,x" € X.
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56 1F T %

ENX 1.13
ZRE TR
0 € f(x,p) + F(x),

HF . x =y 2 HERS. € X
G(x) = £(x°, ) + Duf (x%, p°)(x = x°) + F(x).

RGO € VYA RI B xO ) — B I ) 2
{8 LipschitZESEWU, WIFR)™ SRR (X0, p) Ak A2 3 1 .
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Karush-Kuhn-Tucker & %t

% RE LA 7]
in f
min (x) )
st. G(x) €K,

HAf: XoR G: X—=Y, KC YR X, YRS
PR 4k 1 Hilbert 2 [A]. Karush-Kuhn-Tucker &5 44

Dul(x,\) = 0, A € Nx(G(x)).
U XTI

0 € F(x,A\) + Ngnxko(x,A), F(x,\) =
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Z#Karush-Kuhn-Tucker £ 4t
% RS HL AR AL 1]

min  f(x, u)

st. G(x,u) € K, (3)

Hbf XxU—=R G: XxU=Y, KC YNk,
X, Y&H RY4ERIHilbert 23 [A]. Karush-Kuhn-Tucker 2% 4

DyL(x,u,A) =0, A € Nx(G(x, u)).
TR TR

0 € F(x,u,\) + Ngnxxo(x,N), F(x,u,\) =
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5i8 1E U

o€ F(X()7 Uo,)\0)+DXF(X0, Uo,)\o) |: E);\:);;)) :|+N§Rn><Ko(X, )\)

TE(0, x0, Ao) FHIIAT ME— ] LipschitziE £ BRI (x(5), A(9)).
/\éﬁ#éﬂig}ﬁ

6x c DxL(XO> Up, )\0)
Ox

—G(xo, to)
D2, L(xo, o, Ao) DxG(xo, to)* { (x — x0) }
—D,G(xo, o) 0 (A= o)

+N§RnXKo(X’ )\)
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Lipschitz[7] }&

E X 1.14

(JAHB Lipschitz RIE). FROEZREL F: O C X — X{E

x € O &R/ Lipschitz 7K, W RAFAEXH)— AN FFARIEK
N C OfFi 3R XA AR L BIBRYT Fla: N — F(N) &2
X H BB WIS R EUE Lipschitz SRR, FREAEXMIT 2 R
0 Lipschitz [RIRHY, G5 FAEXMEIE 2 JRE Lipschitz 7] 1)
I HFEXAL 2 ]R3 Lipschitz 52
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— I R LIR A

— B A LR A A 17

min  f(x)
st G(x) €K, )

Hpf: X >R G X=Y KCYR—MMES X, Y
A R4 Hilbert2¥[8]. W U2 —Banach%¥[], f : X x U — R,
G: XxU=Y.
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C- S H

PR(F(x, 1), G(x, 1)), u € U, RF(4)F—C>Iti S KL,
R )56(, )22 0*( B, HAFAED € Ui
Rf( 1) =1() G(-1) = () FA NI ZHA A 7]

1 FiEE

min f(x,u)
st. G(x,u) € K.
B RARE T (canonical), IR U = X x Y,
(0 0)eXxY, H
(f(x,u), G(x,u)) = (f(x) = (1, %), G(x) + w2),
xeX,u=(u,m)eXxY.
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5l e i€ T

BLAEA4H[3, Definition 5.33]* H A E st () 9 As A€ P 1)1
&, BRI ) R AEURE 73 B v S R .

X 115

XA 7] el (4) RS E J. FRTEX bR T-C2IE S8tk
(f(x, u), G(x, u))&5mFE I (strongly stable), W FRAFAE x*[1)
BV FuI&R Yy C U, iR HETu € Vy, [F(5)F1E
ME—HIEE Kix(u) € Vx, x()EVy FESE. a0 R — 1% 5o
F—C2 LIS EAUL I AL, WIFRx* & A € ).

“Bonnans J F and Shapiro A. Perturbation Analysis of Optimization
Problems. New York: Springer-Verlag, 2000.
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— B P K &
TR B PG K SRR E LA [3, Definition 5.16].
E X 1.16
Box* F& 8] B (4) IR RaE A FREEX b T e 3 8tk
(f(x, u), G(x, u))J—B MG K KA RGL, a0 RAFAE

a >0, x*BIEREVx SafI4RiEyy C U, 3 25T u € Vy'5
] JL(5) RIS SE six(u) € Vx, FIRAZER AL

f(x,u) > f(x(u), u)+alx—x(u)|]?, Vx € Vxiti /2 G(x, u) € K.

(6)
FRAE X R ) — BB G 2 A BT, W SR (6) X% 1) /8 (4) 1)
{RARIC2 M ZEUAL I8 A& AL Y.
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EH 11

[29, Theorem 9.43|° #gphSTE (X, o) € gphS siAb &2 5 14
B, 0T 3R SR RS A

(a) (W Aubint:7): S~ TED R TXEA Aubint® i,
(b) (BEIENME): IV e N(x), W € N (), k € R, T2

d(x, S (u)) < kd(u, S(x)), #ixe€ V,uc W,
(c) (ERMEFFPE): IV e N(X), W € N(T), k € Ry, T2
S(x+keB) D [S(x)+eBl|NW, ¥x € V,e > 0;

(d) (FEFSEEER 5M): W20 € D*S(x|o)(y) My R
Hy =0.

SRockafellar R T and Wets R J B. Variational Analysis. New York:
Springer-Verlag, 1998.
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FE B YN 5 Rtk

TN 5 TR Y B PRSP R B I DU S AT T 0 R
Rtk

JEH 1.2

[11, Theorem 3H.3|° WA F : R" = R™, y € F(x).
AFEXE R Ty LLE $k > 052 FE 2 R IEN 1) 24 HACS BT
W FL R = RYEYAESR T UM FERH $s > 021
o, - HAcdm(F1; y|x) = subreg(F; x|y).

5Dontchev A L and Rockafellar R T. Implicit Functions and Solution
Mappings. New York: Springer, 2009.
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AT
WC CRZE—HES.
e Radial cone/ & ix#E

Re(x)={d:3t" >0,Vt € [0,t"],x + td € C}.
e Tangent cone/ V)4

Te(X) ={d: 3t \,0,d" = d,x+ t,d" € C}.
e Regular tangent cone/1ENI1)HE

Te(x) = {d : Vy* - x,Vt, \,0,3d* = d, y*+t.d* € C}.
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e G A HE
o Regular normal cone/ iF U4k
Ne(x) = {veR": (v,x —%) < o(|x — x|) for x € C}.
o Normal cone/i%:4E

k k ~ N k
NC(Y):{VE%”: It € €, 3v" € Ne(x) }

such that vk — v

o UIEILHIKR AR
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Grapbhical derivatives and
coderivatives
X 2.1
The graphical derivative of S at x for any i € S(X) is the
mapping DS(x|u) : R” == R™ defined by
z € DS(x|u)(w) <= (w,z) € Taph s(x, 1),
whereas the coderivative is D*S(x|u) : R” = R™ defined by

v e D*S(x|u)(y) < (v,—y) € ngh S(x, 1)
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Regular graphical derivatives and
coderivatives
KX 2.2
The regular derivative D(x|G) : R" = R™ and the regular
coderivative D*(x|u) : R” = R™ are defined by

z € DS(X|D)(w) <= (w,2) € Typp o(X,0),
v € D*S(x|0)(y) <= (v, —y) € ngh (%, 7).
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Strict graphical derivatives

For a mapping S : R” = R"™, the strict derivative mapping
D.S(x|u) : R" = R™ for S at x for &, where u € 5(%), is
defined by
D,S(x|7)(w) := {z 1377\ 0, (¢, u”) 5% (%, T), ¥ — w,
with z¥ € [S(x¥ + T"w") — u”] /7", 2" — z}
S(x+7w)—u
T

gp_las(;j)ATS(xw).

or in other words, for A, S(x|u)(w) :=

D.S(x|u) := g—limsupT\0 (x.d)

Note that if F is strictly continuous, one then has the simpler
formula

D,F(%)(w) = {ZBTV N0, x = X with An F(x*)(w) — z}.
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Mordukhovich#E 1|

Mordukhovich#E I FEfit T —Fp i+ B A, 7] T R W £
B2 75 B A Aubin i i

EH 2.1

[29, Theorem 9.40] (Mordukhovich#fEl]). %S : R" = R™,
x € domS, 0 € S(X). BgphS TE(X, 1) AR .
W STEX SR T 0 HAT AubintE )5 24 HAL

D*S(x|u)(0) = {0},

BN, |D*S(x|T)|T < oo.
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s AE W PR R E AT A7
HREHBH ST REE SRS
S(x) ={z € R*:0€ C(x,z) + No(2)}, (1)
HpC o A x RE — RFE—IES U, A C R7E—IFEE
A, Q C RE—IEEMMESR. 457 (x0, 20) € gphS, x € A.
BFRFA, XA T A — D BILOR 2K —

AR Vi R RO _EAAAE— AN BAE I LipschitziE 22t
Bo:0 - VHEH

o(x0) = 20, 0(x) € S(x), ¥x € O, (2)

HE AT
o(x)=S(x)NV, ¥x € O. (3)
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T X
(&) ={z e R*: ¢ € C(x0,20) + T C(x0, 20)(z2— 20) + Ng(2)}
. (4)
r(x,z) = C(x0, 20) + J=C(x0, 20)(z — 20) — C(x, 2).
B o RIE IR 18,
AR 2.1
ze S(x)H BN z € X(r(x, 2)).
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e
RIEY S rifE L, A
z€ S(x)4HAL 0 € Cx, ) + No(2) (5)
5

zeX(r(x,z))H{HAY
r(x,z) € C(xo, 20) + J.C(x0, 20)(z — 20) + Ng(2).

T AT A5 (5) 5 (6) T ST AR e 1, =

(6)
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T CHEA x R* FAREST RN, 7T LA B0 AR5 U, 20 1)
AV 15— I S ML

1C(x1, 2) — Clxo, 2)|| < Lljx1 — x|, Ve € U,z € V. (7)
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EF 2.2

(a) WAFTED € REFILTIRW, A71E HLAH Lipschitzi% 22 Bl
Bto: W — Rk, H Lipschitzi# BNy, W 2

¢(0) = 20, ¢(£) € X(§), VE € W. (8)

WX EE—e > 0, FFAExFIATIR U 5 2 AR V., DAL —
BEBUN 0 : U — VIR

o(x0) = 20, o(x) € S(x), Vx € U, (9)

HWLS ot U, b2 LipschitzZ 4L W), Lipschitzi 4%
Ny +e)l, HALi(7)E X.
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(b) WIERIEA AFAE 2o ) — LB Vi A2
o) =X()NV, VEeW, (10)
i
o(x) = S(x)N V., ¥x € U.. (11)

WEBA SEIEW (a). XMHEER E e > 0, 136 = §(e) > 0,
p=p(e) > 05 x M —4RIU,, WHEXNTV. = 2+ pB, H

70 <e/(v+e),
r(x,z) € W, V(x,z) € U:- x V.,
HjZC(X07ZO) - jZC(X7 Z)H S 67 V(XJZ) S UE X V€7

1C(x0, 20) = C(x, )| < (1 =~d)p/7, Vx € Ue.
(12)
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fE(@) FIUERH 20 53 (1) Mo, (i) Beiko ¥ Lipschitz
HEEEME
St —[EERIX € U, 8 X oy - Rk — RF,
() == o(r(x,-))- (13)

T FRATTIE R

Oy 72 V. B —Eggml), e VIR E| V.. (14)
R FIRSE W AL, ) Banach A3l 5 e FE n] 1547
£z € V.2

z = &x(2) = ¢(r(x,2)).
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TREMRYE(8),
z € ¥(r(%,2)).

A2 101157 € S(x), BIAXZ U.F IR A, E X
7E U b st

o:x—z€eS(x)
FAFER]. H
s (20) = O(r(x0, 20)) = #(0) = 2o

A 30 (x0) = 2o, XUEAF(9). N W FFdeir(14) K.
NIGFE SRR, Wz, 2 € Ve, W 5 X6
(1] LipschitziZ 2V it i 15
[®x(21) — ®x(2)[| < AlIr(X, 21) — r(X, )|l
< -sup{[|[Tor(X, (1 — p)zs + p2)|| - € (0,1)} - [[z1 — 2|
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HT T.r(X,z) = J.C(x0, 20) — T C(X, z), HH (12)7[ 15
[®x(21) — ®x(2)[| <Vollz1 — 2|, V21,22 € V.. (15)
HHOREIA v < 1, OSEfr b A&—Eggmlt. #t—1,

[®x(20) — 2ol = [[9(r(X,20)) — $(0)]]
< 9llr(x,z) — 0|
=7 C(x0, 20) — C(X, 20) |
< (1 —~d)p.
XEMREN Tz € V(= 2+ pB),
[9x(2) — 20| < [|Px(2) — Px(20)|| + [|®x(20) — 0|
<7z = 2ol + (1 = vd)p < p,

IS VAELIISEES

(16)
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~EER(15) 5 (16) F B, 7T LA Banach Al s e B, AR
UE B o AR
BUEAE Mo 7E U, b A Lipschitzi£ 4L 1), Lipschitz %k
Ry +e)L. AEYEU. x V. c Ux V, HU, VIli(7)5E X,
NS R X, 0 € UL,
[o(x1) — o(e)|| = [|Px(0(x1)) = Pe(o(x))
< 0 (0(0)) — Pu(o (D) + [0 (7)) — Puslo())|

1 (15) Al 15
[® (0(x1)) — Puy(0(x2))[] < 0llo(x1) — a(x2)]-
o) Lipschitzid: 22 M n] 15

[®(0(x2)) = P (0 ()| = [[6(r(x1, 0(x2))) — ¢(r0e, o (x2)))l
<€, 0(x2)) = Clxz, o ()
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2B IR LA THAN(7) 15 21

lo(a) = a()ll < dllo(a) — olx)|
+[[C0a; 00e)) = Clx, o (%))
< 70llo(xa) = oOe)ll + L = xl,

FH L AT A

lo(x) —o(x)| < [x1 — || < (v +€)L|x1 — x|,

yL
1—70
Bl o fE U. L 72 LipschitziZE 4L ).
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FRUEB(b). A b2, WTRLGEEE(12) W B p7e 73/, BB
AT V. C V. BEREEX € U., 2z MNS(x) N V.H1E
BIEEICER. MIEMH(11), RFIEHz = o(x). WR¥E4a
216z € X(r(x,2z)) N Ve. H(12)A[1Gr(x,2z) € W, T7H
R (10)MIE L (13)

z=¢(r(x,2)) = Dx(2).

B ro(x), XIES
o(x) =S(x)NV,, Vx € U..
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56 1F T %

X 2.3
ZRE TR
0 € f(x,p) + F(x),

HAF: X = ye—SEmE. € X
G(x) = f(x,p) + Df (%, P)(x — X) + F(x).

WRGLEMO € YHI— AR EIX ) — 2B A LipschitziZE 4L
MBS JUFR T T FRAE (X, p) Ak A2 5 1E ).
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figt RS

HZHU™ TR IS
S(x) ={zeR":0¢€ C(x,2) + Ng(2)}, (17)

HAC: A xR —» RF J&2 —ELE 0], A c Rg—F4E
&, Q C RME—FEFEFIMESR.

48 /203



EH 23

Y57 (x0,20) € gph S, xo € A. WK (x0, 20) 72 RGE(17) 5% 1E
T i, AT AE X0 FET — N 2F IO F 20 [ —ANEBIk V, il R 7EO
TEAE— /N BAB I LipschitZEZEW S o - O — ViETR

o(x0) = 20, 0(x) € S(x), ¥Vx € O, (18)

BT
o(x)=S(x)NV, ¥x € O. (19)
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% B H A )
o EFXTERAE ML s IE W, Klatte and Kummer[17]7F
PR B B B 25 7 5 O DU P 2 i
o FRERMEMLISF : X = YAE(X, y)Ab 2 amIE NI, 25 FLabimk
SFFYE (v, x)Ab B Aubin i1, HIE 7 AR X HAR
WU, yWAR VY, [fi5%Fy € V, HBUN F(y)&5ER.
o FRIHE I SHD.F(X|y) L Bhf, &H

0 € D.F(x|y)(u) = u=0.

"Klatte D and Kummer B. Nonsmooth Equations in Optimization.
Kluwer Academic, 2002.
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EH 2.4

[17, Lemma 3.1] (55 1E 0 14 F s el S 800 D0 ) 152 A

BHF - X = Y(RIE=EA), 2 = (X, 7) € gphF. WH

(a) & FAEZALRRIENNE, 4D, F(2)R2HiHt;

(b) #X = R", W FLEZAb R 58 E N R B4 D, F(2) 2
BT HF 1E(y, x)Ab 2 Lipschitz T 282,

S is called Lipschitz |.s.c. at (x, y) with rank L
dist (v, S(x")) < Ldx(x,x")

for all x” in some neighborhood V of x.
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uEH

JAEVE. (a) %D, F(2)® A2 5, WFu # 0, fif

30 € D.F(Z)(u). B XF, 77Enk € F(x* + teu®), t, | 0,
gphF > (XX, y*) = z, vk — u, Hvk = (n* — y*)/ty — 0.
Lk = X+ ek, W

d(&", x¥)

TEE (XK, y%), (€%, %) LN Z, 1%?%"W

= [ [[IVFIT = oo,
(20)
% 5 FE A0S 3 IE N (T 8.

8 ot 5

DF(RIP)(w) = {v]3r N0, (x,y") "B (=, 7), 0" = w,
with v” € [F(x” 4+ m7u”) — y*]/7",v" — v}
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(b) WX = R, B FLEZAA R FRIEN ), X250 T
ey — 7, 13 d(x, FH(y5)) > kd(y", 7). (21)
BUAELE (xR, y¥) € gph F, (X, nF) € gph FEATHEBIELE]Z i
&
d(gk, x4
d(n*, y¥)
Hrr, (21)&EWRE FHE(y, X)AbAS R Lipschitz T IEEE 1.
A (22) oL, (R, 4 F 1 (y )?:“txﬂﬁﬁm%ﬁﬁ)
mk |6k — xK|| Houk = (€F — x¥) /. (22) 250 T35 2 LA
AKX LS FE B (R AFLE 1 -
nk € F(x* + teu®), t | 0,gphF > (x*, y*) — Z

Juk]| = 1,v = lim(n* — y*)/t = 0.

> k. (22)
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HTX =R", W3u £ 0, ek — u, WHIu #£0,
v =lim(n* — y¥)/t, = 0, Hrhipk € F(x* + t,u®), t, 10,
gphF > (x*,y*) — z, u¥ — u,B13u # 0, 10 € D.F(Z)(u),
5B AP I

2, D, F(z) A B EF (Y, ) AEA R
Lipschitz N3 4E 1], H(a) 55— Pl 5 FAEZ b2 5 kN
I T, A R Ol -5 FAEZ Ak a2 9 1 0 P J& . u

54 /203



WX, YR IRYEM Hilbert 2], (x,7) € X x Y, it
T OH(X,y) = OH(x,y) BIZ ] X LR

T 518 2 7R EE
513 2.1
WH:XXY = XF&(x,y) € X x YHIF—IFER 1 =5
LipschitzZ %2R %, H(x,y) = 0. WRr0H(x,y)FE—IT
RYRARA R, WAEAEY ) — 4TI Oy 5 — [l
LipschitzZE 4B x(1) : Oy — X {2 x(y) = x KX &—
y € Oy,

H(x(y).y) =0.
B2, WERHAE (X, y) KTk B8 — R 202 (5) -6
(1, Wx () TEOy IR — mtd 2 (38) 6T .
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uEH

445 Clarke% T Jai ¥ Lipschitzid: 45 pR B B R BUE 26,
Section 7.1)° ] EL445 B FI 70 4510 AL, J5 2505 IIE
B H1 [30, Corollary 2.1]19F1[34, Lemma 2| 0] %1, 40
RHAE(X, y) BITFRRIE (1)5 — mi 372 (98) 1 aig 1,
Mx()TEOy T I BE— 3522 (58) I . |

9Clarke F H. Optimization and Nonsmooth Analysis. New York: John
Wiley and Sons, 1983.

0Sun D F. A further result on an implicit function theorem for locally
Lipschitz functions. Operations Research Letters, 2001, 28: 193-198.

I Kummer, B. Newton's Method Based on Generalized Derivatives for
Nonsmooth Functions: Convergence Analysis. In: Oettli, W., Pallaschke
D. eds., Lecture Notes in Economics and Mathematical Systems 382;
Advances in Optimization. Springer, Berlin, 1992, 171-194.
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IS FH 37 5%

BAAEARVI(G, K):3Kx € K jili &
(G(x),z—x)>0 VzeK.
EENT
~6(x) € Nu(x).
L) 7]
—G(x) —y € Nk(x).
FINatural mappingZ& ik il AE G 7 #2:

H(x,y) = x —MNk(x — G(x) —y) = 0.
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ClarkeJ ™ X Jacobian
e HIJ Clarke/™ X Jacobian

OH(x,y) = {[I—(I—DG(x)*)V V]: Ve anK(x—G(X)—y)}.
o BX L
T OH(x, y) = {I—(Z—DG(x)*)V Ve anK(X—G(x)—y)}.

o BRI TN I, Ll K = P, PR ™ £ THI
AT K =87, K = Qroa, K =epi|- || || - [l A2
|| - |l AT
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SERL 2.5
[29, Theorem 9.54] (FERHERIL). &S : R" = R,
i e S(x). WSLLFIRA X AEx MM T oA L i,
RIAELEATIRY € N(X)5W € N(a), 2T
filx € V5e > 0, f-1E6 > 0,
S(x)yNW c S(x')+¢eB
M x' e VN B(x,0).
S(X)NW cC 5(x)+¢eB

(a) STEXALAEXS T H A — Lipschitz 8 BAE /AL T 4
HA D, S(x|w)(0) = {0}.

(b) WIS B, WS~ E DA TR LipschitzZ4: )
BL{F R B AL T2 LAY 24 D, S(%|7)~2(0) = {0} Am = n,
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HEW® 2.1

29, Corollary 9.55| (HL{H Lipschitzef % i1 ] 15 14).

SO CRBE—FES, F: 0 - RZ LG Xt

Tx e O, F Yt = F(x)&BA — Lipschitzi% 22 1) 5AH J& &6
I 78 53 I LS A2 Fih e AE A S P A S SR

D.F(%)(w) =0 = w = 0.

UEBH. AHEIS 2R SR W S B 4y BAE WU F I €
HE2.5(b) B A AxAL. u
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Lipschitz[7] }&

DLF 11 N 28 B H Kummer (1991)[18].12
T R SCRT T Z1 R S Lipschitz il 38 )

E N 2.4
[18, Definition 1.3]1 F : R" — R™ & —MEL R,
x € R", X AF(x)N

Ix¥ = x,y¥ = x,x¥ #y¥

AF(x) =1 z fdi75 F(y”) — F(x")
ly” — x|

2Kummer B. Lipschitzian inverse functions, directional derivatives, and
applications in CY'1-optimization. Journal of Optimization Theory and

Applications, 1991, 70: 559-580.
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5|3 2.2

[18, Lemma 2.1] HELLKEL F : R" — RUEXFHT R
B LipschitzP] 1 ) 2 HAL = 0 ¢ AF(x).

WEM. (=) IR, BRBOESE R HFEX T 2 R
#hLipschitzAl Wi, H 0 € AF(x), WAFAE
XV = x,y" — x,x¥ # y g
[F(y") = FOI/Nly” = x"[| =0

FAL. T F R F(x) A R B LipschitziZ 2 v 15, f77E 1E
A1

IF7HF(v") = FHFENIN < sIF (") = F(<)I
FRAL. XA TR A,
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() 0 ¢ AF(x), MAELE T HeFn i
IF(x") = FOI = wllx" = X", vV X', x" € B(x,€). (23)

H1(23) R F e —Hsp, AR RS AR, WX T IT 4R

HO C R, AF(O)RITES. TRAFMS > 0ff

3B(F(x),0) C F(B(x,¢)). Frblri(23)]

3F(y) = z,y € B(x, 5)7??””’& fity = FY(2)H. F~Y{£

B(F(x),d) b /LipschitziZ 4L 7). |
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5|2 2.3
[18, Lemma 2.2|'3 % F € COY(R™, R™), N

AF(x) = | D.F(x)(u).

[Jull=1

UEB. s T4 ) DLF(x)(v) € AF () SR, B
l[ul=1

EWIA RS R AR

3Note that if F is strictly continuous, one then has the simpler formula

D, F(x)(w) = {ZETV N0, %7 — X with Ay F(x”)(w) — z}.
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fEHL z € AF(x), WAFFE x¥ — x,y" — x,x¥ # y¥ f#i1§
2" =[F(y") = FO/lly" = X" = z
O, & X = ly” = x|, u” = (v —x") /A, W {u A TR
7, Tﬁﬁu u’ = u, M Jul| = 1. EX
v’ = (F(x" 4+ Nu) — F(x"))/\,
MXE 78 70 K v, FAAEIERL K 615
|27 =[] = [IF(y") = F(x" + A u)|[ /N
= |[F(x* + \"u”) — F(x* + \u)||/\”
< WX - )l /¥

Az, FTLL lim z2¥ =z = lim v € D, F(x)(u). |

v—00 vV—r00
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Kummeri¥i pd 3 & 3
FEF Lok 5] FA] PAAS 31300 pR e PR
EH 26

[18, Theorem 1.1]( Kummeri¥i BREUEHE). PR 2L
F:0CX — X {E x € O & 558 LipschitzZ& SE 1. )
FAE x iz /2 Lipschitz[R FE 1) 24 HAN Y R iR JEAT 7 2 1F Ak

3
0¢ D.F(x)(u), VO#uelX.
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Rz
5| B2 2805 ¥E2 30 41, F 7EXPH T /& Lipschitz[A] IR 1 24 H.

N4
0¢ijﬂm@)

[Jull=1

T H D, F (x) I IESF IR P ] 13
ogtjma@@)

flull=1

2T 0¢ DF(X)(u), VO #u € X. n
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PRSP 1 1 1 5 e )

45419, Proposition 4.1] * & [15, Proposition 2.1]*%, 45 Hi4E
(B R SR AL P A 10 P S 8 0, D P SR AR S 1) I 5 52
LA

EH 27

(ISR e B B FEAE ) & X, Y 2 AN R4
[ Hilbertzs 0], WAEEMUSF - X = Y. Xt(x,¥) € gphF,
FAEXAL Ty A I 78 Z 4512 {0} = DF(%|7)(0).

Y Levy A B. Implicit multifunction theorems for the sensitivity analysis
of variational conditions. Math. Program., 1996, 74: 333-350.

5King A and Rockafellar R T. Sensitivity analysis for nonsmooth
generalized equations. Math Program, 1992, 55: 341 --364.
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uEH

B 1622 B {E—v € DF(x|y)(0), WAELEEHIvE — v,

uk — 0, te 1O, T EXIVK, By + tivk € F(x + teu®).
RFFEXRE R Ty IS PRSI, XAV, y AW, &
Bk > 02 F(x) N W C {y}+k|x — x||By, Vx € V. X7
IRk, By + tevk € 7+ k|| teu”||By, BIvF GETEA
Fkl|uk|| BIERAF, BT {uk} — 0, Mvis A0,

163 st

DS(R|)(#) = limsup X ™) =1

N0, w—w T

_{v:EitV\,O,W”—>v'v,EIu"eS()'(—FT”W”),U u—)v}.
TV
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e, RUEE. R FEXAE T y A2 LA, WIAE
A > x, % € F(xb), [Efy* ¢ 7} + K - %By,
WA — 71l > K — %I %t = Iy* 7.

vi = (yk = 9)/ti, MI||vK|| =1, HFYHEIRYE v £0, fif
vk = v. Suk = (xk — x)/t, W

“I=

lu ]l = Ix* = x[I/lly* = yll < 1/k =0,

VR + tevk € F(x + tub),

B L O, (ub, v9) = (0,v
(0), ST . u

E%Eo¢veoﬂ\)
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ARGHIER

5 J8 TN IR EEAE AR P R R I DU ) 220 o
S(u)={xe X :G(x,u) e K}

HAp X RER4EHilbert 2[R, K C YRAESHIMES, VEE
PR 4EHilbert 2 [H].
o K= {0} C YK, & i B ek 0w 2 vT [m] 25 A i 5
I1H M
o Ko — M A B A 1)1 I, Robinson 2 AU AL Z1 i) i
=R E
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25 411 S R e B

EF 3.1
17 B XRYEm &2, Y 5 Z &M Banach?H], Q C X
XY REE R (a, ) —IHES, 0 € C(Q; Z) W 2

(i) ¢(a, b)=0;

(ii) aff(x y) € L(Y; Z)XEAT(x, y) € Q /71E, H.
a_¢ C(Q; £(Y: 2));
99

I
ay(a b) € L(Y; Z)RMUH, <

(iii) G b)) € L(Z,Y).

7pp.548-549, Philippe G. Ciarlet, Linear and Nonlinear Functional
Analysis with Applications,SIAM,Philadelphia,2013:

73 /203



() WX 1R aff—FFARBRLV, 72 Y 1 bl — 748
WS — RS € C(V; Wik

{(x,y) € Vx W:¢(x,y) =0}
={(x.y) eV xW:y=f(x)}

(b) WIRGTE(a, b) € QUL AT IS4 FIE kb S AT LI,

VchQ,[

fila) = - (gij(a, b)>_ 90,6y € £(X; V).
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() %o € Cm(Q Z) Jehim > LR MAEAEX T it aly
—JHAREYV c vE YE%E%E’U*FF@B@W c W i Xt
T (x,y) € V x W, a—f(x, y) € L(Y; Z) I,

(g_f(x,y)) €L(Z,Y),feC™V;Y)

SHTAAx € V,

f'(x) = — (%(X’ f(x)))_ %(x, f(x)) € L(X;Y).
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EAE MU I 5 v

o SRMEMUWIEX € XAHFR A, #x, — x,
Yo €EV(x,), H y, =y, Wy € V(x). BRVEZMAN, #E
FEX T )R — R P

o FEREBIVEMR Y HA Y E R Egph(V)EX x YHR—
il =S

o PRV (convex), £ E M Elgph(W)2X x Y —
TAE. BEE I, W™ I R o 0 AR A R AR AT
x1, x2 € X, t €0,1],

tW(x)+ (1 —t)V(x) C V(txy + (1 — t)x2). (1)
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I X e B
FA X = YR—ESWLIER T, A & HSENT

SEAF 0 € intA(X). APREIT MRS e BRI 2 5AT P o I 1 4

%ﬁ@ﬁ%%%.
EF 3.2

(rxﬁaﬂ%ﬁimf_ﬂ'&)ux'ﬁvmsanach SIE], W X — 2V
P IEME R 2. 2y € int(range V). |
XIx € W1(y) &Vr > 0Fy € int W(Bx(x,r)).
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AR AR BRI I T
E X 3.1
TREAEBEHV - X — 2V 7E(x0, o) € gph(W) PAZEHEZy > 0

NI, 5 AFE tmax > 052 (X0, yo) HIRII N 2
XIV(x,y) € gph(W) N, Vt € [0, tmax], FIRELE K RMAL:

y + tyBy C V(x + tBx). (2)

i 3.1
25 20 ROV R £, TN EE 5 (%0, o) € gph(W) A0 AFFIA 76
o B RATAE IEE D, vii /2

Yo+ nBy C V(xg + vBx). (3)
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ZAE R B A T

TERR, 37 ZAH R A F Y, W SOTBRSS E #3.2,
HIEPE 2y € int(range V) AT 15, fF7En S5 il /2 (3). &

v 3.2

WZAH R : X — 2V 2, (9. TWTE (X, yo ) b2 T
1124 HAY My, € int(range V).
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FF4: S T B B 2 D)
E X 3.2
MREEREV - X — 2Y7E(x0, yo) € gphW LAE c 5 5 1E M| 11,
T4 (x0, yo ) — 2B H BT B (x, y) B

dist (x, W1(y)) < cdist (y, ¥(x)). (4)

EH 3.3

ZEREV - X — 2Y7E(x0, yo) € gphV LK A & IE 1)
M HACHVIE (xo, yo ) b Bhy = c PR ZE R IT Y.
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P o™ S IR S ) 2 1 DU

REH 3.4

(Robinson—Ursescufs & P ) W : X — 2V 2 M M Z{H iR
. WIWTE (X0, yo) € gph(W) Ab B 5 1E U ) 78 B2 25 A4 2 1E U
YAty € int(range W)L, SERGAAME, 5 (3)KAL, (x, )il
A

1 1
[x = xof| < SV ly — woll < 3"l (5)

Mlc = 4v/niti1(4) BT
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2R R G B IR U

HEELEWGG - X — Y, BIMEK C Y, S5 R B
55t
Fe(x) = G(x) — K. (6)

KAy € Fo(xo)EMHEG(x) — yo € K. & yo € Fg(x), 47
-FG E(xo,yo)ﬁ%fﬁiﬁ)ﬂﬂﬁﬁ, Eﬂﬂﬂ%(X,y)E(Xo,YO) E/‘J—‘i’lz
o, H

d(x, F'(y)) < cd(y, F(x)). (7)
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Lipschitzifzh T [ B & 1E W) 4

EH 35

(|3, Theorem 2.84|). %G : X — Y @ —IELMUS. WAHRI
EEAE BT Fo TR (X0, yo )b LA ¢ > 0 FER IEN], ZEfE ML
HED(x) = G(x) — H(x)TExol— BB MR < -1
Lipschitzi 4L, WA B Fy 7E(x0, yo — D(x0)) AL EA
Fe(k) = c(l —ck)™t FEEIEN], B

d(x, Fiy'(y)) < c(r)d(y, Fu(x)) (8)

Xﬁ?ﬁﬁ?ﬁﬁﬂ:(xo, Yo — D(Xo)) £ (X, y)ﬁ}ZTL
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Taylor J& X0 2 1) 5 45 B S
WG (x) 2P H.DG (x)#& R T xHIELL M. 18 A
xo € OFILEME WGt
F*(x) = G(x0) + DG(x0)(x — x0) — K. (9)
P e B, 22 PR
G(x) — [G(x0) + DG(x0)(x — x0)]

TE xo 14135V N 72 LipschitziZE 2L 1), HAH B i Lipschitz
Bl Lhge sy, dh6 e 3.5, X nlHEH A 2 A e E mk
5 F*1E (x0, 0) Ab A2 BE R IE Y, WU Fo 7 (xo, 0) AL 7R A& B & 1
E. AH D, F o 7E (X0, 0)Ab 10 B 2 15 DU 4 A 4 S 7 () B
1E D
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T RobionsonZ] K #LyE

F*(x) = G(x0) + DG(x0)(x — x0) — K,

H
range F* = G(xo) + DG(x0)X — K.

AR iy 3. 218 2 AV AR AR L 5 F* 7E (X0, 0) Ab 2 B 1 1R U 1)
7047 B AT & Robinson 2 WU Al A7

0 € int (G(x) + DG(x0)X — K).

Fe TE(xo, 0) A4k i B 5 1E | #4254 T Robinson 2 3 AL .

1B RI3.2 X HMEBHHV : X — 2Y ZF4Y, Had. MV £ (xo, yo) & A
Frag 5 BAR E yp € int(range V).

85 /203



rqAeAL ] Aubin i i



P A A
I8 EA TN IE — OB A A A 1]
(P) minf(x) st. x€ Q. (1)

Hpf R — RACHIN R, Q C R MM %,
] PR 7S B HCKS 7 RL(P) 547 B9 5 ITE 20 AR A 1 il
min f(x) + dq(x).

xeRn

T F(x) + ()9 BRiAL, L VG SEATiL, T AR AL i
H(P)HUKKT RE5T LS i TS SOTRRITE R

0 € O(f(x) + do(x)) = VF(x) + No(x). (2)
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NN
EX 4.1

FRERES T - R" = R A& B (monotone), U1 XY
TweT(x) e T(x)H

(i —vo, x1 — Xxg) > 0;

TR T A2 P 4% 5.9 (1] (strictly monotone), WX T xp # xq,
FIRAGE XA AN G B TR MR FIA R, R
Klgph TAREALE7E AR R SIS T T R = R
Egph T'H.
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RTMRAINE, A VF2 BRMISEE, B, TSN
IR RO I, X TR AT AT B
B CH# 0, IEHEYS NIRRT AA NidE A

_J To(x) + Np(x), x €D,
T(X) B { 0, X ¢ D,

HiD c Rr2—IEMNTEE, To: D — REHREIH
A RS, X FE IS 7RO R . 2588, X5
ST T, I TR IR .

89 /203



i A2 Aubint 5 IR OK SR BT

it {13, Proposition 5.1k 4% ] @l ((P) FIKKT R 48
A 5 1E U 5 Aubin i 5T RS540 1

ik 4.1

[13, Proposition 5.1| #%X#&BanachZ (], F : X = X* N H.if
Wi HLAE (x0, yo ) AE BB Aubin PR3, HSA FAE X —21 3 A
& HAE .
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ik B

18 ¥ F 7 xo (AT ART 410 355 P 504N & BB 1) . IR AAFAE T
Hlx — xo HENE—y, € F(xk), k=1,2,..., 17
fEz € F(x), k =1,2,..., 13Xk, YAz # yi.
HFAE (X0, yo) b FAT Aubin T, FTSEHRy, € F(xk) i
JEyie = yo. SHF—ANKAEAE—DNERNE BB R B Sy 24,
Bixf ANk = 1,2, FAfER € X, || bl = 158 $b, > 0,
#15

(zic, hi) > b+ (yi, hi). (3)
P F LIS S AR U W B A Aubin PR . BL—5081 ¢ 3 2

ty >0, t, — 0, Hte < be/27. (4)
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U'ﬂﬁ?ﬁﬁj\j(lﬂ‘]k, ﬁXk e U, x, + tkhk S UHyk e W. *E
WEFIIAubintE T, &

vk € F(xk) "W C F(xk + tehy) + vtB.

R, FAE T Fllu € F(xk + tihy) 15

Juk = yil| < vtk ()
H F A

(U — zi, Xk + tehg — xi) > 0.
(Uk, i) > (zk, hic) > bic + (Y, hi).-
A, H(4)M(5),
bi + (Vi, hie) < (U, hi) < (v, i) + vt < bie/2 + (yi, hi),

TARTTE. R, AL, FIEx B —AT 2 HER. 1
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ot 1F 4 5 Aubint: i 22407 1

EH 41

X AR AL R (1), T S F2(2) 1 xo P 35 A2 5 1E U

I (Bl xg N0 € VF(x) + No(x) HIBRIEMIAR)FI 78 43 b B 441
T HExohb BB Aubinth )i, HABG T - R" = RN
T(x) := Vf(x) + V2 (x0)(x — x0) + No(x).
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uEH

DB g OB N e SRR A4S 3
M. BT HExpAb B A Aubin PEJ. BT ™R
B f B HessianPF A& 1@ 1, WA kAL

(V2f(x0)(x1 — x2), x1 — X2) > 0, Vxy,x € R". (6)

BRI, BRI T (x) := VF(x0) + V£ (x0)(x — x0) A& H- 11 H 5
LR, DU B S T B A, BT T R FH A AL L,
T~ Exo IR — <RI N A FAE I, B R IEE AS 4510 BT
|
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NLP ) f2 &
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e Robinson (1981): If the multi-valued mapping
F:X = ) is piecewise polyhedral, then F is calm at x°.
¢ Robinson (1980): showed that the strong second order
sufficient condition and the LICQ imply the strong
regularity of the solution to the KKT system.

Interestingly, the converse is also true, see Jongen et al.
(1990).
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e Robinson (1982): showed that the second order sufficient
condition and MFCQ imply the upper Lipschitz continuity
of KKT solutions.

e Dontchev and Rockafellar (1997) showed that the strict
MFCQ and the second-order sufficient optimality
conditons are equivalent to the robust isolated calmness
of the KKT system.
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NLP# & K12 %5 Xk

1 S. M. Robinson, Some continuity properties of polyhedral
multifunctions, Mathematical Programming Study, 14
(1981), 206-214.

2 S. M. Robinson, Strongly regular generalized equations,
Mathematics of Operations Research 5(1980), 43 - 62.

3 H. Th. Jongen, J. Ruckmann, and K. Tammer, Implicit
functions and sensitivity of stationary points,
Mathematical Programming 49 (1990), 123 - 138.
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4 S. M. Robinson, Generalized Equations and Their
Solutions, Part |I: Applications to Nonlinear

Programming,Mathematical Programming Study 19
(1982), 200-221.

5 A.L. Dontchev and R.T. Rockafellar, Characterizations of
Lipschitzian stability in nonlinear programming. in
Mathematical Programming With Data Perturbations,
A.V. Fiacco, ed.), Marcel Dekker, New York, 1997, 65-82.
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Z AR AE WU Y _E LipschitzZE 221

EX 5.1
A set-valued mapping T : R" = R™ is called polyhedral, if its

graph is the union of finitely many polyhedral sets, called
components of .

IR T 22 THI S A WS 1 s R T SCHiR[26].1
EH 5.1

WS RN = R — L HEEBS, WSTER Six € dom S
b5 2& & Lipschitz ZESEH].

¥Robinson S M. Some continuity properties of polyhedral
multifunctions. Mathematical Programming Study, 1981, 14:- 206-214.
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5|3 5.1

Let P : R" = R™ be a polyhedral set-valued mapping with
components G;,i = 1,..., k. Suppose that x € dom P and
define the index set

J(X) = {I = [k] X E 7T1(G,')},

where 71 denotes the canonical projection of R" x R™ onto
R". Then there is a neighborhood U of x such that

(UxR")NghpP C U G;.

ied(x)
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Proof

The affine subspace {x} x R and the components G;,

i € [k], are nonempty polyhedral subsets of " x R™. If

J ¢ J(x), the intersection of {x} x R™ and G; is empty and
these two sets can be strongly separated. Hence there are
neighborhoods U; of x such that

(U,' X §Rm) N G,' = @ for i §é J(X)
Thus U := Njg(x) Uj is also a neighborhood of x and
k
(Ux R™)Ngph P C <UG,-> UJalcl e
i=1 i¢J(x) ieJ(x)

as required. O
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5|3 5.2

Let G be a nonempty polyhedral set in R" x R™. For
z=(x,y) € m(G) x m(G) define

dy(z, G) = min{||x' — x|| : (x',y) € G}

and
dy(z, G) = min{|ly’ — y|| : (x,y) € G}

the “horizontal” and the “vertical” distance of z to G,
respectively. Then there exist nonnegative real numbers &,n
such that

dy(z,G) <nd,(z, G) and d,(z, G) < £d(z, G) (1)

for all z € m(G) x m(G).
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Proof
The convex polyhedral G can be represented in the form
G={(x,y) e R" xR": Ax + By < ¢},

where A € " B € R™*™ and ¢ € R'. By the standard form
of Hoffman's theorem there are reals o and 3 such that for
eachae R(A)+ R, be R(B)+ R, x € R"and yo € R™
one has

dist (xo, X AX' < a}) < al|(Axo — a)*||

and
dist (yo, {y': By < b}) < 5l(Byo—b)'.  (2)
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Put & := ||All,n := «a||B|| and choose any
z:=(x,y) € m(G) x m(G). Then we get from (2) that

d,(z,G) = dist (y, {y/:By' <c— Ax}>

3
< BlI(Ax + By — o)*|. ©)

For X closest to x in the set {x' : Ax' < ¢ — By} one has
I(Ax + By — c)"|| < [|(Ax + By — c) — (A% + By — c)|, (4)
which yields

I(Ax + By — <) ™| < [|Allllx — %I (5)
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But ||x — X|| = dx(z, G) by construction and thus, combining
(3), (4) and (5), we get
dy(z,G) < Bll(Ax + By — c)"|| < BJ|Allllx — %]| = {di(z, G).

The first inequality in (1) is proven in the same way. OJ

EH 5.2

[23]%° Let P : R" = R™ be a polyhedral set-valued mapping.
Then there is a constant \ such that P is locally upper
Lipschitz with modulus A\ at each x € dom P.

Proof. Let G;,i € [k], be the components of P. With the
constant &; associated with G; according to Lemma 5.2 we put

A =max{&, ..., &}

20Qutrata J, Koévara M and Zowe J. Nonsmooth Approach to
Optimization Problems with Equilibrium Constraints, Theory, Applications
and Numerical Results. Kluwer Academic Publishers, 1998.
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Now consider some arbitrary x € dom P and the index set
J(x)={i € [k] : x € m(G))}.
By Lemma 5.1 there is a neighborhood U of x such that

(Ux®RMnghpPc | G

ied(x)

For x' € U with x’ ¢ dom P nothing has to be shown. Hence
let X’ € dom P and y’ € P(x’). Then we have

(xX.y)el(Ux®R™) nghpPlC | G,
ied(x)

which implies (x’,y’) € G; for some i € J(x).
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For this i/ we get
dist(y’, P(x)) = dist (y',{v: (x,v) € ghp P})
< dist (y', {v: (x,v) € G;})
= dy((xd/)? GI) < gidX((Xuy/)7 GI)
= &dist (x, {u: (u,y) € G;})
< €l — x| < Al — x|
Since P(x) is closed and y’ was arbitrary in P(x’), it follows

that
P(x") C P(x) + \||x' — x||B

and we are done. O
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NLP#A

AR R i) et
min  f(x)
st. h(x)=0,i=1,...,m, (6)
gi(x)<0,i=1,...,p,

Hf R R bR =R, i=1....m g :R" =R,
i=1,..., pre IESA R

Y
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NLPHIKKT 24

1] #(6) 1) Lagrange PR € LA

L(x, ¢ A) = F(x) + (¢, h(x)) + (A, g(x))-

BM(x) £ 0, M (¢, \) € M(x)ERE (x, N\l EKKT 4%
4
Vil(x,{,A) =0, —h(x) =0, XA € Nge (g(x))- (7)
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KKT RS EAR G R

KKT 2 AF(7) 7T LLAFfir R o o R R AR 7 A 20

V.L(x,¢,N)
F(x,¢A) =

—h(x) ] =0 (8)
—&(x) + Mg (8(x) +A)
B

—h(x)
A= Nge (g(x) + A

ViL(x,(,A)
)
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KKTRG ) X TEER

KKT A7) B AT LA s o N i) X572

VL(x,C.A) N3(x)
0c| kb)) |+ | Nan(O) (9)
~g(x) N (A)
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KKTHU Skkr

/Q\,\Z:%"Xg%mxé}%p, D:éR"X?R’"X?R’i. %X
Vil(x, ¢, A)
—h(x)
—&(x)

¢(z) =

W™ IR (9) FI Rom N
0e ¢(Z) + ND(Z).

XneZ, X

Skir(n) ={z € Z:n € ¢(z) + Np(2)}.

(10)
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I 7R TR R

I~ X7 FE RS (normal map) € LA

VXL(X,C,}/ - H%F:(y))
F(z) = —h(x) (11)

—&(x) + Ny (v)

(%, C,N) T SUTFE(9) 24 LAY 24
F(x,(,y) =0,

Hipy = X+ g(x), A = Nge (7).
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Lipschitz [}

5|3 53

RL(X, G AR TR (9) H 5 IE AR 24 HA 4 FALE(x, ¢, v) Mt
1T 7% Lipschitz [ IRH).
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f il 5.1
XA ) 1 (6) AT AT i R M(X) # 0. 2 (¢, \) € M(x),
Y =X+ g(x). BRTBKM:

S Y TR SRR AERAROL, Hxi R LR M T R A R I
af(x C,y) AT TR R AR AT 6.
KKTRL(X, ¢, \) RS ST FE(9) e 3 1E DU .
Mi(a) = (b) = (¢).
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— B B R &

53 5.4

BECE: W (6) IO RAE 1. Y MFLISRMLEAEX AL AL
TEXMD S THRAE S B0 1 — B W 386K A s, T 38— ffy
Fo 4 S AFTEXAL R T
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Fe R M F) 2) 1E

EH 53

AL B (6) O R bR AR BE MR RO AR LS, WA
X AR E . BE(C,N) € M(X), IBA(C, N)ii 2 1]
B(6)IKKTH M. 2y = g(X) + X MBS 20
(a) BB P78 e RO BLxifh R T e 4 R
(b) 0F(x,¢,y) BT LR B AT F .

(c) KKTR(X,C,\)A& L7 2 (9) ok 1E T .

(e) —F I KA AER AT HLx 4R METE S 4 R

@
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Dontchev and Rockafellar 1996

e Consider
S(z,w) ={x:0€z+ f(w,x)+ Nc(x)}

where C is a polyhedral convex set. Dontchev and
Rockafellar (1996)%! showed that the strong regularity of
S is equivalent to Aubin property of S around a point
(20, wo, X0) € ghp S.

o FELENMERNRIKKT 258 1) 53 1E W) 547 T Aubin P57

2IA.L.Dontchev and R.T. Rockafellar, Characterizations of Strong
Regularity for Variational Inequalities over Polyhedral Convex Sets, SIAM
J. Optim. 6 (1996), 1087-1105.
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KK TR B 6 LT A i
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25 RAE

M5 HL H Dontchev and Rockafellar(1997)[9]%%. F #4518
JINLP [ B R KKT B (R AR I P AR S5 T R ML
ARV B TE o SRR RRAL

22Dontchev A L and Rockafellar R T. Characterizations of Lipschitz
stability in nonlinear programming. In: Fiacco AV, editor. Mathematical
programming with data perturbations. New York: Marcel Dekker, 1997:
65-82.
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C*ZHAI ) 1] i
18 TR S HCE R 1 R
min go(w, x) + (v,x) st. x € C(u,w), (12)
Forh C(u, w) 275 F AL

=0 /i=1,...,r,
gi(w,x) — uj (13)

<0 i=r+1,...,m,
Hrhg :RIx R =R, i=0,1,..., mi& UES AT RS,
FMEw e R veR"Gu=(u,...,un)" € R"ESEL KE
MEEARRKIE NP = (v, u, w), IEX(p) N (12) 1 R L
£, BRI p — X(p) RIS
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Kurash-Kuhn-TuckerZ& {4
o Fx € X(p) IS RAEX I HEA SR UN
HX(p)NU = {x}.
o 1LC(p)ARATEE, RIS p — C(p) LA LS.
o & X Lagrangepfi %}

L(W7Xa.y) = g()(W,X) + Z}/igi(W>X)7
i=1

o 1X— 0] i Karush-Kuhn-Tuckerg& 14K

{ v+ V,L(w,x,y) =0,

(14)
—u+V,L(w,x,y) € Ny(y),

Hipy =R x R7
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o MTLHERP = (v,u,w), KKTRGMHEE(x, y)id
jl\jSKKT(P): ﬁ\'ﬁy%ﬁjp — SKKT(p)%jKKTHH%ﬁﬂL
° 1E‘XKKT(p)?'\ﬁ%%)§'§%, ED

Xexr(p) = {x[3y s.t. (x,y) € Skxr(p)},

PRBUH p = Xicer (p) WARSE RIBLAT.
o KT xHplLagrangeTe 14410
A Ykr(x, p) = {yl(x,y) € Skxr(p)}-
5 (vo, ug, wo, X0, Yo) € gphSkrr(p)FHECRII{1,2,..., m}H)
fRbrEER h, b HhRE SR
h ={ie{r+1,...,m}|g(wo,x)— to =0,y >0} U]r],
b ={ie{r+1,...,m}|g(wo,x)— uo; =0,y =0},
b ={ie{r+1,...,m}|g(wo, %) — toi <0,y =0}.

124 /203



y“H%Mangasarian-Fromovitz 2k £

FRI™ k& Mangasarian-Fromovitz (MF) 25F1E (po, xo ) AE AL 4N
RAFAELagrangee Ty € Yixr(xo, po)fHi15:

(a) i € /1E':'E/‘vag,‘(Wo,Xo)z£‘@%9‘§;
(b) EEWEZ S %n'fi?%l‘/ S llﬁﬂ‘vxg;(WO,Xo)TZ =0,
| € /2Hﬂ‘vxg,'(W0,X0)TZ < 0.
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LR A ER

X} 45 IEH/]PO (Vo, o, Wo), &(Xo,yo)?%EKKT%1¢(14).
LA = VI, L(wo, %0, y0), B =V}, L(wo, x0, o),

(14)?’_(Vo, Up, Wo, Xo, yo)ﬁlﬂ/]@% ﬁ’%i@ﬂ“jﬁﬂ: A LGN AR 3 AN
&

{ v+ ViL(wo, X0, ¥0) + A(x — x0) + BT (y — y0) = 0,
—u—+ g(w, x0) + B(x — x0) € Ny(y).

(15)
XHEAR (u, v), IEFTA 2 (15) ) (x, y ) IEEE N Lkkr(u, v).
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B RS 15 2 A i8R TR

o &P =RI x Rm, &ML

Y(p)={xeR"y € f(w,x)+ F(w,x)},p=(w,y),
(16)
HAf R R 5 R, F: R x R = R™.
o B py = (wo, y0) € P, x0 € X(po).f(wo, -)FExALT]
1, JacobianfE AV  f (wo, xo). 75 K& F I LA LS -

A(p) = {x € R"|y € f(wo, x0)+Vf (W, Xo)(Xx—X0)+F(w,x)}.
(17)
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EF 5.4
[8]% AT Ex HIARIH U, woHIARI W 5 & B A XA E:
fiflx e U, we WH
[f(w, x) = f(wo,x)|| < l]jw — wol|. (18)
M2 T IRGEREN:
(i) AE(po, xo0) b2 IR PR,
(i) ZTE(po, xo ) AL AN F-FR ).

23Dontchev A L. Characterization of Lipschitz stability in optimization.
in Recent Developments in Well-Posed Variational Problems, Lucchetti R
and Revalski J (eds), 1995, 95-116.
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HEW® 5.1
B EHS. A BRSO HRF - R — RN ZTHAR
WLERE, A4 T iR G5 -

(i) FA1ExoHIARIR U 15

[f (wo, %) + VF(wo, x0)(- — x0) + F(-)] " (v0) N U = {xo}

(i) A EZE (po, xo) AL TN SL TR
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uEH

WA = [f(wo, x0) + VI (wo, X0)(- — x0) + F(-)] & 2 M,
PRI b EH [26] FIATER™ b2~ A2 1 (& J& 56 L LipschitziZ 22 11)),
T (i) AT HE S ATE (yo, x0 ) b R AR PR T, B E

H5 415 1E (po, X0 ) bR TN T A2 K. TN 5 BE5.4 1]

3 (i) T HEH (). |
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Sk RIIRAL Fa bk

HI TNy 2 2 TR ST KKT 245 (14) 52 F HE185. 17 54516
iR 5.2

NIRRT

(“) H%%TJ‘SKKT%E(Po, Xo,)/()) S gphSKKTﬁi‘%m_\‘Tﬂzf%ﬁ‘J
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5|3 55

[ ML ZEAT SOL. T4 WS XHE (po, X0 ) Ab T - HE4E,
FEARI X0 HISRIR U, A71E po I RBIR VA3 XA p € V, 2K
“X(p)NU JEZF.

B
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uEH

H[21, #E14.5]24 ] 5129 SR S CHE (wo, to, xo) b F A Aubin
e i—/lﬂq'li—/lMFé/‘]ﬂi%ﬁ:E(Wo, Uo, Xo) RERYOT. K a,
bRy LT CH AubintE ARG H 2L, BIXTpy, pr € B(po, b),

C(p1) N B(x0,a) € C(p2) +7(Ilpr = p2l[)B.

B UAx AT RARIR. Mo € (0, a)EfFx0/2 2ip = poltf
(12)7EB(xo, o) ' FIME— R/ 55 HB(x, @) C U.

24Mordukhovich B S. Lipschitzian stability of constraint systems and
generalized equations. Nonlinear analysis, 1994, 22: 173-206:
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XTI % Pl p € B(po, b), 75 REHLGS
b Calp) = {x € C(p) - Ix — xall <+ o — poll}

BRI CoAEp = pokbst FAEHELLH, FUEH AR T 4L
1. EHx € Cu(po) = C(po) N B(xo, ). B CHIAubint4:

Joz XHAEAR] po 3 1 p, A2 E X, € C(p)MEE|[x, — x|| < Yllp — poll.
ES)

1% = Xoll < [I%p = X[ + [Ix = X0l < +7l[p = poll-

Blitbx, € Co(p)H2p — poltt, x, — x. FrLAC, fEp = pokik
e T HIELH.
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T Co(p) AR B2, ] i) et
min go(w, x) + (x,v) s.t. x € Cy(p) (19)
XIATAT] po BT 1 p A1 i, I B AL B P Rixo & p = poltT It

TEp = pokb b 20ESE, ¥ 5 2, XHEATS > 0, 47176y € (0, b)
{EF XTI p € B(po,n), (19)1I(2 =) mItiEELAE= 1 H
@.é’TEB(Xo, 5)?‘]

25;%)3%:

val (y) = inf{f(x,y) : x € A(y)},
S(y) = argmin{f(x,y) : x € A(y)},

HrP ATEyo b B TES: fEyo NS, A(yo) 2 F T RS, FEA(r0) X
{yo Bt — AL L, Wval (y) 7Eyo AL TESE, S(y ) fEyo ib B2 IESE.
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RN X (po) = {0}, WS X TEpo b s, 6" /20 < &

< a, WAFLEY > 0 1S XHEM p € B(po, '), 1EA7

filix € Xo(p)H /2| x — x0|| <& < a+7|p— pol. F,
Xtp € B(po, ')A || x — xol| < o +|p — pol|#E & (19)
TR, FrCMEfp € B(po, 1), B

Xa(p) C X(p) N B(x0,d").

WEEE. O
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1

W A PSR ATLE (Po, X0, Yo) € gPh Sk AL RAZAN
Hyx' € D\[0}A

<X/7 VixL(WOJ X0, YO)X/> > 07

HAHED = {X'|V.gi(wo, x0)x' = 0,7 € h; V,gi(wo, x0)x' <
0,i € h}.
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KKT RS F Rt

EH 55

TR SGAF A -

(i) B Sk (po, %0, ¥o) € gph SkrrAb AT A2
fr), FlLxo 2 19 5 (12) 55 T po 1 Jo 348 S L

(if) PR MFZ SR 40— 7890 ME S5 LR 7E (Do, X0, Yo ) AR

M.

138 /203



uEH

2 Ykt (%0, po) 2, WA Yekr (%0, po) = {yo}. F L™
HEMFZI R 4 A IROT20, 25, FHE5.2, TELE (xo, yo) M
PEI(x, y)i R (x, y) € Lxir(po). 2" ANR—E, &
Bh={12-- m} b={m+1-- m}HS535

10 By A1 By A B N4 e 1y 1y 146

26, Kyparisis, On uniqueness of Kuhn-Tucker multipliers in nonlinear
programming, Math. Programming 32 (1985), 242 - 246.
2R R P SE

(i) (%0, Yo) NS Lt (po) FIFKAL AL,
(i) BRI Sk fE(po, X0, o) € gphSkrT AN
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W2 (x, y) = (0,0) F kA543 RGERITNSLAR:

Ax+ BTy =0,
Bix =0, (20)
BzX S O,y,' Z O,y,'(BX),' = O,I c [m1 + ]., m2].

MEEIH Tyo; > 0,0 € h, WXTFi € iy 55 %A PR,
H5L b, N (20) IffRER 2 —ME, 10, 0)9(20) e — i
FH xo b 1) B PR 2 A, TT S

(x', Ax") > 0,vx" € D\{0}.
HFE IR E S IR A OL. BSAFEAEE A

BEx' € DERAX =0, MARE R E (X', 0) o (20) 1, 7
J&.
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2, ABBE() AL, M xo A2 (12) % F po FIARAL J 35 i Hoyo N
FH L IR —3fe . B8 (po, xo ) AH ML FRIFR AR AR h A2 JE 2 1)
HUFIW 5353 9 x0 FA wo I ABIBAT AR X BT A HIx e U, w € W
BV, gi(w,x),i € hRLMTCRM. HEIHEE5.5, X poiEip,
X(p)NU # 0. FAXEFTE po I p, o1l

MIx(p) € X(p), FAEHEyoi,i € hyi(p), i € L

v+ V.g(w, x(p +Zy, V.gi(w,x(p)) =0.

ieh
HREEWV € I, yi(p) >0, XFi € LUk, Bly,(p) =0, &
2ly(p) = (va(p), -+ , ym(p)) & BN iF] &R [F) Lagrangedfe 1 H %
ﬁyo. .[H:, ﬁD%U?’ﬂ(Xg,yo) ) @Biﬁ/ﬁﬂp?ﬁﬁj\j%j&po, )I_\“J
HSKKT(p) nu 7é @
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WL =0, ALy =0 = Yixr(xo, po). HTIEE5.5, Xfx
(T AL 5 7857 B polfip, X (p) U £ 0. 3—3, MF
ZYR A RERXS po BT K p, xoB$IL)x, Lagrange 36

£ Yixr(x, p)IEZH I BB Ea > 0, JFFHlpe — po

*nxk — Xoﬁ%E'ny c YKKT(Xk,pk), k=1,2--- ﬁ”y” > Q.
BT Hy € Yrxr(xx, pr), WIRFHIAE T, fFER Ay # 0.
EKKT%?EEPXUL/(HJ\WKEﬂ%E‘Y c YKKT(Xoa po), ﬁ%%

B Ykt (X0, po) A& AR, 1IX 5 MMFZ) R KA T & .
Ty = ORI ABIRY, Hp7e 73 4ipo Hx € X(p) 77
Ixott, A Yexr(x, p) N Y £ 0. A4, 5 (x0, yo) FIFEARIBU K
78 HE po B p, A Skkr(x, p) N U # (.
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1§&H%E¢5KKTE(P07 X0, YO) S gphSKKTﬂ\Z:XEé}m_\T%Zi% 7,
B H#E1R5.2,28 (20)F AEZFME (X, y' ) Hizfii v 5(0, 0) LR
. ky e RMEXT € LAy =0. WX =0, My’ #0
EEBWMRENFL e LAy #0, Wy >0. KA

Xtie hByo >0, Hy o430, My, + y AR

T xo5polflLagrangede 7. X5 MMFL R LT E. Kt
x' #0, fHiEx" € D. 1E(20) 15 —ANT7FE W [F] I 3fe LAx,

BE(X, AX) =0, 5 Fr e kA7 JE . EEE. n

2R IR A
(i) (x0,¥0) NEES Lxxr(po) AL A
(i) BRI Sk fE(po, X0, o) € gphSkrT AN,
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EH 5.6

BWMFLIR A E Xy € Xicier(po) LA, po = (vo, o, wo). P
2N IR B Xeeer TR (po, xo ) LIS AR I 78 73 b B2 5%
P AFEX £ 05—k #

Yo € argmax{(x, V2, L(wo, x0, y)x') |y & (0, y) € Skxr(po)}
W2 HARBREC b (X)) = (X', V2, L(wo, X0, yo)X'), LI AN
(Vxgo(wo, x0) — vo,x") =0,
(V,gi(wo, x0),x") =0,i € [1,r],
<ng,'(W0,X0),XI> S 07 I € [r + ]-a m]7gi(W07X0) — Uoj = 0.

BT a) R KK TR
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uEH

HH Levy AlIRockafellar[20]2° H1 %) & #3.1F13.2, 5 /2 17l
FRKKT S X 14 1 1 01E 5 (po, xo) Ak Xicrer AR 52 1Y ] 3 4
Wb T B4R, B8] F A i2.1, Al %SG X pE

HIx" £ ORI AAFAENE 5 WSS Xy 7E (po, xo ) A& IR AR

SEff .

DXkxr(po|%0)(0) = {0}

29Levy A B and Rockafellar R T. Sensitivity of Solutions in Nonlinear
Programming Problems with Nonunique Multipliers. in Recent Advances
In Nonsmooth Optimization, 1995: 215-223.

145 /203



SN 2 YA S i

FLT 5 35 5 HEHES.6 7] LIS F) N iR HEL:
HE® 5.3
Woxore (12) IR /A i, FHobpg = (wo, o, wo). 1B

BMFLI R SFEANAE (po, xo) AL AL H. 5 BH5.6H 11 2% A1 L.
TR A (12) IR SRS E (po, xo) AbFE RS AR AL PR ).
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e E T SRk

e Bonnans J F, Ramirez (2005): the constraint
nondegeneracy and the strong second order sufficient
condition <= the strong regularity of the solution to the
KKT system.

e Wang and Zhang (2009): developed other equivalent
conditions, including the nonsingularity of nonsmooth
reformulation of the KKT system.

e Zhang et. al (2017): proved that the isolated calmness of
the KKT system is equivalent to the second-order
sufficiency optimality condition together with the strict
Robinson CQ.

148 /203



B AR RE T 1225 SO

1 Bonnans J F, Ramirez C H, Perturbation analysis of
second order cone programming problems, Mathematical
Programming, Series B, 104(2005), 205-227.

2 Wang Y, Zhang L W. Properties of Equation
Reformulation of the Karush-Kuhn-Tucker Condition for
Nonlinear Second Order Cone Optimization Problems.
Mathematical Methods of Operations Research, Math
Meth Oper. Res.70 (2009), 195-218.

3 Zhang Y, Zhang L W, Wu J and Wang K D.
Characterizations of local upper Lipschitz property of

perturbed solutions to nonlinear second-order cone
programs. Optimization 66(2017),1079-1103.

149 /203



SDP {4k % e PELxid

e Sun (2006): established nine conditions equivalent to the
strong regularity of Karush-Kuhn-Tucker (KKT) system.

e Chan and Sun (2008): proved that, for linear SDP, the
constraint nondegeneracy for the dual problem is
equivalent to the strong second order sufficient condition
for the primal problem.

o |, PMEEE KL T (20175 TN AR MR 1 B T v
], 25— K RHEL AR AL 7] 8 Karush-Kuhn-Tucker
25 RS~ A e 1 2] 1] 1IE B X — RIS~ R
SEA T 4% Robinson £ AR A1 — [ 78 7 Ve B A 2% A
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e Zhang Y L and Zhang L W. On the upper Lipschitz
property of the KKT mapping for nonlinear semidefinite
optimization. Operations Research Letter, 44 (2016),
474-478.

e Ding C, Sun D F, Zhang L W. Characterization of the
robust isolated calmness for a class of conic programming
problems, SIAM Journal on Optimization, 27(2017),
67-90.
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L AESDP i 9 1E P KRS R2 45 R

e Linear SDP problem:

min (C, X)
st. AX = b, (1)
X est,

e The dual of SDP problem (1):

max b’y
st. Ay +S=C, )
Sesy.
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Constraint non-degeneracy

e The constraint non-degeneracy of the primal SDP (1)
Alin( Tgr (X)) = R, (3)

e The dual problem (2) satisfies the constraint
non-degeneracy at (v, S) € R™ x ST

5 2] (%) Lgasy =[] @

or equivalently,

A"R™ +1in(Tex (5)) = S™. (5)
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SSOSC
E X 6.1

Let X € S be an optimal solution to the SDP problem (1).
The strong second-order sufficiency optimality holds at X if

sup  {—Tx(—S,H)} >0, VO#H € { ﬂ app(y, 5)} |

(y,S)eM(X) (y,S)eM(X)
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Interesting result

i 6.1

30 [et X € S be an optimal solution to the SDP problem (1).
+

Under the condition M(X) = {(y, S)}, the following two
properties are equivalent:

(i) The strong second-order sufficiency optimality holds at X;

(ii) Dual constraint non-degeneracy condition (5) holds at

¥, 5).

30Chan Z X, Sun D F, Constraint nondegeneracy, strong regularity and
nonsingularity in semidefinite programming, SIAM Journal on
Optimization, 19(2008),370-396.
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JELL H:SDP Ji] %!

Consider the upper Lipshitz continuity of KKT mapping for
nonlinear SDP problem

min f(x) st. x €, (6)

®={xeR":G(x)20,h(x)=0,g(x) <0},

where f 1 R" >R h:R" >R g: R" = RN™, G R" = SP
are twice continuously differentiable.

31Main results are taken from Y.L. Zhang and L.W. Zhang. On the
upper Lipschitz property of the KKT mapping for nonlinear semidefinite
optimization. Operations Research Letter 44 (2016) 474-478.
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NP S:

If G: X — ) is a locally Lipschitz mapping near a given x,
then for S(x) = {G(x)}, we write
dG(x)(+) := dS(x0; G(x0))(+). For G € C%!, we have

DG(xo)(u) = {v c3t (O, v = klim Glo + tu) = G(XO)} :

—00 tx

If G(xo) =0, then for T(0) = {x: G(x) =6},(0,x) €eghp T,
and

T is locally upper Lipschitz at (0, xp) if and only if
0 € dG(xo)(u) implies u = 0.
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Define
G(x) = (h(x), g(x), G(x)),
K={0}xRm"xS”.
Then Problem (6) is equivalently expressed as

min  f(x)

s.t. G(x) e K. (8)

If X is a local minimizer of (6) and Robinson constraint
qualification holds at X, then there exist 7 € R/, A\ € ®™ and
[ € SP such that the following Krush-Kuhn-Tucker conditions
are satisfied
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For Y = R/ x R™ x SP, the strict Robinson constraint
qualification at X with respect to @ = (1, A, T") is defined by

DG(X)R" + T (G(X)) Nwt = Y, (10)

It follows from Bonnans and Shapiro [3] that if X is a local
minimizer for Problem (6) at which the strict constraint
qualification holds, then the set of Lagrange multipliers A(X) is
a singleton.
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Let us introduce the notations:

lo={i
lo = {i
- ={i:
a={i
p=A{i
v =i

gi(X)=0,\>0,i=1,...,m}
i gi(X)=0,\=0,i=1,...,m},

)<QT:0i:1”.mL

(G(X))=0,\(T)>0,i=1,...,p},
(GX)=0,\(T)=0,i=1,...,p},
(G(x) <0, \([)>0,i=1,...,p}
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Let Y = G(X) + T have the following spectral decomposition

Y = PAPT,
where
A, 0 0
A=1|0 05 O ,
0o 0 A

in which A, > 0 and A, < 0. Denote
P:[Pa Ps 'Dw}’

then G(x) = P,A,PT and T = P,AP].
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5|3 6.1

Let X be a feasible point of problem (6) at which the strict
Robinson constraint qualification holds. Then

(i) the set of vectors
Vhi(x),j=1,....1,
Vei(x),i € Iy,

L i€ajeai<]
YU orica,jey

are linearly independent,

and
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where
0G
T2~ (¥\p.
pi axl(X)pJ

V,'J' - :
0G ,_
pl o, (X)p;

(i) there exists a vector dy € R” such that Jh(x)dy = 0,
Jg(X)dy =0, (vj,dg) =0, for i € a,j € ov,i < j or
i € a,j€ B, and

d aG
T&,(X)do < 0, [doluP] a—xk(y)Pﬁ <0.
k=1
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Let X € ® be a feasible point. The critical cone of Problem
(6) at X is defined by

C(x) = {d € R": DG(X)d € Tx(G(X)), VF(x)"d < 0}.
5E X 6.2
(The second-order sufficient optimality conditions) Let x be a

stationary point at which A(x) # (. If, for any
d € C(x) \ {0},one has for H = DG(x)d,

sup {{d, V2 L(x,i,\,T)d) — 2(T, HG(X)TH)} > 0,

(EADENR)

then we say that the second-order sufficient optimality
conditions hold at x.
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Canonical perturbation

We consider the canonical perturbation of Problem (6)

min  f(x) — (dg, x)

st. G(x)—dc =0,
h(x) — o, = 0y,
g(x) —dg < 0p.

(Ps)
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KKT mapping

The Karush-Kuhn-Tucker conditions for Problem (Pj) are the
following conditions

Vi L(x, pu, A\, T) = 0o,
h(x) = dp,

Om > g(x) — 0gLA >0,
0 <TLG(x) — dg < 0.

(12)

The set of all (x,u, \,T) € R" x R x R™ x SP satisfying (12)
are denoted by Skkr(d) for 6 = (0o, dn, dg, 0)-
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It is obvious that, if X is a local minimizer with
(7, A, T) € A(x) # ) at X, then

SKKT(O) = {(77 I, X? F)}

Define y = A + g(x), Y = G(x +T) and the Kojima mapping
F:iRP xR xR xSP— R" x R x B™ x SP by

[ VXL(X7 s Yl Y+) 1

h(x
F(X7ﬂ>y7 Y) = ( ) , (13)
g(x)—y-

| G(x) — Y-

where y; = max[y, 0], y- = min[y, 0], Y} = Mg (Y) and
Y_ - I_IS'i(Y)
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The mapping F(x, i, y, Y) can be expressed as

F(x,p,y,Y) = M(x) o N(u,y,Y), (14)
where
[ Vf(x) Vh(x) Vg(x) DG(x)* 0 0 ]
h(x) 0 0 0 0 0
M(x) =
g(x) 0 0 0 -1, 0
| G(x) 0 0 0 0 -7 |
and _ )
1
1
A
N(M7y7 Y)_ Y+
y_
Y.
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Then we have that (X, 7, \,T) is a KKT point of Problem (6)
if and only if F(X,72,¥,Y) =0. And (x,, \,T) is a KKT
point of Problem (Ps) if and only if F(x,u,y, Y) = 0 with

A=y, and I = Y,. In this notation,

K
Y

X, f, Ya, Yi) €ERT X R x R™ x SP -
SKKT(5)={ (1 4, Y5) |

Fix,py,Y) =0
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Upper Lipschitz property

EH 6.1

Let x € & be a feasible point for Problem (6) at which

N(x) # 0, the second-order sufficient optimality conditions
hold and the strict Robinson constraint qualification holds for
some (fi, \,T) € A(X). Then Skxr is upper Lipschitz
continuous at § = (0,0,0,0) € " x R/ x R™ x SP.
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Proof

Since (x, i1, y,Y) — (x, i, yx, Y1) is Lipschitz continuous, we
obtain that Skkr is upper Lipschitz continuous at

5 =1(0,0,0,0) if Skir is upper Lipschitz continuous at

5 =1(0,0,0,0), where

gKKT((S) = {(X,,u,y, Y) < %HX%IX%mXSP : F(Xnu7y7 Y) = 6}

We use the relation (7) to establish the upper Lipschitz
continuity of Skkr at 6 = (0,0,0,0), or we only need to check
dSkkT(0)(0) = {0} under the given assumptions. It is easy to
obtain

dSkicr(0)(0)

— {(8x, S, By, AY) 0 € dF(R LY, YV)(Dx, A, Ay, AY)}.
(15)
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Now we calculate the strict graphical derivative
dF(x, 11, y, Y)(Ax, Ap, Ay, AY). From the definition
F(x,p,y,Y)= M(x)o N(u,y,Y), we obtain

dF(X. 70,7, Y)(Ox, A, Ay, AY)

= dM(x)(Lx) o N(@, ¥, Y) + MZ)AN(7, 7, Y)(Lp, Ay, AY)

(V2 L(X, 71, Y)(Ax) )
+Vh( YAp+Vg(x)u+DG(x)*U

Th(x)Ax,u € dlyl(Ay), v € dly](Dy)

TJg(X)Ax — v, U e d[Y],(AY),V ed[Y]_(AY)

)Ax —

-~

><|

DG(

x|

174 /203



Since y — [y]+,y — [yv]-, Y = [Y]+ and Y — [Y]_ are
Lipschitz continuous and directionally differentiable, we obtain
that

u € d[y]+(Ay) if and only if u = I'IQRT()_/; Ay),
v e d[y]_(Ay) if and only if v = Min(¥; Ay),
U ed[Y],(AY)if and only if U = n,si(?; AY),

V ed[Y]_(AY) if and only if V = nlsﬁ(V; AY).
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It is easy to get

A_yh i € /+, 0, i € /+,
u; = [A.yi]‘i‘? I S /0, Vi = [Ayf]—7 I € l07
0, i€l Ay, i€l
PTAYP, PTAYP, PIAYP, 0 Q,,
U=P | PIAYP, Mg (P AYPs) 0 PT

PTAYPy0Q,, 0 0
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and

0 0 PJAYPWOEaW
v=pr|o Nse(P3AYPs) PJAYP,
PTAYPy o Qe PTAYP; PYAYP,

where

q, — il H Nl
=
B il + A

Jea,jeyorieny,jea,

PT
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Noting that

Skkr (0o, O, 3, 0c)
= {(X7:u7y7 Y) . F(X7,U’7y7 Y) = (5075h75g75G)}7

one has that

dSkkr(0)(0)
= {(AX7 AM’ Ay7 AY) 0€ dF(Y» Y, V)(AX, Alu’v Aya AY)}
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Therefore, if (Ax, Ap, Ay, AY) € dgKKT(O)(O), then

0= V2 L(X.7Y, Y)(Ax) + VhE)Au
(Vi Ay) + DG(3) Mg (Y3 AY),

= Jh(x)Ax, (16)
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From the expressions of MMym(y; Ay) and Mg, (Y;AY), we

have from the last two lines of (16) that
Vgi(x)"Ax =0,i € I,
Vegi(x)TAx = [Ayi]-,i € b,
Vgi(X)TAx = Ay i€ 1,

0 0 PIAYP, 0 Q,,
PTAYP, 0 Q. PTAYP, PTAYP,

(18)
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From (18), we have

X Pg |_|S|5\(P AYPg),
X)Ax)P, = PTAYP, 0%

oy

X)AX)[PsPy] = PT(AY)[PsPy],

(19)
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frow which and combining the second line of (16) as well as
(17), we obtain

( Th(x)Ax =0,
jgl+(7) = 07

Pa [DG(X)AX][P.Ps] =0,

| PT(DG(X)2Ax)Ps =< 0.
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From (20), we obtain Ax € T¢(x), because

To(X)
={d: Jh(x)d =0, T g1,u,(X)d <0, P] 4[DG(X)d]Paus = 0},

under Robinson constraint qualification, which is implied by
the strict Robinson constraint qualification.
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Nothing that

(X, Tg(x)Ax) =0,

Ao
T, DG(X)A\x) = < [ 0 ] ,PT(DG(Y)Ax)P> =0,
0
we obtain that Ax € C(x), where C(X) is the critical cone is
defined by
Th(x)d =0,Tg(x)d € Trm(g(X))

C(x)={d e R": DGR € Ter (G(R)). (. 8(%)) = 0

(T,DG(X)d) =0
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Premultiplying (16) by AxT, we obtain
0 = (Ax, V2 L(X, 70, \, Y)Ax)
+H(T8(X)2x, Mym(y; Dy))
+(DG(x)Ax, My, (7 AY))
= (Ax, V2 L(X, 1, X, Y)Ax)
+(DG(x)Ax, n/sﬁ (Y;AY))
= (Ax, V2 L(X, 70, \, Y)A\x)
<|_|S\5\(PTAYP5) I_IS\B\(PgAYPB»
+2(PT (DG(X)AX)P,YfPaT Mo (Vi AY)P)
= (Ax, V2 L(X,T0, A, Y)A\x)
+2(PT(DG(X)Ax)P,, PTAYP, 0 Q,.).

(21)
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From the third line of (19), we obtain
PIAYP, = PT(DG(X)Ax)P, 0 Tas,

where T, = (T; : i € a,j € ) is defined by

R i Il 2l R Y R Y]
Q RYl —[Ajl

i

Ty = €, ) €.

Therefore, we obtain from (21) that
0 = (Ax, V2. (X7, )\ Y)AxX)
+2(PT(DG(X)Ax)P,, PT(DG(X)Ax)P, 0 Q4 0 Tary)
= (Ax, V2 (X, 70, \, Y)AX)
—2(T, (DG(X)Ax)G(X) (DG (X)Ax)).
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Then it follows from the second-order sufficient optimality
conditions that Ax = 0. And, from (16), we have

0 = Vh(x)Vu+ Vg(X)Ngm(vi Ay)
+DG(R) e (V; AY),

0 =TMn(vi Ay) — Dy,

0 =Ny (YV;iAY) =AY,

(22)
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Nothing Ay = IT; T()7; Ay) implies Ay, and Ay, > 0 and
AY = I'I’Si(V;AY) implies
PIAYP,=0,P;AYP, =0,PTAYP, =0,P]AYP; =0,

we have from (22) that

4

Vh(?)A,u + vgXo (7))//0 + Vg/+ (Y)yh
D(PT GP.)(X)*(PTAYP,) + 2D(PT GPs)(X)* (PT AYPy)
+D(P6TGP/3)(7)*(P5TA YPs) =0,

Ay, >0,P] AYPs = 0.
(23)
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From 6.1, we obtain from (23) that
A:u = Oa AYIOUH - 0, Poz_uﬁAYPaU,B = 07

combining with Ax = 0 and the third line of (17), the third
line and the fourth line of (19), implying
Ax=0,Au=0,Ay=0AY =0.

Therefore, we obtain the equality as follows

dgKKT(O)(O) = {0}.

The proof is completed. O
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Problem?3?

Consider the following canonically perturbed optimization
problem:

min f(x) — (a, x)

st. G(x)+beK,

where f : X — R and G : X — ) are twice continuously
differentiable functions, KL C ) is a nonempty closed convex
set, and (a, b) € X x ) is the perturbation parameter.

(24)

32Results are taken from C. Ding, D. F. Sun, L. W. Zhang.
Characterization of the robust isolated calmness for a class of conic
programming problems, SIAM Journal on Optimization;s27, 67-90+(201%).
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Notations

Let (a,b) € X x ) be given.
e Let L: X x )Y — R be the Lagrangian function

Lixiy) == f(x) +{y, G(x)), (x,y)eXxY. (25)

o L (x;y): the derivative of L(-;y) at x € X; V,L(x;y):
the adjoint of L/ (x;y).
e The Karush-Kuhn-Tucker (KKT) optimality condition:

{ a= V,L(x;y),

(26)
be —G(x)+ do(y,K),

e Skkr(a, b): the set of all solutions (x, y) to the KKT
system (26).
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SRCQ and constraint
non-degeneracy

e The SRCQ is said to hold for problem (24) with
(a, b) = (0,0) at x with respect to y € M(x,0,0) # 0 if

G'(X)X + Te(G() Nyt =Y. (27)
e The constraint non-degeneracy is said to hold at x if

G'(X)X + lin (Tr(G(X))) = V. (28)
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C?-cone reducibility

% X 6.3 (Definition 3.135%)

The closed convex set K is said to be C?-cone reducible at
A € K, if there exist an open neighborhood VW C Y of A, a
pointed closed convex cone Q in a finite dimensional space Z
and a twice continuously differentiable mapping = : W — Z
such that: (i) =(A) = 0 € Z; (ii) the derivative mapping
='(A): Y — Z isonto; (i) KNW ={Ae W |Z(A) € Q}.
We say that K is C?-cone reducible if K is C2-cone reducible
at every A € K.

33).F. Bonnans and A. Shapiro. Perturbation Analysis of Optimization
Problems, Springer, New York, 2000.

194 /203



Normal mapping Skkr

Skkr(a, b) = {(x,z = Nk(2)) € X x YV | V(x,z) = (a,—b)},

where U : X x Y — X x ) is Robinson’s normal mapping
defined by
\%4 G'(x)*(z—N
)+ G- ]

I R E R
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Natural mapping for KKT system

When (a, b) = (0,0), the KKT system (26) is equivalent to
the following system of nonsmooth equations:

F(x,y) =0,
where F : X x ) — X x )Y is the natural mapping defined by

[ ovisey ]
PO =1 6o —ne(epg +9) |7 I EEY
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Isolated calmness of Sxxr and F!

5|3 6.2

Let (0,0,x,¥y) € gph Skkr. The set-valued mapping Skxr is
isolated calm at the origin for (x,y) if and only if the
set-valued mapping F~! is isolated calm at the origin for

(%, ¥).
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The (robustly) isolated calmness of

SKKT

EH 6.2

Let x be a feasible solution to problem (24) with

(a, b) = (0,0). Suppose that the RCQ holds at x. Assume
that K is C2-cone reducible and y € M(x,0,0) # (). Then the
following statements are equivalent:

(i) the SRCQ (27) holds at x with respect to y and the
SOSC holds at x for problem (24) with (a, b) = (0,0);
(ii) x is a locally optimal solution to problem (24) with

(a, b) = (0,0) and Skkr is robustly isolated calm at the
origin for (X, y);
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(cont.)

(iii) X is a locally optimal solution to problem (24) with
(a, b) = (0,0) and Skxkr is isolated calm at the origin for
(%, ¥);

(iv) x is a locally optimal solution to problem (24) with
(a, b) = (0,0) and F~! is isolated calm at the origin for

(%, 7).
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EH 6.3

(About the three stability notions for C2-reducible problems)

Suppose that X is a locally optimal solution to problem (24)

with (a, b) = (0,0) and the RCQ holds at X. Assume that K

is C-cone reducible and y € M(x,0,0). Let z = G(x) + ¥.

Consider the following statements:

(i) The KKT point (x,y) is a strongly regular solution to the
KKT system (26) with (a, b) = (0,0);

(il) The mapping W~ has the Aubin property at the origin
for (x,z);
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(cont.)

(iii) The KKT solution mapping Skt has the Aubin property
at the origin for (x,¥);

(iv) the constraint non-degeneracy (28) holds at x and the
SOSC holds at x for problem (24) with (a, b) = (0, 0);

(v) the SRCQ (27) holds at x with respect to y and the
SOSC holds at x for problem (24) with (a, b) = (0, 0);
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(cont.)

(vi) The KKT solution mapping Skxr is robustly isolated
calm at the origin for (X,¥);

(vii) The mapping F~! is isolated calm at the origin for (X, y).
Then it holds that

(1) = (ii) <= (iii) = (iv) = (v) <= (vi) <= (vii).
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