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Berge���ëëëYYY555

½½½ÂÂÂ 1.1
�U,Y´Ýþ�m, éu8�N�S : U ⇒ Y ,

(1) ¡8�N�S3u0 ∈ U?´Bergeþ�ëY�, eéz�
�÷vS(u0) ⊂ O�m8ÜO, �3δ > 0, ÷v

S(u) ⊂ O,∀u ∈ Bδ(u0).

(2) ¡8�N�S3u0 ∈ X?´Bergee�ëY�, eéz�
�÷vS(u0) ∩ O 6= ∅�m8ÜO, �3δ > 0, ÷v

S(u) ∩ O 6= ∅,∀u ∈ Bδ(u0).
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Hausdorff���ëëëYYY555

½½½ÂÂÂ 1.2
�U,Y´Ýþ�m, éu8�N�S : U ⇒ Y ,

(1) ¡8�N�S3u0 ∈ U?´Hausdorff ¿Âeþ�ëY
�, e?¿ε > 0, ∃δ > 0, ÷v

S(u) ⊂ S(u0) + εB,∀u ∈ Bδ(u0).

(2) ¡8�N�S3u0 ∈ U?´Hausdorff ¿Âee�ëY
�, e?¿ ε > 0, ∃δ > 0, ÷v

S(u0) ⊂ S(u) + εB,∀u ∈ Bδ(u0).
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�F : <n → <m3x ∈ <n?ÛÜLipschitzëY, ∂F (x)

´Clarke2ÂJacobian

∂F (x) = conv{limJ F (xi) : xi → x , xi /∈ ΩF}.

d[6, 2.6.2 Proposition]1,

(a) ∂F (x)´<m×n����4;�8Ü.
(b) ∂F3x?´4�;=xt → x , Zt ∈ ∂F (xt), Zt → Z ,
KZ ∈ ∂F (x).

(c) ∂F3x?´þ�ëY�:∀ε > 0, ∃δ > 0÷v

∂F (y) ⊂ ∂F (x) + εBm×n, ∀y ∈ x + δB.
1Clarke F H. Optimization and Nonsmooth Analysis. New York: John

Wiley and Sons, 1983.
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Berge���Huasdorff���ëëëYYY555���'''XXX

Berge¿Âe�ëY5Ú Hausdorff¿Âe�ëY5kXe�
'X,�[1].2

(a) XJ8�N�S3u0?Hausdorff¿Âeþ�ëY
�S(u0)´;��, KS3u0?Berge¿Âeþ�ëY.

(b) XJ8�N�S3u0?Berge ¿Âeþ�ëY,
KS3u0?Hausdorff¿Âeþ�ëY.

(c) XJ8�N�S3u0?Hausdorff¿Âee�ëY,
KS3u0?Berge¿Âee�ëY.

(d) XJ8�N�S3u0?Berge ¿Âee�ëY�
clS(u0)´;��, KS3Hausdorff¿Âe´e�ëY�.

2Bank B, Guddat J, Klatte D, Kummer B and Tammer K. Nonlinear
Parametric Optimization. Berlin: Akademie-Verlag, 1982.
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3ÛÜk.�^�e, 8Ü�	�ëY5�duBerge¿Â
e�þ�ëY�[29, ½n 5.19].3 é4��8�N�,
Hausdorff¿Âeþ�ëY�du	�ëY5(45)[29, ·
K5.12(a)].

3Rockafellar R T and Wets R J B. Variational Analysis. New York:
Springer-Verlag, 1998.
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½½½ÂÂÂ 1.3
8�N�F : X ⇒ Y3(x0, y 0) ∈ gphF?´±Çκ�Ýþ�
K�, XJ�3��U ∈ N (x0), V ∈ N (y 0)Ú~êκ > 0, ÷
v

d(x ,F−1(y)) ≤ κd(y ,F (x)), ∀(x , y) ∈ U × V .

½½½ÂÂÂ 1.4
8�N�F : X ⇒ Y3x0éy 0´Ýþg�K�, X
J(x0, y 0) ∈ gphF , �3��U ∈ N (x0), V ∈ N (y 0)Ú~

êκ > 0, ÷v

d(x ,F−1(y 0)) ≤ κd(y 0,F (x) ∩ V ), ∀x ∈ U.

10 / 203



������~~~fff

�Ä�å8Ü

Φ = {x ∈ X : G (x) ∈ K},

Ù¥X�Y´k��Hilbert�m,K ⊂ Y´��4à8Ü. ½
Â

FG (x) = K − G (x),

KΦ = F−1
G (0). �x0 ∈ Φ, K FG3(x0, 0)?÷vÝþ�K5

¿�X

dist (x ,F−1
G (y)) ≤ κdist (y ,FG (x)) = κdist (G (x) + y ,K )

é(x , y) ∈ Bδ(x0)× δB¤á.
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½½½ÂÂÂ 1.5
(Aubin5�Úã�). ¡8�N�S : X ⇒ Y�éuX3x0:

'uu0äkAubin5�, Ù¥x0 ∈ X, u0 ∈ S(x0),
egphS3(x0, u0):?´ÛÜ4�, ��3��V ∈ N (x0),
W ∈ N (u0) Ú~êκ ∈ <+, ÷v

S(x ′) ∩W ⊂ S(x) + κ‖x ′ − x‖B, ∀x , x ′ ∈ X ∩ V . (1)

eòþã^�¥�X ∩ VO��V , K¡Aubin5�3x0:'

uu0¤á. d�, S3x0:'uu0�ã�(graphical modulus)
�

lipS(x0|u0) := inf{κ : ∃V ∈ N (x0),W ∈ N (u0), ÷v

S(x ′) ∩W ⊂ S(x) + κ‖x ′ − x‖B, ∀x , x ′ ∈ V }.
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½½½ÂÂÂ 1.6
¡8�N�F : X ⇒ Y3x0?'uy 0´²­�(calm), X
Jy 0 ∈ F (x0), �3�~êκ > 0, x0 ����V Ú y 0 ��

��W÷v

F (x) ∩W ⊆ F (x0) + κ‖x − x0‖B, ∀ x ∈ V .

½½½ÂÂÂ 1.7
¡8�N�F : X ⇒ Y3x0?'uy 0´­è²­�(robustly
calm), XJy 0 ∈ F (x0), �3�~êκ > 0, x0 ����V Ú
y 0 ����W÷v

∅ 6= F (x) ∩W ⊆ F (x0) + κ‖x − x0‖B, ∀ x ∈ V .
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½½½ÂÂÂ 1.8
¡8�N�F : X ⇒ Y3x0?'uy 0´�á²­�(isolated
calm), XJy 0 ∈ F (x0), �3�~êκ > 0, x0 ����V Ú
y 0 ����W÷v

F (x) ∩W ⊆ {y 0}+ κ‖x − x0‖B, ∀ x ∈ V .

½½½ÂÂÂ 1.9
¡8�N�F : X ⇒ Y3x0?'uy 0´­è�á²­

�(robustly isolated calm), XJy 0 ∈ F (x0), �3�~
êκ > 0, x0 ����VÚ y 0����W ÷v

∅ 6= F (x) ∩W ⊆ {y 0}+ κ‖x − x0‖B, ∀ x ∈ V .
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½½½ÂÂÂ 1.10
¡8�N�F : X ⇒ Y3x0?´þLipschitz �,XJ�3�
~êκ > 0Úx0 ����V ÷v

F (x) ⊆ F (x0) + κ‖x − x0‖B, ∀ x ∈ V .

½½½ÂÂÂ 1.11
¡8�N�F : X ⇒ Y3x0?'uy 0´�5m�,XJ�3
��V ∈ N (x0), W ∈ N (y 0) �~ê κ ∈ <+, ÷v

F (x + κεB) ⊃ [F (x) + εB] ∩W , ∀x ∈ V , ε > 0;
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½½½ÂÂÂ 1.12
(8�N��LipschitzëY5). ¡N�S : <n ⇒ <m3<n�

f8Xþ´Lipschitz ëY�, e§3Xþ´��4����
3κ ∈ <+�Lipschitz ~ê, ÷v

d∞(S(x ′), S(x)) ≤ κ‖x ′ − x‖, ∀x , x ′ ∈ X ,

½�d/,

S(x ′) ⊂ S(x) + κ‖x ′ − x‖B, ∀x , x ′ ∈ X .
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½½½ÂÂÂ 1.13
�Ä2Â�§

0 ∈ f (x , p) + F (x),

Ù¥F : X ⇒ Y ´�8�N�. ½Â

G (x) = f (x0, p0) + Dx f (x0, p0)(x − x0) + F (x).

XJG−1´l0 ∈ Y������x0�����ü

�LipschitzëYN�, K¡2Â�§3(x0, p0)?´r�K�.
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Karush-Kuhn-TuckerXXXÚÚÚ

�Ä�å`z¯K

min
x

f (x)

s.t. G (x) ∈ K ,
(2)

Ù¥f : X → <, G : X → Y , K ⊂ Y´�4àI, X ,Y´k
���Hilbert�m. Karush-Kuhn-Tucker^�

DxL(x , λ) = 0, λ ∈ NK (G (x)).

�¤2Â�§/ª

0 ∈ F (x , λ) + N<n×K◦(x , λ), F (x , λ) =

[
DxL(x , λ)

−G (x)

]
.
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ëëëêêêKarush-Kuhn-TuckerXXXÚÚÚ

�Äëê�å`z¯K

min
x

f (x , u)

s.t. G (x , u) ∈ K ,
(3)

Ù¥f : X × U → <, G : X × U → Y , K ⊂ Y´�4àI,
X ,Y´k���Hilbert�m. Karush-Kuhn-Tucker^�

DxL(x , u, λ) = 0, λ ∈ NK (G (x , u)).

�¤2Â�§/ª

0 ∈ F (x , u, λ) + N<n×K◦(x , λ), F (x , u, λ) =

[
DxL(x , u, λ)

−G (x , u)

]
.
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δ ∈ F (x0, u0, λ0)+DxF (x0, u0, λ0)

[
(x − x0)

(λ− λ0)

]
+N<n×K◦(x , λ)

3(0, x0, λ0)NCk���LipschitzëY�N�(x(δ), λ(δ)).

XXXÚÚÚ���[[[���¤¤¤:[
δx

δλ

]
∈

[
DxL(x0, u0, λ0)

−G (x0, u0)

]

+

[
D2

xxL(x0, u0, λ0) DxG (x0, u0)∗

−DxG (x0, u0) 0

] [
(x − x0)

(λ− λ0)

]
+N<n×K◦(x , λ).
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LipschitzÓÓÓ���

½½½ÂÂÂ 1.14
(ÛÜ Lipschitz Ó�). ¡ëY¼ê F : O ⊆ X → X3
x ∈ O ?´ÛÜ Lipschitz �_�, XJ�3x���m��
N ⊆ O¦��½3ù���þ�N� F |N : N → F (N ) ´

V�¿�§�_¼ê´ Lipschitz ëY�. ¡F3xNC´Û
Ü Lipschitz Ó��, XJF3xNC´ÛÜ Lipschitz �_�
¿�F3x?´ÛÜ Lipschitz ëY�.
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��/ª��å`z¯K

min
x

f (x)

s.t. G (x) ∈ K ,
(4)

Ù¥f : X → <, G : X → Y , K ⊂ Y´�4à8Ü, X ,Y´
k���Hilbert�m. �U´�Banach�m, f : X × U → <,
G : X × U → Y .
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C2-111wwwëëëêêêzzz
¡(f (x , u),G (x , u)), u ∈ U, ´¯K(4)��C2-1wëêz,
XJf (·, ·)�G (·, ·)´�gëY���, ��3u ∈ U÷
vf (·, u) = f (·), G (·, u) = G (·). �éA�ëê`z¯Kä
keã/ª

min
x

f (x , u)

s.t. G (x , u) ∈ K .
(5)

¡þãëêz´IO�(canonical), XJU := X × Y ,
u = (0, 0) ∈ X × Y , �

(f (x , u),G (x , u)) = (f (x)− 〈u1, x〉,G (x) + u2),

x ∈ X , u = (u1, u2) ∈ X × Y .
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rrr­­­½½½555

y30�[3, Definition 5.33]4 ¥�­½:�r­½5�V
g, §3`z¯K�(¯Ý©Û¥å­���^.

½½½ÂÂÂ 1.15
�x∗´¯K(4)�­½:. ¡3x∗?'uC2-1wëêz
(f (x , u),G (x , u))´r­½�(strongly stable), XJ�3 x∗�
��VX�u���VU ⊂ U, ÷vé?Ûu ∈ VU , ¯K(5)�3

���­½:x(u) ∈ VX , x(·)3VU þëY. XJù�5�é
z�C2-1wëêzþ´¤á�, K¡x∗´r­½�.

4Bonnans J F and Shapiro A. Perturbation Analysis of Optimization
Problems. New York: Springer-Verlag, 2000.
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eã����O�^��½Â�g[3, Definition 5.16].

½½½ÂÂÂ 1.16
�x∗´¯K(4)�­½:. ¡3x∗?'uC2-1wëêz
(f (x , u),G (x , u))�����O�^�¤á, XJ�3
α > 0, x∗���VX�u���VU ⊂ U, ÷vé?Ûu ∈ VU�

¯K(5)�­½:x(u) ∈ VX , eãØ�ª¤á:

f (x , u) ≥ f (x(u), u)+α‖x−x(u)‖2, ∀x ∈ VX÷vG (x , u) ∈ K .
(6)

¡3x∗?�����O�^�¤á, XJ(6)ªé¯K(4)�

?ÛC2-1wëêzþ´¤á�.
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½½½nnn 1.1
[29, Theorem 9.43]5 egphS3(x̄ , ū) ∈ gphS:?´ÛÜ4
�, Keã^��d:

(a) (_Aubin5�): S−1 3ū:'ux̄äkAubin5�;

(b) (Ýþ�K5): ∃V ∈ N (x̄), W ∈ N (ū), κ ∈ <+, ÷v

d(x , S−1(u)) ≤ κd(u, S(x)), ex ∈ V , u ∈ W ;

(c) (�5m5): ∃V ∈ N (x̄), W ∈ N (ū), κ ∈ <+, ÷v

S(x + κεB) ⊃ [S(x) + εB] ∩W , ∀x ∈ V , ε > 0;

(d) (�Ó�ê�ÛÉ5): ÷v0 ∈ D∗S(x̄ |ū)(y)�y�
ky = 0.

5Rockafellar R T and Wets R J B. Variational Analysis. New York:
Springer-Verlag, 1998.
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ÝÝÝþþþggg���KKK555���²²²­­­555

eã½nL²8�N��Ýþg�K5�du_N��²

­5.

½½½nnn 1.2
[11, Theorem 3H.3]6 �8�N�F : <n ⇒ <m, ȳ ∈ F (x̄). @
oF3x̄?'uȳ±~êκ > 0´Ýþg�K���=�§�
_N�F−1 : <m ⇒ <n3ȳ?'ux̄±�Ó�~êκ > 0´²
­�, ¿�kclm(F−1; ȳ |x̄) = subreg(F ; x̄ |ȳ).

6Dontchev A L and Rockafellar R T. Implicit Functions and Solution
Mappings. New York: Springer, 2009.
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�C ⊂ <n´�48Ü.

• Radial cone/X�I

RC (x) = {d : ∃t∗ > 0,∀t ∈ [0, t∗], x + td ∈ C}.

• Tangent cone/�I

TC (x) = {d : ∃tk ↘ 0, d k → d , x + tkd k ∈ C}.

• Regular tangent cone/�K�I

T̂C (x) = {d : ∀y k → x ,∀tk ↘ 0,∃d k → d , y k+tkd k ∈ C}.

29 / 203



���ààà888ÜÜÜ���{{{III

• Regular normal cone/�K{I

N̂C (x) = {v ∈ <n : 〈v , x − x〉 ≤ o(|x − x |) for x ∈ C}.

• Normal cone/{I

NC (x) =

{
v ∈ <n :

∃xk ∈ C ,∃v k ∈ N̂C (xk)

such that v k → v

}
.

• �{�Ý'X
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Graphical derivatives and
coderivatives

½½½ÂÂÂ 2.1
The graphical derivative of S at x̄ for any ū ∈ S(x̄) is the
mapping DS(x̄ |ū) : Rn ⇒ Rm defined by

z ∈ DS(x̄ |ū)(w)⇐⇒ (w , z) ∈ Tgph S(x̄ , ū),

whereas the coderivative is D∗S(x̄ |ū) : Rn ⇒ Rm defined by

v ∈ D∗S(x̄ |ū)(y)⇐⇒ (v ,−y) ∈ Ngph S(x̄ , ū).
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Regular graphical derivatives and
coderivatives

½½½ÂÂÂ 2.2
The regular derivative D̂(x̄ |ū) : Rn ⇒ Rm and the regular
coderivative D̂∗(x̄ |ū) : Rn ⇒ Rm are defined by

z ∈ D̂S(x̄ |ū)(w)⇐⇒ (w , z) ∈ T̂gph S(x̄ , ū),

v ∈ D̂∗S(x̄ |ū)(y)⇐⇒ (v ,−y) ∈ N̂gph S(x̄ , ū).
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Strict graphical derivatives

For a mapping S : Rn ⇒ Rm, the strict derivative mapping
D∗S(x̄ |ū) : Rn ⇒ Rm for S at x̄ for ū, where ū ∈ S(x̄), is
defined by

D∗S(x̄ |ū)(w) :=
{
z | ∃τ ν ↘ 0, (xν , uν)

gph S→ (x̄ , ū),w ν → w ,

with zν ∈ [S(xν + τ νw ν)− uν ]/τ ν , zν → z
}

or in other words, for ∆τS(x |u)(w) :=
S(x + τw)− u

τ
D∗S(x̄ |ū) := g-limsup

τ↘0,(x ,u)
gph S→ (x̄ ,ū)

∆τS(x |u).

Note that if F is strictly continuous, one then has the simpler
formula

D∗F (x̄)(w) =
{
z |∃τ ν ↘ 0, xν → x̄ with ∆τνF (xν)(w)→ z

}
.
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MordukhovichOOOKKK

MordukhovichOKJø
�«O�úª, �^u�ä8�N
�´ÄäkAubin5�.

½½½nnn 2.1
[29, Theorem 9.40] (MordukhovichOK). �S : <n ⇒ <m,
x̄ ∈ domS, ū ∈ S(x̄). �gphS 3(x̄ , ū) :´ÛÜ4�.
KS3x̄:'uūäkAubin5���=�

D∗S(x̄ |ū)(0) = {0},

½�d�, |D∗S(x̄ |ū)|+ <∞.
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�Ädëê2Â�§½Â�)N�

S(x) = {z ∈ <k : 0 ∈ C (x , z) + NQ(z)}, (1)

Ù¥C : A×<k → <k´�ëY��N�, A ⊂ <n´�m8

Ü, Q ⊂ <k´���4à8Ü. �½(x0, z0) ∈ gphS , x0 ∈ A.
���ÏÏÏ¦¦¦^̂̂���, 333ùùù���^̂̂���eee���333x0���������������OÚÚÚz0������

���������V÷÷÷vvv333Oþþþ���333������üüü������LipschitzëëëYYYNNN
���σ : O → V¦¦¦���

σ(x0) = z0, σ(x) ∈ S(x), ∀x ∈ O, (2)

½ö¦�

σ(x) = S(x) ∩ V , ∀x ∈ O. (3)
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½Â

Σ(ξ) = {z ∈ <k : ξ ∈ C (x0, z0)+JzC (x0, z0)(z−z0)+NQ(z)}
(4)

�

r(x , z) = C (x0, z0) + JzC (x0, z0)(z − z0)− C (x , z).

N´�yeã(Ø.

···KKK 2.1
eã'X¤á

z ∈ S(x)��=� z ∈ Σ(r(x , z)).
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�âΣ�r�½Â, k

z ∈ S(x)��=� 0 ∈ C (x , z) + NQ(z) (5)

�

z ∈ Σ(r(x , z))��=�

r(x , z) ∈ C (x0, z0) + JzC (x0, z0)(z − z0) + NQ(z).
(6)

{ü�O���(5)�(6)¥�2Â�§´�d�. �
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duC3A×<kþ´ëY���, �±À�x0���Ũ,z0�

��Ṽ����¢~êL÷v

‖C (x1, z)− C (x2, z)‖ ≤ L‖x1 − x2‖, ∀x1 ∈ Ũ, z ∈ Ṽ . (7)
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½½½nnn 2.2

(a) ��30 ∈ <k���W, �3ü�LipschitzëYN
�φ : W → <k , ÙLipschitz~ê�γ, ÷v

φ(0) = z0, φ(ξ) ∈ Σ(ξ), ∀ξ ∈ W . (8)

Kéz�ε > 0, �3x0���Uε�z0���Vε, ±9�
ü�N�σ : Uε → Vε÷v

σ(x0) = z0, σ(x) ∈ S(x), ∀x ∈ Uε, (9)

�N�σ3Uεþ´LipschitzëY�, Lipschitz~ê
�(γ + ε)L, Ù¥Ld(7)½Â.
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(b) XJ�k,�3z0����V÷v

φ(ξ) = Σ(ξ) ∩ V , ∀ξ ∈ W , (10)

K

σ(x) = S(x) ∩ Vε, ∀x ∈ Uε. (11)

yyy²²² ky²(a). é?¿�½�ε > 0, À�δ = δ(ε) > 0,
ρ = ρ(ε) > 0�x0����Uε, ÷véuVε = z0 + ρB, k

γδ < ε/(γ + ε),

r(x , z) ∈ W , ∀(x , z) ∈ Uε × Vε,

‖JzC (x0, z0)− JzC (x , z)‖ ≤ δ, ∀(x , z) ∈ Uε × Vε,

‖C (x0, z0)− C (x , z)‖ ≤ (1− γδ)ρ/γ, ∀x ∈ Uε.
(12)
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r(a)�y²©¤üÜ©: (i) �Eσ; (ii) �yσ �Lipschitz
ëY5.
éz��½�x ∈ Uε, ½ÂN�Φx : <k → <k ,

Φx(·) := φ(r(x , ·)). (13)

e¡·�y²

Φx ´ Vε þ��Ø N�, §rVεN�Vε. (14)

XJþã(Ø¤á, KdBanachØÄ:½n���
3z ∈ Vε÷v

z = Φx(z) = φ(r(x , z)).
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u´�â(8),
z ∈ Σ(r(x , z)).

d·K2.1��z ∈ S(x), Ï�x´Uε¥�?¿:, ½Â
3Uεþ�N�

σ : x → z ∈ S(x)

´�3�. d

Φx0(z0) = φ(r(x0, z0)) = φ(0) = z0

��σ(x0) = z0, ùy�(9). e¡�I�y(14)ª.
��yΦx�Ø 5�, éz1, z2 ∈ Vε, dWþ½Â�φ
�LipschitzëY5���

‖Φx(z1)− Φx(z2)‖ ≤ γ‖r(x , z1)− r(x , z2)‖
≤ γ · sup{‖Jzr(x , (1− µ)z1 + µz2)‖ : µ ∈ (0, 1)} · ‖z1 − z2‖.
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duJzr(x , z) = JzC (x0, z0)− JzC (x , z), d (12)��

‖Φx(z1)− Φx(z2)‖ ≤ γδ‖z1 − z2‖, ∀z1, z2 ∈ Vε. (15)

dδ�À�kγδ < 1, Φx¢Sþ´�Ø N�. ?�Ú,

‖Φx(z0)− z0‖ = ‖φ(r(x , z0))− φ(0)‖
≤ γ‖r(x , z0)− 0‖
= γ‖C (x0, z0)− C (x , z0)‖
≤ (1− γδ)ρ.

ù¿�Xéuz ∈ Vε(= z0 + ρB),

‖Φx(z)− z0‖ ≤ ‖Φx(z)− Φx(z0)‖+ ‖Φx(z0)− z0‖
≤ γδ‖z − z0‖+ (1− γδ)ρ ≤ ρ,

(16)

=ΦxNVε �g�.
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Ø�ª(15)�(16) L², �±^BanachØÄ:½n, l
�
yN�σ��35.
y3y²σ3Uεþ´LipschitzëY�, Lipschitz~ê
´(γ + ε)L. Ø��Uε × Vε ⊂ Ũ × Ṽ , Ù¥Ũ, Ṽd(7)½Â,
Ké?¿x1, x2 ∈ Uε,

‖σ(x1)− σ(x2)‖ = ‖Φx1(σ(x1))− Φx2(σ(x2))‖
≤ ‖Φx1(σ(x1))− Φx1(σ(x2))‖+ ‖Φx1(σ(x2))− Φx2(σ(x2))‖.

d(15)��

‖Φx1(σ(x1))− Φx1(σ(x2))‖ ≤ γδ‖σ(x1)− σ(x2)‖.

dφ�LipschitzëY5��

‖Φx1(σ(x2))− Φx2(σ(x2))‖ = ‖φ(r(x1, σ(x2)))− φ(r(x2, σ(x2)))‖
≤ γ‖C (x1, σ(x2))− C (x2, σ(x2))‖.
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(Üù
�OÚ(7)��

‖σ(x1)− σ(x2)‖ ≤ γδ‖σ(x1)− σ(x2)‖
+γ‖C (x1, σ(x2))− C (x2, σ(x2))‖
≤ γδ‖σ(x1)− σ(x2)‖+ γL‖x1 − x2‖,

dd�íÑ

‖σ(x1)− σ(x2)‖ ≤ γL
1− γδ

‖x1 − x2‖ < (γ + ε)L‖x1 − x2‖,

=σ3Uεþ´LipschitzëY�.
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25y²(b). XJk7�, �±ÀJ(12)¥�ρ¿©�, ¤±
�±b�Vε ⊂ V . y3�½x ∈ Uε, -z´lS(x) ∩ Vε¥?
¿À����. �y²(11), �Iy²z = σ(x). �â·
K2.1kz ∈ Σ(r(x , z)) ∩ Vε. d(12)��r(x , z) ∈ W , u´d
b�(10)Ú½Âª(13)k

z = φ(r(x , z)) = Φx(z).

Ï�Φx(·)3Vε=k��ØÄ:, z7´d(a)(½����Ø
Ä:σ(x), ùy�

σ(x) = S(x) ∩ Vε, ∀x ∈ Uε.

�
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rrr���KKK555

½½½ÂÂÂ 2.3
�Ä2Â�§

0 ∈ f (x , p) + F (x),

Ù¥F : X ⇒ Y´�8�N�. ½Â

G (x) = f (x , p) + Dx f (x , p)(x − x) + F (x).

XJG−1´l0 ∈ Y������x�����LipschitzëY
N�,K¡2Â�§3(x , p)?´r�K�.
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)))NNN���

dëê2Â�§½Â�)N�

S(x) = {z ∈ Rk : 0 ∈ C (x , z) + NQ(z)}, (17)

Ù¥C : A×Rk → Rk ´�ëY��N�, A ⊂ Rn´�m8

Ü, Q ⊂ Rk´���4à8Ü.
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½½½nnn 2.3
�½(x0, z0) ∈ gph S, x0 ∈ A. XJ(x0, z0)´XÚ(17)�r�

K),K�3x0�����OÚz0�����V , ÷v3Oþ
�3��ü��LipschitzëYN�σ : O → V¦�

σ(x0) = z0, σ(x) ∈ S(x), ∀x ∈ O, (18)

½ö¦�

σ(x) = S(x) ∩ V , ∀x ∈ O. (19)
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îîî���ããã���êêêOOOKKK

• �é8�N��r�K5, Klatte and Kummer[17]7|^
î�ã�ê�5��Ñ
r�K5��x.

• ¡8�N�F : X ⇒ Y3(x̄ , ȳ)?´r�K�, eÙ_N
�F−13(ȳ , x̄)?äkAubin5�, ��©O�3x̄��
�U, ȳ���V , ¦�éy ∈ V , kU ∩ F−1(y)´ü��.

• ¡î�ã�êD∗F (x̄ |ȳ)´ü�, ek

0 ∈ D∗F (x̄ |ȳ)(u)⇒ u = 0.

7Klatte D and Kummer B. Nonsmooth Equations in Optimization.
Kluwer Academic, 2002.
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½½½nnn 2.4
[17, Lemma 3.1] (r�K5�î�ã�êOK) �8�N

�F : X ⇒ Y (D��m), z̄ = (x̄ , ȳ) ∈ gphF . Kk

(a) eF3z̄?´r�K�, @oD∗F (z̄)´ü�;

(b) eX = <n, KF3z̄?´r�K�¿�^�´D∗F (z̄)´

ü��F−1 3(ȳ , x̄)?´Lipschitze�ëY�.

S is called Lipschitz l.s.c. at (x , y) with rank L

dist (y , S(x ′)) ≤ LdX (x , x ′)

for all x ′ in some neighborhood V of x .
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yyy²²²

�y{. (a) b�D∗F (z̄)8 Ø´ü�, K∃u 6= 0, ¦
�0 ∈ D∗F (z̄)(u). d½Â�, �3ηk ∈ F (xk + tkuk), tk ↓ 0,
gphF 3 (xk , y k)→ z̄ , uk → u, kv k = (ηk − y k)/tk → 0.
-ξk = xk + tkuk , K

�3(xk , y k), (ξk , ηk)
gphF−−−→ z̄ ,¦�

d(ξk , xk)

d(ηk , y k)
= ‖uk‖‖v k‖−1 →∞,

(20)
ù�F3z̄?´r�K�gñ.

8£�½Â

D∗F (x̄ |ȳ)(u) :=
{

v | ∃τν ↘ 0, (xν , yν)
gph F→ (x̄ , ȳ), uν → u,

with vν ∈ [F (xν + τνuν)− yν ]/τν , vν → v
}
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(b) �X = <n. b�F3z̄?Ø´r�K�, ù�du

�3y k → ȳ ,¦�d(x̄ ,F−1(y k)) > kd(y k , ȳ). (21)

½�3(xk , y k) ∈ gphF , (ξk , ηk) ∈ gphF§�ÑÂñ�z̄ ,÷
v

d(ξk , xk)

d(ηk , y k)
> k . (22)

Ù¥, (21)¿�XF−13(ȳ , x̄)?Ø´Lipschitze�ëY�.
e(22)¤á,(AO/, �F−1(y k)3x̄NC´õ��),
�tk = ‖ξk − xk‖ �uk = (ξk − xk)/tk . (22) �du÷v±
e^��ù
S���35µ

ηk ∈ F (xk + tkuk), tk ↓ 0, gphF 3 (xk , y k)→ z̄ ,

‖uk‖ = 1, v := lim(ηk − y k)/tk = 0.
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duX = <n, K∃u 6= 0, ¦�uk → u, Kk∃u 6= 0,
v = lim(ηk − y k)/tk = 0, Ù¥ηk ∈ F (xk + tkuk), tk ↓ 0,
gphF 3 (xk , y k)→ z̄ , uk → u,=∃u 6= 0, ¦0 ∈ D∗F (z̄)(u),
�ü�^�gñ.
��, b�D∗F (z̄)Ø´ü�½F−13(ȳ , x̄)?Ø´

Lipschitze�ëY�, d(a)�1�«�¹�F3z̄?´r�K
�gñ, 
1�«�¹��F3z̄?´r�K�gñ. �
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�X , Y´ü�k���Hilbert�m, (x̄ , ȳ) ∈ X × Y , P

πx∂H(x , y) = ∂H(x , y) ��m Xþ�ÝK .

e¡�ÚØ´I��

ÚÚÚnnn 2.1
� H : X × Y → X ´(x , y) ∈ X × Y�,�m��þ�ÛÜ
LipschitzëY¼ê, H(x , y) = 0. XJπx∂H(x , y)¥�z��

�þ´�ÛÉ�, K�3y��m�� OY��ÛÜ

LipschitzëY¼ê x(·) : OY → X ÷vx(y) = x�éz�
y ∈ OY ,

H(x(y), y) = 0 .

?�Ú, XJH3(x , y)�m��¥�z�:þ´(r)�1w
�, Kx(·)3OY¥�z�:þ´(r)�1w�.
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yyy²²²

(ÜClarke'uÛÜLipschitzëY¼ê�Û¼ê½n[6,
Section 7.1]9�����c�Ü©(Ø¤á. ��Ü©�y
²d [30, Corollary 2.1]10Ú[34, Lemma 2]11��,X
JH3(x , y)�m��¥�z�:þ´(r)�1w�,
Kx(·)3OY¥�z�:þ´(r)�1w�. �

9Clarke F H. Optimization and Nonsmooth Analysis. New York: John
Wiley and Sons, 1983.

10Sun D F. A further result on an implicit function theorem for locally
Lipschitz functions. Operations Research Letters, 2001, 28: 193-198.

11Kummer, B. Newton’s Method Based on Generalized Derivatives for
Nonsmooth Functions: Convergence Analysis. In: Oettli, W., Pallaschke
D. eds., Lecture Notes in Economics and Mathematical Systems 382;
Advances in Optimization. Springer, Berlin, 1992, 171-194.
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AAA^̂̂|||µµµ

C©Ø�ªVI(G ,K ):¦x ∈ K ÷v

〈G (x), z − x〉 ≥ 0 ∀z ∈ K .

§�du

−G (x) ∈ NK (x).

6Ä¯K

−G (x)− y ∈ NK (x).

^Natural mappingL�¤�1w�§:

H(x , y) = x − ΠK (x − G (x)− y) = 0.
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Clarke222ÂÂÂJacobian

• H� Clarke2ÂJacobian

∂H(x , y) =
{

[I−(I−DG (x)∗)V V ] : V ∈ ∂ΠK (x−G (x)−y)
}
.

• �Xþ�ÝK

πx∂H(x , y) =
{
I−(I−DG (x)∗)V : V ∈ ∂ΠK (x−G (x)−y)

}
.

• éõ�¹eΠK´�1w�,'XK = P ,P´à�õ¡N
8Ü,K = Sp, K = Qm+1, K = epi ‖ · ‖, ‖ · ‖2´Ì�
ê,‖ · ‖∗´Ø�ê.
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½½½nnn 2.5
[29, Theorem 9.54] (ü�ÛÜz). �S : <n ⇒ <m,
ū ∈ S(x̄). �S±eã¹Â3x̄ �éuū´ÛÜS�ëY�,
=�3��V ∈ N (x̄)�W ∈ N (ū), ÷vé?
Ûx ∈ V�ε > 0, �3δ > 0,

S(x) ∩W ⊂ S(x ′) + εB

S(x ′) ∩W ⊂ S(x) + εB

}
� x ′ ∈ V ∩B(x , δ).

(a) S3x̄?�éuūäk�Lipschitz ëY�ü�ÛÜzT�
�=�D∗S(x̄ |ū)(0) = {0}.

(b) XJS´à��, KS−13ū?�éux̄kLipschitzëY�
ü�ÛÜzT��=�D∗S(x̄ |ū)−1(0) = {0}�m = n.
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íííØØØ 2.1
[29, Corollary 9.55] (ü�Lipschitz¼ê��_5).
-O ⊂ <n´�m8Ü, F : O → <n´�ëYN�. é
ux̄ ∈ O, F−13ū = F (x̄)?äk�LipschitzëY�ü�ÛÜ
z�¿©7�^�´F÷v�ÛÉî��ê^�:

D∗F (x̄)(w) = 0 =⇒ w = 0.

yyy²²². �íØ´ò8�N�SO��ü�N�F�½
n2.5(b)�äNz. �
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LipschitzÓÓÓ���

±e�SN�gKummer (1991)[18].12

e¡�½Â�^u�xÛÜLipschitz�_5�.

½½½ÂÂÂ 2.4
[18, Definition 1.3]� F : <n → <m ´��ëY¼ê,
x ∈ <n, ½Â ∆F (x)�

∆F (x) =

 z

∣∣∣∣∣∣
∃xν → x , y ν → x , xν 6= y ν

¦�
F (y ν)− F (xν)

‖y ν − xν‖
→ z

 .

12Kummer B. Lipschitzian inverse functions, directional derivatives, and
applications in C 1,1-optimization. Journal of Optimization Theory and
Applications, 1991, 70: 559-580.
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ÚÚÚnnn 2.2
[18, Lemma 2.1] ëY¼ê F : <n → <n3xNC´Û
ÜLipschitz�_���=� 0 /∈ ∆F (x).

yyy²²². (⇒) |^�y{. b�ëY¼êF3xNC´Û
ÜLipschitz�_�, � 0 ∈ ∆F (x), K�3
xν → x , y ν → x , xν 6= y ν¦�

[F (y ν)− F (xν)]/‖y ν − xν‖ → 0

¤á. 
dF−13F (x)?ÛÜLipschitzëY��, �3�
êκ¦�

‖F−1(F (y ν))− F−1(F (xν))‖ ≤ κ‖F (y ν)− F (xν)‖

¤á. ù�)
gñ.
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(⇐) e0 /∈ ∆F (x), K�3�êεÚκ¦�

‖F (x ′)− F (x ′′)‖ ≥ κ‖x ′ − x ′′‖, ∀ x ′, x ′′ ∈ B(x , ε). (23)

d(23)�F´�ü�, 25¿§´ëY�, Kéum8
ÜO ⊂ <n, kF (O)´m8Ü. u´�3δ > 0¦
�B(F (x), δ) ⊂ F (B(x , ε)). ¤±d(23)�
�F (y) = z , y ∈ B(x , ε)�3��)y = F−1(z)� F−13

B(F (x), δ)þ´LipschitzëY�. �
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ÚÚÚnnn 2.3
[18, Lemma 2.2]13 e F ∈ C0,1(<n,<m), K

∆F (x) =
⋃
‖u‖=1

D∗F (x)(u).

yyy²²². d½Â��,
⋃
‖u‖=1

D∗F (x)(u) ⊂ ∆F (x)´w,�. y

y²����¹'X.

13Note that if F is strictly continuous, one then has the simpler formula

D∗F (x̄)(w) =
{

z |∃τν ↘ 0, xν → x̄ with ∆τνF (xν)(w)→ z
}
.
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?� z ∈ ∆F (x), K�3 xν → x , y ν → x , xν 6= y ν ¦�

zν = [F (y ν)− F (xν)]/‖y ν − xν‖ → z

¤á. - λν = ‖y ν − xν‖, uν = (y ν − xν)/λν , K {uν}´k.
ê�, Ø�� uν → u, K ‖u‖ = 1. ½Â

v ν = (F (xν + λνu)− F (xν))/λν ,

Ké¿©�� ν, �3�ê κ ¦�

‖zν − v ν‖ = ‖F (y ν)− F (xν + λνu)‖/λν

= ‖F (xν + λνuν)− F (xν + λνu)‖/λν

≤ κ‖λν(uν − u)‖/λν

¤á. ¤± lim
ν→∞

zν = z = lim
ν→∞

v ν ∈ D∗F (x)(u). �
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Kummer___¼¼¼êêê½½½nnn

ÄuþãÚn�±��_¼ê½n.

½½½nnn 2.6
[18, Theorem 1.1](Kummer_¼ê½n). �¼ê

F : O ⊂ X → X 3 x ∈ ONC´ÛÜLipschitzëY�. K
F3 x̄ NC´LipschitzÓ����=�eã�ÛÉ^�¤
á:

0 /∈ D∗F (x̄)(u), ∀ 0 6= u ∈ X .

66 / 203



yyy²²²

dÚn2.2ÚÚn2.3��, F 3x̄NC´LipschitzÓ����
=�

0 /∈
⋃
‖u‖=1

D∗F (x̄)(u).


dD∗F (x)��àg5��

0 /∈
⋃
‖u‖=1

D∗F (x)(u)

�du 0 /∈ D∗F (x̄)(u), ∀ 0 6= u ∈ X . �
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���ááá²²²­­­555���ããã���êêêOOOKKK

(Ü[19, Proposition 4.1] 149[15, Proposition 2.1]15, �Ñ8
�N��á²­5�ã�êOK, =^8�N��ã�ê�
x�á²­5.

½½½nnn 2.7
(�á²­5�ã�êOK) � X,Y´ü�k��
�Hilbert�m. �8�N�F : X ⇒ Y . é(x̄ , ȳ) ∈ gphF ,
F3x̄?'uȳ�á²­�¿�^�´{0} = DF (x̄ |ȳ)(0).

14Levy A B. Implicit multifunction theorems for the sensitivity analysis
of variational conditions. Math. Program., 1996, 74: 333-350.

15King A and Rockafellar R T. Sensitivity analysis for nonsmooth
generalized equations. Math Program, 1992, 55: 341õ364.
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yyy²²²

7�5.16�Ä?�v ∈ DF (x̄ |ȳ)(0), K�3S�v k → v ,
uk → 0, tk ↓ 0, ÷vé∀k , kȳ + tkv k ∈ F (x̄ + tkuk). Ï
�F3x̄?'uȳ�á²­�, kx̄���V , ȳ ���W , ~
êκ > 0÷vF (x) ∩W ⊆ {ȳ}+ κ‖x − x̄‖BY , ∀x ∈ V . é¿
©��k , kȳ + tkv k ∈ ȳ + κ‖tkuk‖BY , =v k �¹3�»

�κ‖uk‖ �¥¥, du{uk} → 0, Kv7�0.

16£�

DS(x̄ |ū)(w̄) = lim sup
τ↘0,w→w̄

S(x̄ + τw)− ū
τ

=

{
v : ∃tν ↘ 0,wν → w̄ ,∃uν ∈ S(x̄ + τνwν),

uν − ū
τν

→ v
}
.
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¿©5. �y{. b�F3x̄?'uȳØ´�á²­�, K�
3S�xk → x̄ , ∃y k ∈ F (xk), ¦�y k /∈ {ȳ}+ k‖xk − x̄‖BY ,
Kk‖y k − ȳ‖ > k‖xk − x̄‖. -tk = ‖y k − ȳ‖,
v k = (y k − ȳ)/tk , K‖v k‖ = 1, duYk��, ∃v 6= 0, ¦
�v k → v . -uk = (xk − x̄)/tk ,K

‖uk‖ = ‖xk − x̄‖/‖y k − ȳ‖ < 1/k → 0,

=�3tk ↓ 0, (uk , v k)→ (0, v)÷vȳ + tkv k ∈ F (x̄ + tkuk),
ù¿�X0 6= v ∈ DF (x̄ |ȳ)(0), �^�gñ. �
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XXXÚÚÚ������...

�Äeã8�N��Ýþ�K5��x:

S(u) = {x ∈ X : G (x , u) ∈ K}

Ù¥X´k��Hilbert�m, K ⊂ Y´��4à8Ü, Y´k
��Hilbert�m.

• K = {0} ⊂ Y��¹,²;�Û¼ê½n�£��{ü
��¹;

• K´���4à8Ü��¹,Robinson�å5��xÝ
þ�K5.
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½½½nnn 3.1
17 �X´D��þ�m,Y�Z´ü�Banach�m, Ω ⊂ X
×Y´�¹:(a, b)��m8Ü,φ ∈ C(Ω;Z ) ÷v

(i) φ(a, b) = 0;

(ii)
∂φ

∂y
(x , y) ∈ L(Y ;Z )é?Û(x , y) ∈ Ω �3,�

∂φ

∂y
∈ C(Ω;L(Y ;Z ));

(iii)
∂φ

∂y
(a, b) ∈ L(Y ;Z )´V�,

(
∂φ

∂y
(a, b)

)−1

∈ L(Z ,Y ).

17pp.548-549, Philippe G. Ciarlet, Linear and Nonlinear Functional
Analysis with Applications,SIAM,Philadelphia,2013.
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(a) K�3X¥�a��m��V ,�3Y¥�b��m�
�W��Û¼êf ∈ C(V ;W )÷v

V ×W ⊂ Ω,

[
{(x , y) ∈ V ×W : φ(x , y) = 0}

= {(x , y) ∈ V ×W : y = f (x)}.

]
.

(b) XJφ3(a, b) ∈ Ω´���,@of3a?´���,

f ′(a) = −
(
∂φ

∂y
(a, b)

)−1
∂φ

∂x
(a, b) ∈ L(X ;Y ).
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(c) XJφ ∈ Cm(Ω;Z ),Ù¥m ≥ 1´�ê,K�3X¥�a�
�m��Ṽ ⊂ V�Y¥�b��m��W̃ ⊂ W ÷vé

?Û(x , y) ∈ Ṽ × W̃ ,
∂φ

∂y
(x , y) ∈ L(Y ;Z )´V�,

(
∂φ

∂y
(x , y)

)−1

∈ L(Z ,Y ), f ∈ Cm(Ṽ ;Y )

é?Ûx ∈ Ṽ ,

f ′(x) = −
(
∂φ

∂y
(x , f (x))

)−1
∂φ

∂x
(x , f (x)) ∈ L(X ;Y ).
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• 8�N�Ψ3x ∈ X?�¡�´4�, exn → x ,
yn ∈ Ψ(xn), � yn → y , Ky ∈ Ψ(x). ¡Ψ´4�, e§
3X¥�z�:þ´4�.

• 5¿�Ψ´4���=�§�ãgph(Ψ)´X × Y¥��
4f8.

• ¡Ψ´à�(convex), e§�ãgph(Ψ)´X ×Y¥��à
f8. ½�d/, Ψ´à�¿©7�^�´é?Û

x1, x2 ∈ X , t ∈ [0, 1],

tΨ(x1) + (1− t)Ψ(x2) ⊂ Ψ(tx1 + (1− t)x2). (1)
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eA : X → Y´�ëY��5�f, A´Nþ�^��du
^� 0 ∈ intA(X ). �òmN�½ní2�äk4àã�8
Ü�¼ê��/.

½½½nnn 3.2
(2ÂmN�½n)�X�Y´Banach�m, Ψ : X → 2Y´4

�à�8�¼ê. -y ∈ int(range Ψ). K
éx ∈ Ψ−1(y)9∀r > 0ky ∈ int Ψ(BX (x , r)).

77 / 203



888���NNN������mmm555

½½½ÂÂÂ 3.1
¡õ�¼êΨ : X → 2Y3(x0, y0) ∈ gph(Ψ) ±�5Çγ > 0
�m�, e�3tmax > 09(x0, y0)���N÷v
é∀(x , y) ∈ gph(Ψ)

⋂
N, ∀t ∈ [0, tmax], eã�¹'X¤á:

y + tγBY ⊂ Ψ(x + tBX ). (2)

···KKK 3.1
eõ�¼êΨ´à�,KΨ3:(x0, y0) ∈ gph(Ψ)?�m�¿

©7�^�´�3�êη, ν÷v

y0 + ηBY ⊂ Ψ(x0 + νBX ). (3)
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5¿�, eõ�¼êΨ´4à�, Kd2ÂmN�½n3.2,
d�K5^�y0 ∈ int(rangeΨ)��, �3η�ν÷v(3). w
,, ���(Ø½¤á.

···KKK 3.2
�õ�¼êΨ : X → 2Y´4�, à�. KΨ3(x0, y0)?´m

���=�y0 ∈ int(rangeΨ).
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½½½ÂÂÂ 3.2
¡õ�¼êΨ : X → 2Y3(x0, y0) ∈ gphΨ±ÇcÝþ�K�,
eé(x0, y0)���¥�¤k�(x , y)k

dist (x ,Ψ−1(y)) ≤ c dist (y ,Ψ(x)). (4)

½½½nnn 3.3
õ�¼êΨ : X → 2Y3(x0, y0) ∈ gphΨ±Çc�Ýþ�K�
��=�Ψ3(x0, y0)?±γ = c−1�Ç´m�.
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½½½nnn 3.4
(Robinson–Ursescu­½5½n)-Ψ : X → 2Y´4àõ�¼

ê. KΨ3(x0, y0) ∈ gph(Ψ) ?Ýþ�K�¿�^�´�K

5^�y0 ∈ int(rangeΨ)¤á. �°(/, �(3)¤á, (x , y)÷

v

‖x − x0‖ <
1
2
ν, ‖y − y0‖ <

1
8
η. (5)

Kc = 4ν/η��(4)¤á.
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�ÄëYN�G : X → Y , 4à8K ⊂ Y , ��A�8�N
�

FG (x) = G (x)− K . (6)

'Xy0 ∈ FG (x0)¿�XG (x0)− y0 ∈ K . � y0 ∈ FG (x0), e
FG 3(x0, y0)?´Ýþ�K�, =XJ(x , y)3(x0, y0) ���

�¥, k
d(x ,F−1

G (y)) ≤ c d(y ,FG (x)). (7)
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½½½nnn 3.5
([3, Theorem 2.84]). �G : X → Y´�ëYN�. ��A�
8�N�FG3(x0, y0)?±Çc > 0 Ýþ�K, ��N
�D(x) := G (x)− H(x)3x0����±�κ < c−1

LipschitzëY. K8�N�FH 3(x0, y0 − D(x0))?±

Çc(κ) := c(1− cκ)−1 Ýþ�K, =

d(x ,F−1
H (y)) ≤ c(κ)d(y ,FH(x)) (8)

é¿©�Cu(x0, y0 − D(x0))�(x , y)¤á.
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�G (x)´����DG (x)´'ux�ëYN�. �Ä:
x0 ∈ ΦÚ8�N�

F∗(x) = G (x0) + DG (x0)(x − x0)− K . (9)

d¥�½n, �¼ê

G (x)− [G (x0) + DG (x0)(x − x0)]

3x0���VS´LipschitzëY�, Ù�A�Lipschitz~
êκ�±¿©�. (Ü½n3.5, ù�íÑ,e�5z8�N
�F∗3(x0, 0)?´Ýþ�K�, KFG3(x0, 0)?½´Ýþ�

K�. ��/,FG3(x0, 0)?�Ýþ�K5�íÑF∗�Ýþ
�K5.
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5¿

F∗(x) = G (x0) + DG (x0)(x − x0)− K ,

k

rangeF∗ = G (x0) + DG (x0)X − K .

�â·K3.218, �5z8�N�F∗3(x0, 0)?´Ýþ�K�

¿©7�^�´Robinson�å5�¤á:

0 ∈ int (G (x0) + DG (x0)X − K ) .

FG 333(x0, 0)???���ÝÝÝþþþ���KKK555���ddduuuRobinson���ååå555���.

18·K3.2 �õ�¼êΨ : X → 2Y ´4�, à�. KΨ 3(x0, y0)?´

m���=�y0 ∈ int(range Ψ).
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�Ääkeã��/ª�à`z¯K:

(P) min f (x) s.t. x ∈ Q. (1)

Ù¥f : <n → <�C2�à¼ê,Q ⊆ <n �4à8.
�^�«¼êò¯K(P)�d��¤Ã�å`z¯K:

min
x∈<n

f (x) + δQ(x).

duf (x) + δQ(x)�à¼ê, �f �gëY��, Kà`z¯
K(P)�KKTXÚ�±�¤eã2Â�§�/ª:

0 ∈ ∂(f (x) + δQ(x)) = ∇f (x) + NQ(x). (2)
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½½½ÂÂÂ 4.1
¡N�T : <n ⇒ <n ´üN�(monotone), XJé
uv0 ∈ T (x0), v1 ∈ T (x1), k

〈v1 − v0, x1 − x0〉 ≥ 0;

¡N�T´î�üN�(strictly monotone), XJéux0 6= x1,
þãØ�ª¤�î�Ø�ª. N�T´4�üN�, XJ
ãgphTØý�¹3Ù¦?Û�üN�fT ′ : <n ⇒ <n�

ãgphT ′¥.
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'u4�üN5, ®kNõÙ��(Ø, ~X,e�ëYà¼
ê�g�©´4�üN�. éu<n ¥�?¿4à8

ÜC 6= ∅, {IN�NC´4�üN�. XJTäkeã/ª:

T (x) =

{
T0(x) + ND(x), x ∈ D,
∅, x /∈ D,

Ù¥D ⊂ <n´���4àf8Ü, T0 : D → <n´ü��ü

N�ëYN�, Kù���f´4�üN�. �,, éuü
N�fT , Ù_N�T−1½´üN�.
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òÏL|^[13, Proposition 5.1]5�ï¯K(P)�KKTXÚ
�r�K5�Aubin5���d5.

···KKK 4.1
[13, Proposition 5.1] �X´Banach�m, F : X ⇒ X ∗�üN
N��3(x0, y0)?äkAubin 5�, @oF3x0����S

´ü��.
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b�F3x0�?Û��SþØ´ü��. @o�3S
�xk → x0 ¦�é?�yk ∈ F (xk), k = 1, 2, . . ., �
3zk ∈ F (xk), k = 1, 2, . . ., ¦�é¤kk , þkzk 6= yk . Ï
�F3(x0, y0)?äkAubin5�, �À�yk ∈ F (xk) ÷

vyk → y0. éz��k�3���5¼êî�©l:ykÚzk ,
=éz�k = 1, 2, . . ., �3hk ∈ X , ‖hk‖ = 1�~êbk > 0,
¦�

〈zk , hk〉 ≥ bk + 〈yk , hk〉. (3)

�F±�γ9��UÚWäkAubin 5�. ��ê�tk÷v

tk > 0, tk → 0, �tk < bk/2γ. (4)
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Ké¿©��k , kxk ∈ U, xk + tkhk ∈ U�yk ∈ W . �
âF�Aubin5�, k

yk ∈ F (xk) ∩W ⊂ F (xk + tkhk) + γtkB.

Ïd, �3S�uk ∈ F (xk + tkhk) ¦�

‖uk − yk‖ ≤ γtk . (5)

dF�üN5,

〈uk − zk , xk + tkhk − xk〉 ≥ 0.

(Ü(3), k

〈uk , hk〉 ≥ 〈zk , hk〉 ≥ bk + 〈yk , hk〉.

?�Ú, d(4)Ú(5),

bk + 〈yk , hk〉 ≤ 〈uk , hk〉 ≤ 〈yk , hk〉+ γtk < bk/2 + 〈yk , hk〉,

w,gñ. Ïd, b�Ø¤á, F3x0����´ü��. �
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½½½nnn 4.1
éuà`z¯K(1), 2Â�§(2)3x0NC´r�K

�(=x0�0 ∈ ∇f (x) + NQ(x) �r�K))�¿©7�^�
�T−13x0?äkAubin5�, Ù¥N�T : <n ⇒ <n�

T (x) := ∇f (x0) +∇2f (x0)(x − x0) + NQ(x).
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7�5dr�K�½Â=���.
¿©5. �T−13x0?äkAubin 5�. duà¼
êf�Hessian
´��½�, Kkeª¤á:

〈∇2f (x0)(x1 − x2), x1 − x2〉 ≥ 0, ∀x1, x2 ∈ <n. (6)

Ïd, N�T ′(x) := ∇f (x0) +∇2f (x0)(x − x0) ´üN��ü

��, KN�T´üN�, ?
T−1´üN�. d·K4.1�,
T−13x0����S´ü��, dr�K½Â�(Ø¤á.
�
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• Robinson (1981): If the multi-valued mapping
F : X ⇒ Y is piecewise polyhedral, then F is calm at x0.

• Robinson (1980): showed that the strong second order
sufficient condition and the LICQ imply the strong
regularity of the solution to the KKT system.
Interestingly, the converse is also true, see Jongen et al.
(1990).
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• Robinson (1982): showed that the second order sufficient
condition and MFCQ imply the upper Lipschitz continuity
of KKT solutions.

• Dontchev and Rockafellar (1997) showed that the strict
MFCQ and the second-order sufficient optimality
conditons are equivalent to the robust isolated calmness
of the KKT system.
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1 S. M. Robinson, Some continuity properties of polyhedral
multifunctions, Mathematical Programming Study, 14
(1981), 206-214.

2 S. M. Robinson, Strongly regular generalized equations,
Mathematics of Operations Research 5(1980), 43õ62.

3 H. Th. Jongen, J. Ruckmann, and K. Tammer, Implicit
functions and sensitivity of stationary points,
Mathematical Programming 49 (1990), 123õ138.
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4 S. M. Robinson, Generalized Equations and Their
Solutions, Part II: Applications to Nonlinear
Programming,Mathematical Programming Study 19
(1982), 200-221.

5 A.L. Dontchev and R.T. Rockafellar, Characterizations of
Lipschitzian stability in nonlinear programming. in
Mathematical Programming With Data Perturbations,
A.V. Fiacco, ed.), Marcel Dekker, New York, 1997, 65–82.

99 / 203



õõõ¡¡¡888���NNN������þþþLipschitzëëëYYY555

½½½ÂÂÂ 5.1
A set-valued mapping Γ : <n ⇒ <m is called polyhedral, if its
graph is the union of finitely many polyhedral sets, called
components of Γ.

eã'uõ¡8�N��½n5
u©z[26].19

½½½nnn 5.1
�S : <n ⇒ <m´�õ¡8�N�, KS3z�:x̄ ∈ dom S
?þ´þLipschitz ëY�.

19Robinson S M. Some continuity properties of polyhedral
multifunctions. Mathematical Programming Study, 1981, 14: 206-214.
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ÚÚÚnnn 5.1
Let P : <n ⇒ <m be a polyhedral set-valued mapping with
components Gi ,i = 1, . . . , k. Suppose that x ∈ domP and
define the index set

J(x) = {i ∈ [k] : x ∈ π1(Gi)},

where π1 denotes the canonical projection of <n ×<m onto
<n. Then there is a neighborhood U of x such that

(U ×<m) ∩ ghpP ⊂
⋃

i∈J(x)

Gi .
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Proof

The affine subspace {x} × <m and the components Gi ,
i ∈ [k], are nonempty polyhedral subsets of <n ×<m. If
j /∈ J(x), the intersection of {x} × <m and Gi is empty and
these two sets can be strongly separated. Hence there are
neighborhoods Ui of x such that

(Ui ×<m) ∩ Gi = ∅ for i /∈ J(x).

Thus U := ∩i /∈J(x)Ui is also a neighborhood of x and

(U ×<m) ∩ gphP ⊂

(
k⋃

i=1

Gi

)
\

 ⋃
i /∈J(x)

Gi

 ⊂ ⋃
i∈J(x)

Gi ,

as required. �
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ÚÚÚnnn 5.2
Let G be a nonempty polyhedral set in <n ×<m. For
z = (x , y) ∈ π1(G )× π2(G ) define

dx(z ,G ) = min{‖x ′ − x‖ : (x ′, y) ∈ G}

and
dy (z ,G ) = min{‖y ′ − y‖ : (x , y ′) ∈ G}

the “horizontal" and the “vertical" distance of z to G,
respectively. Then there exist nonnegative real numbers ξ,η
such that

dx(z ,G ) ≤ ηdy (z ,G ) and dy (z ,G ) ≤ ξdx(z ,G ) (1)

for all z ∈ π1(G )× π2(G ).
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Proof

The convex polyhedral G can be represented in the form

G = {(x , y) ∈ <n ×<m : Ax + By ≤ c},

where A ∈ <l×n, B ∈ <l×m and c ∈ <l . By the standard form
of Hoffman’s theorem there are reals α and β such that for
each a ∈ R (A) + <l

+, b ∈ R (B) + <l
+,x0 ∈ <n and y0 ∈ <m

one has

dist
(
x0, {x ′ : Ax ′ ≤ a}

)
≤ α‖(Ax0 − a)+‖

and
dist
(
y0, {y ′ : By ′ ≤ b}

)
≤ β‖(By0 − b)+‖. (2)
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Put ξ := β‖A‖,η := α‖B‖ and choose any
z := (x , y) ∈ π1(G )× π2(G ). Then we get from (2) that

dy (z ,G ) = dist
(
y , {y ′ : By ′ ≤ c − Ax}

)
≤ β‖(Ax + By − c)+‖.

(3)

For x̃ closest to x in the set {x ′ : Ax ′ ≤ c − By} one has

‖(Ax + By − c)+‖ ≤ ‖(Ax + By − c)− (Ax̃ + By − c)‖, (4)

which yields

‖(Ax + By − c)+‖ ≤ ‖A‖‖x − x̃‖. (5)
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But ‖x − x̃‖ = dx(z ,G ) by construction and thus, combining
(3), (4) and (5), we get

dy (z ,G ) ≤ β‖(Ax + By − c)+‖ ≤ β‖A‖‖x − x̃‖ = ξdx(z ,G ).

The first inequality in (1) is proven in the same way. �

½½½nnn 5.2
[23]20 Let P : <n ⇒ <m be a polyhedral set-valued mapping.
Then there is a constant λ such that P is locally upper
Lipschitz with modulus λ at each x ∈ domP.

Proof. Let Gi ,i ∈ [k], be the components of P . With the
constant ξi associated with Gi according to Lemma 5.2 we put

λ = max{ξ1, . . . , ξk}.
20Outrata J, Kočvara M and Zowe J. Nonsmooth Approach to

Optimization Problems with Equilibrium Constraints, Theory, Applications
and Numerical Results. Kluwer Academic Publishers, 1998.
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Now consider some arbitrary x ∈ domP and the index set

J(x) = {i ∈ [k] : x ∈ π1(Gi)}.

By Lemma 5.1 there is a neighborhood U of x such that

(U ×<m) ∩ ghpP ⊂
⋃

i∈J(x)

Gi .

For x ′ ∈ U with x ′ /∈ domP nothing has to be shown. Hence
let x ′ ∈ domP and y ′ ∈ P(x ′). Then we have

(x ′, y ′) ∈ [(U ×<m) ∩ ghpP] ⊂
⋃

i∈J(x)

Gi ,

which implies (x ′, y ′) ∈ Gi for some i ∈ J(x).
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For this i we get

dist(y ′,P(x)) = dist (y ′, {v : (x , v) ∈ ghpP})
≤ dist (y ′, {v : (x , v) ∈ Gi})
= dy ((x , y ′),Gi) ≤ ξidx((x , y ′),Gi)

= ξidist (x , {u : (u, y ′) ∈ Gi})
≤ ξ‖x ′ − x‖ ≤ λ‖x ′ − x‖.

Since P(x) is closed and y ′ was arbitrary in P(x ′), it follows
that

P(x ′) ⊂ P(x) + λ‖x ′ − x‖B

and we are done. �

108 / 203



NLP���...

��55y¯K

min
x

f (x)

s.t. hi(x) = 0, i = 1, . . . ,m,

gi(x) ≤ 0, i = 1, . . . , p,

(6)

Ù¥f : <n → <, hi : <n → <, i = 1, . . . ,m, gi : <n → <,
i = 1, . . . , p´�gëY��¼ê.
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NLP���KKT^̂̂���

¯K(6)�Lagrange¼ê½Â�

L(x , ζ, λ) = f (x) + 〈ζ, h(x)〉+ 〈λ, g(x)〉.

�x´¯K(6)��1:, ^M(x)Px:?�¦f8Ü. X
JM(x) 6= ∅, K (ζ, λ) ∈M(x)¿�X (x , ζ, λ)÷vKKT^
�

∇xL(x , ζ, λ) = 0, −h(x) = 0, λ ∈ N<p
−

(g(x)). (7)
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KKTXXXÚÚÚ������111www���§§§///ªªª

KKT^�(7)�±�d/L«�eã�1w�§|

F (x , ζ, λ) =

 ∇xL(x , ζ, λ)

−h(x)

−g(x) + Π<p
−

(g(x) + λ)

 = 0 (8)

½ö  ∇xL(x , ζ, λ)

−h(x)

λ− Π<p
+

(g(x) + λ)

 = 0.
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KKT^�(7)��±�d/L«�eã�2Â�§

0 ∈

 ∇xL(x , ζ, λ)

−h(x)

−g(x)

+

 Nn
<(x)

N<m(ζ)

N<p
+

(λ)

 . (9)
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KKTNNN���SKKT

-Z = <n ×<m ×<p, D = <n ×<m ×<p
+. ½Â

φ(z) =

 ∇xL(x , ζ, λ)

−h(x)

−g(x)

 ,
K2Â�§(9)�L«�

0 ∈ φ(z) + ND(z).

éη ∈ Z , ½Â

SKKT(η) = {z ∈ Z : η ∈ φ(z) + ND(z)}. (10)
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222ÂÂÂ���§§§���{{{NNN���

2Â�§�{N�(normal map)½Â�

F(z) =

 ∇xL(x , ζ, y − Π<p
−

(y))

−h(x)

−g(x) + Π<p
−

(y)

 . (11)

K(x , ζ, λ) ´2Â�§(9)�)��=�

F(x , ζ, y) = 0,

Ù¥y = λ + g(x), λ = Π<p
+

(y).
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Lipschitz ÓÓÓ���

ÚÚÚnnn 5.3
:(x , ζ, λ)´2Â�§(9)�r�K)��=�F3(x , ζ, y)N

C´Lipschitz Ó��.
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···KKK 5.1
�x´¯K(6)��1:÷vM(x) 6= ∅. -(ζ, λ) ∈M(x),
y = λ + g(x). �Äeã^�:

(a) r��¿©^�3x¤á, �x÷v�5Ã'�å5�.

(b) ∂F(x , ζ, y)¥�?Û��´�ÛÉ�.

(c) KKT:(x , ζ, λ)´2Â�§(9)�r�K).

K(a) =⇒ (b) =⇒ (c).
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ÚÚÚnnn 5.4
�x´¯K(6)�­½:. �MF�å5�3x?¤á. XJ
3x?'uIOëêz�����O�^�¤á, Kr��
¿©^�3x?¤á.
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½½½nnn 5.3
�x´¯K(6)�ÛÜ�`). �MF�å5�3x¤á, l

x�­½:. �(ζ, λ) ∈M(x), @o(ζ, λ)÷v¯

K(6)�KKT^�. -y = g(x) + λ. Keã^�´�d�:

(a) r��¿©^�3x ¤á�x÷v�5Ã'�å5�.

(b) ∂F(x , ζ, y)¥�?Û��þ´�ÛÉ�.

(c) KKT:(x , ζ, λ)´2Â�§(9)�r�K).

(e) ����O�^�3x¤á�x÷v�5Ã'�å5�.
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Dontchev and Rockafellar 1996
• Consider

S(z ,w) = {x : 0 ∈ z + f (w , x) + NC (x)}

where C is a polyhedral convex set. Dontchev and
Rockafellar (1996)21 showed that the strong regularity of
S is equivalent to Aubin property of S around a point
(z0,w0, x0) ∈ ghp S .

• ��55yKKTXÚ�r�K5�duAubin5�.

21A.L.Dontchev and R.T. Rockafellar, Characterizations of Strong
Regularity for Variational Inequalities over Polyhedral Convex Sets, SIAM
J. Optim. 6 (1996), 1087-1105.
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SN�gDontchev and Rockafellar(1997)[9]22. Ì�(Ø
�NLP¯K�KKTN��­è�á²­5�duî�MF�
å5����¿©5^�¤á.

22Dontchev A L and Rockafellar R T. Characterizations of Lipschitz
stability in nonlinear programming. In: Fiacco AV, editor. Mathematical
programming with data perturbations. New York: Marcel Dekker, 1997:
65-82.
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min g0(w , x) + 〈v , x〉 s.t. x ∈ C (u,w), (12)

Ù¥C (u,w)L«e��å:

gi(w , x)− ui

{
= 0 i = 1, . . . , r ,

≤ 0 i = r + 1, . . . ,m,
(13)

Ù¥gi : <d ×<n → <, i = 0, 1, . . . ,m´�gëY��¼ê,
�þw ∈ <d , v ∈ <n�u = (u1, . . . , um)T ∈ <m´ëê. ò§
�(Üå5P�p = (v , u,w), PX (p)�(12)�ÛÜ�`)
8, ¡N�p 7→ X (p) �)N�.
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Kurash-Kuhn-Tucker^̂̂���

• ¡x ∈ X (p)´�á�XJ3x�,���US
kX (p) ∩ U = {x}.

• PC (p)��18, ¡N�p 7→ C (p)��åN�.
• ½ÂLagrange¼ê

L(w , x , y) = g0(w , x) +
m∑

i=1

yigi(w , x),

• ù�¯K�Karush-Kuhn-Tucker^��{
v +∇xL(w , x , y) = 0,

−u +∇yL(w , x , y) ∈ NY (y),
(14)

Ù¥Y = <r ×<m−r
+ .
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• éu�½�p = (v , u,w), KKTXÚ�)8(x , y)P

�SKKT(p), ¡N�p 7→ SKKT(p)�KKTN�.
• PXKKT(p)�­½:8, =

XKKT(p) = {x |∃y s.t. (x , y) ∈ SKKT(p)},

¡N�p 7→ XKKT(p)�­½:N�.
• 'uxÚp�Lagrange¦f8ÜP
�YKKT(x , p) = {y |(x , y) ∈ SKKT(p)}.

�(v0, u0,w0, x0, y0) ∈ gphSKKT(p)�éX�{1, 2, . . . ,m}�
�I8ÜI1, I2 �I3½Â�

I1 = {i ∈ {r + 1, . . . ,m} | gi(w0, x0)− u0i = 0, y0i > 0} ∪ [r ],

I2 = {i ∈ {r + 1, . . . ,m} | gi(w0, x0)− u0i = 0, y0i = 0},
I3 = {i ∈ {r + 1, . . . ,m} | gi(w0, x0)− u0i < 0, y0i = 0}.
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îîî���Mangasarian-Fromovitz^̂̂���

¡î�Mangasarian-Fromovitz (MF) ^�3(p0, x0)?¤áX

J�3Lagrange¦fy0 ∈ YKKT(x0, p0)¦�:

(a) i ∈ I1¥�∇xgi(w0, x0)�5Ã';

(b) �3�þz ∈ <n¦�i ∈ I1�∇xgi(w0, x0)T z = 0,
i ∈ I2�∇xgi(w0, x0)T z < 0.
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é�½�p0 = (v0, u0,w0), �(x0, y0)÷vKKT^�(14).
PA = ∇2

xxL(w0, x0, y0), B = ∇2
yxL(w0, x0, y0),

(14)3(v0, u0,w0, x0, y0)?��5zL«�eã�5C©Ø

�ª:{
v +∇xL(w0, x0, y0) + A(x − x0) + BT (y − y0) = 0,
−u + g(w0, x0) + B(x − x0) ∈ NY (y).

(15)
é?Û(u, v), P¤k÷v(15)�(x , y)�8Ü�LKKT(u, v).
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• -P = <d ×<m, �ÄN�

Σ(p) = {x ∈ <n|y ∈ f (w , x) + F (w , x)}, p = (w , y),

(16)
Ù¥f : <d ×<n → <m, F : <d ×<n ⇒ <m.

• �ép0 = (w0, y0) ∈ P , x0 ∈ Σ(p0),f (w0, ·)3x0?�

�,Jacobian
�∇x f (w0, x0). �Äf��5zN�:

Λ(p) = {x ∈ <n|y ∈ f (w0, x0)+∇x f (w0, x0)(x−x0)+F (w , x)}.
(17)
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½½½nnn 5.4
[8]23 b��3x0���U, w0���W�~êl¦�é?
Ûx ∈ U, w ∈ Wk

‖f (w , x)− f (w0, x)‖ ≤ l‖w − w0‖. (18)

@oeã(Ø�d:

(i) Λ3(p0, x0)?´�á²­�;

(ii) Σ3(p0, x0)?´�á²­�.

23Dontchev A L. Characterization of Lipschitz stability in optimization.
in Recent Developments in Well-Posed Variational Problems, Lucchetti R
and Revalski J (eds), 1995, 95-116.
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íííØØØ 5.1
b�½n5.4¥�b�^�¤á��F : <n → <m�õ¡N

N�, @oeã(Ø�d:

(i) �3x0���U¦�

[f (w0, x0) +∇f (w0, x0)(· − x0) + F (·)]−1(y0) ∩ U = {x0};

(ii) N�Σ3(p0, x0)?´�á²­�.
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N�Λ = [f (w0, x0) +∇f (w0, x0)(· − x0) + F (·)]−1´õ¡N,
Ïdd[26]�Λ3<mþ´²­�(´ÛÜþLipschitzëY�),
K(i)�íÑΛ3(y0, x0)?´�á²­�. A^½
n5.4�Σ3(p0, x0)?´�á²­�. 2A^½n5.4�
�(ii)�íÑ(i). �
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duNY´õ¡N8,éKKTXÚ(14)A^íØ5.1��(Ø:

íííØØØ 5.2
eã(Ø�d:

(i) (x0, y0)�8ÜLKKT(p0)��á:;

(ii) N�SKKT3(p0, x0, y0) ∈ gphSKKT?´�á²­�.
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ÚÚÚnnn 5.5
b�x0´�p = p0�(12)��áÛÜ4�:, �(p0, x0)?

�MF�å^�¤á. @oN�X3(p0, x0)?e�ëY, =é
?Ûx0���U, �3p0���V¦�é?Ûp ∈ V , 8
ÜX (p) ∩ U ��.
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d[21, íØ4.5]24���åN�C3(w0, u0, x0)?äkAubin
5���=�MF�å^�3(w0, u0, x0) ?¤á. �a,
bÚγ�N�C�Aubin5��'~ê, =ép1, p2 ∈ B(p0, b),

C (p1) ∩B(x0, a) ⊂ C (p2) + γ(‖p1 − p2‖)B.

-U�x0�?¿��. À�α ∈ (0, a)¦�x0´�p = p0�

(12)3B(x0, α)¥���4�:�B(x0, α) ⊂ U.

24Mordukhovich B S. Lipschitzian stability of constraint systems and
generalized equations. Nonlinear analysis, 1994, 22: 173-206.
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éd�½�αÚp ∈ B(p0, b), �ÄN�

p 7→ Cα(p) = {x ∈ C (p) : ‖x − x0‖ ≤ α + γ‖p − p0‖}.

w,N�Cα3p = p0?´þ�ëY�,eeeyyyÙÙÙ���´́́eee���ëëëYYY
���. À�x ∈ Cα(p0) = C (p0) ∩B(x0, α). dC�Aubin5
�,é?Ûp0NC�p,�3xp ∈ C (p)¦‖xp − x‖ ≤ γ‖p − p0‖.
Kk

‖xp − x0‖ ≤ ‖xp − x‖+ ‖x − x0‖ ≤ α + γ‖p − p0‖.

Ïdxp ∈ Cα(p)��p → p0�, xp → x . ¤±Cα3p = p0?

´e�ëY�.
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duCα(p)´��;��, K¯K

min
x

g0(w , x) + 〈x , v〉 s.t. x ∈ Cα(p) (19)

é?Ûp0NC�pk), ¿�dα�ÀJ��x0´p = p0�d

¯K���4�:. dBerge½n25, (19)�)N�Xα
3p = p0?þ�ëY; �ó�, é?Ûδ > 0, �3η ∈ (0, b)

¦�é?Ûp ∈ B(p0, η), (19)�(�Û)�`)8´����
�¹3B(x0, δ)S.

25�Ä

val (y) = inf
x
{f (x , y) : x ∈ A(y)},

S(y) = argmin{f (x , y) : x ∈ A(y)},

Ù¥A3y0?þ�ëY,3y0e�ëY, A(y0)´��;�8Ü, f3A(y0)×
{y0}�z�:?´ëY�,Kval(y)3y0?ëY,S(y)3y0?þ�ëY.
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Ï�Xα(p0) = {x0}, N�Xα3p0?ëY. �δ′÷v0 < δ′

< α, K�3η′ > 0 ¦�é?Ûp ∈ B(p0, η
′), ?Û

)x ∈ Xα(p)÷v‖x − x0‖ ≤ δ′ < α + γ‖p − p0‖. Ïd,
ép ∈ B(p0, η

′)�å‖x − x0‖ ≤ α + γ‖p − p0‖3¯K(19)¥
´Ã��. ¤±?Ûp ∈ B(p0, η

′), k

Xα(p) ⊂ X (p) ∩B(x0, δ
′).

y.. �
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��¿©5^�3(p0, x0, y0) ∈ gph SKKT?¤áX

J∀x ′ ∈ D\{0}k

〈x ′,∇2
xxL(w0, x0, y0)x ′〉 > 0,

Ù¥ID = {x ′|∇xgi(w0, x0)x ′ = 0, i ∈ I1;∇xgi(w0, x0)x ′ ≤
0, i ∈ I2}.
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½½½nnn 5.5
eã^��d:

(i) N�SKKT3(p0, x0, y0) ∈ gph SKKT?´­è�á²­

�, �x0´¯K(12)'up0�ÛÜ�`);

(ii) î�MF�å^�Ú��¿©5^�3(p0, x0, y0)?¤

á.
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b�(i)¤á, Ky0´YKKT(x0, p0)¥��á:. 5¿
�YKKT(x0, p0) ´à�, KkYKKT(x0, p0) = {y0}. Ïdî
�MF�å^�¤á26. ?�Ú, díØ5.2, Ø�3(x0, y0)N

C�(x , y)÷v(x , y) ∈ LKKT(p0).27 Ø���5, b
�I1 = {1, 2, · · · ,m1}, I2 = {m1 + 1, · · · ,m2}�©O
PB1ÚB2�BéA�I8I1ÚI2�fÝ
.

26J. Kyparisis, On uniqueness of Kuhn-Tucker multipliers in nonlinear
programming, Math. Programming 32 (1985), 242õ246.

27eãü�5��d:

(i) (x0, y0)�8ÜLKKT(p0)��á:;

(ii) N�SKKT3(p0, x0, y0) ∈ gphSKKT?´�á²­�.
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@o(x , y) = (0, 0)�eãC©XÚ��á):

Ax + BTy = 0,
B1x = 0,
B2x ≤ 0, yi ≥ 0, yi(Bx)i = 0, i ∈ [m1 + 1,m2].

(20)

*	�duy0i > 0, i ∈ I1, Kéui ∈ I1¥�yiÎÒvk��.
¯¢þ, Ï�(20)�)8´��I, K(0, 0)�(20)���).
dx0?���7�5^�, ��

〈x ′,Ax ′〉 ≥ 0, ∀x ′ ∈ D\{0}.

�IyþãØ�ª��Ò©ªØ¤á. b��3�"�
þx ′ ∈ D¦�Ax ′ = 0, K�"�þ(x ′, 0)��(20)�), g
ñ.
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��, b�(ii)¤á, Kx0´(12)'up0��áÛÜ)�y0�

�A���¦f. b�(p0, x0)�A��I8I1´���
�UÚW©O�x0Úw0���¦�é¤k�x ∈ U , w ∈ W
k∇xgi(w , x), i ∈ I1´�5Ã'�. dÚn5.5, ép0NC�p,
X (p) ∩ U 6= ∅. @oé¤kp0NC�p, x0NC

�x(p) ∈ X (p), �3�Cy0i , i ∈ I1�yi(p), i ∈ I1¦�

v +∇xg0(w , x(p)) +
∑
i∈I1

yi(p)∇xgi(w , x(p)) = 0.

5¿�∀i ∈ I1, yi(p) > 0, éi ∈ I2 ∪ I3, �yi(p) = 0, �
�y(p) = (y1(p), · · · , ym(p))´6Ä¯K�Lagrange¦f��
Cy0. Ïd, XJU�(x0, y0)����p¿©�Cp0, K
kSKKT(p) ∩ U 6= ∅.
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XJI1 = ∅, @oy0 = 0 = YKKT(x0, p0). dÚn5.5, éx0�

?Û��U�¿©�Cp0�p, kX (p) ∩ U 6= ∅. ?�Ú, MF
�å^��yép0NC�p, x0NC�x , Lagrange ¦f
8YKKT(x , p)��k.. b��3α > 0, S�pk → p0

Úxk → x0¦�∀y ∈ YKKT(xk , pk), k = 1, 2, · · ·k‖y‖ ≥ α.
À�S�yk ∈ YKKT(xk , pk), KTS�k., �3à:ȳ 6= 0.
3KKTXÚ¥ék�4���ȳ ∈ YKKT(x0, p0), ùL
²YKKT(x0, p0)Ø´ü:8, ù�î�MF�å^�gñ. Ï
déy0 = 0�?Û��Y , �p¿©�Cp0�x ∈ X (p)¿©�

Cx0�, kYKKT(x , p) ∩ Y 6= ∅. @o, é(x0, y0)�,��U9
¿©�Cp0�p, �kSKKT(x , p) ∩ U 6= ∅.
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b�N�SKKT3(p0, x0, y0) ∈ gphSKKT?Ø´�á²­�,
@odíØ5.2,28 (20)k�")(x ′, y ′)�T)��(0, 0)Ã�

�C. b�y ′ ∈ <m�éi ∈ I3ky ′i = 0. XJx ′ = 0, Ky ′ 6= 0.
5¿�XJé,
i ∈ I2ky ′i 6= 0, Ky ′i > 0. Ï�
éi ∈ I1ky0i > 0, �y ′¿©�C0, �þy0 + y ′�'
ux0�p0�Lagrange¦f. ù�î�MF�å^�gñ. Ïd,
x ′ 6= 0, �´x ′ ∈ D. 3(20)�1���§ü>Ó�¦±x ′,
��〈x ′,Ax ′〉 = 0, ���¿©5^�gñ. y.. �

28eãü�5��d:

(i) (x0, y0)�8ÜLKKT(p0)��á:;

(ii) N�SKKT3(p0, x0, y0) ∈ gphSKKT?´�á²­�.
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½½½nnn 5.6
�MF�å^�3x0 ∈ XKKT(p0)?¤á,p0 = (v0, u0,w0). @
oeã^�´N�XKKT3(p0, x0)?�á²­�¿©7�^

�: Ø�3x ′ 6= 0�,�ÀJ

y0 ∈ argmax{〈x ′,∇2
xxL(w0, x0, y)x ′〉|y÷v(x0, y) ∈ SKKT(p0)}

÷v8I¼ê�h0(x ′) = 〈x ′,∇2
xxL(w0, x0, y0)x ′〉, �å^��

〈∇xg0(w0, x0)− v0, x ′〉 = 0,
〈∇xgi(w0, x0), x ′〉 = 0, i ∈ [1, r ],

〈∇xgi(w0, x0), x ′〉 ≤ 0, i ∈ [r + 1,m], gi(w0, x0)− u0i = 0.

�f¯K�KKT^�.
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dLevyÚRockafellar[20]29¥�½n3.1Ú3.2, ÷vf¯
KKKT^��x ′�¤
03�(p0, x0)?XKKT�éX�ã�ê

N�e��. A^[15]¥�·K2.1, ��T8Ü¥ù�
�x ′ 6= 0�Ø�35�N�XKKT3(p0, x0)?´�á²­�

�d. �

DXKKT(p0|x0)(0) = {0}

29Levy A B and Rockafellar R T. Sensitivity of Solutions in Nonlinear
Programming Problems with Nonunique Multipliers. in Recent Advances
In Nonsmooth Optimization, 1995: 215-223.
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ÄuÚn5.5Ú½n5.6�±��eãíØ:

íííØØØ 5.3
�x0´(12)��áÛÜ4�:, Ù¥p0 = (v0, u0,w0). b
�MF�å^�3(p0, x0)?¤á��½n5.6¥�^�¤á.
@o(12)�)N�3(p0, x0)?´­è�á²­�.
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• Bonnans J F, Ramírez (2005): the constraint
nondegeneracy and the strong second order sufficient
condition ⇐⇒ the strong regularity of the solution to the
KKT system.

• Wang and Zhang (2009): developed other equivalent
conditions, including the nonsingularity of nonsmooth
reformulation of the KKT system.

• Zhang et. al (2017): proved that the isolated calmness of
the KKT system is equivalent to the second-order
sufficiency optimality condition together with the strict
Robinson CQ.
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1 Bonnans J F, Ramírez C H, Perturbation analysis of
second order cone programming problems, Mathematical
Programming, Series B, 104(2005), 205-227.

2 Wang Y, Zhang L W. Properties of Equation
Reformulation of the Karush-Kuhn-Tucker Condition for
Nonlinear Second Order Cone Optimization Problems.
Mathematical Methods of Operations Research, Math
Meth Oper. Res.70 (2009), 195-218.

3 Zhang Y, Zhang L W, Wu J and Wang K D.
Characterizations of local upper Lipschitz property of
perturbed solutions to nonlinear second-order cone
programs. Optimization 66(2017),1079-1103.
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• Sun (2006): established nine conditions equivalent to the
strong regularity of Karush-Kuhn-Tucker (KKT) system.

• Chan and Sun (2008): proved that, for linear SDP, the
constraint nondegeneracy for the dual problem is
equivalent to the strong second order sufficient condition
for the primal problem.

• ¶�,��¹,Üá¥ (2017)Äu�á²­5�ã�êO
K,�Ñ��aI�å`z¯KKarush-Kuhn-TuckerX
Ú�­è�á²­5��x,y²ù�­è�á²­5
�duî�Robinson�å5�Ú��¿©5�`^�.
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1 D. F. Sun, The strong second order sufficient condition
and constraint nondegeneracy in nonlinear semidefinite
programming and their implications, Math. Oper. Res.,
31(2006), 761-776.

2 Chan Z X, Sun D F, Constraint nondegeneracy, strong
regularity and nonsingularity in semidefinite programming,
SIAM Journal on Optimization, 19(2008),370-396.
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• Zhang Y L and Zhang L W. On the upper Lipschitz
property of the KKT mapping for nonlinear semidefinite
optimization. Operations Research Letter, 44 (2016),
474-478.

• Ding C, Sun D F, Zhang L W. Characterization of the
robust isolated calmness for a class of conic programming
problems, SIAM Journal on Optimization, 27(2017),
67-90.

152 / 203



���555SDP���rrr���KKK555���°°°ççç(((JJJ

• Linear SDP problem:

min 〈C ,X 〉
s.t. AX = b,

X ∈ Sn
+,

(1)

• The dual of SDP problem (1):

max bTy
s.t. A∗y + S = C ,

S ∈ Sn
+.

(2)
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Constraint non-degeneracy
• The constraint non-degeneracy of the primal SDP (1)

Alin(TSn
+

(X )) = <m, (3)

• The dual problem (2) satisfies the constraint
non-degeneracy at (y , S) ∈ <m × Sn

+[
A∗ I
0 I

](
<m

Sn

)
+

[
{0}

lin(TSn
+

(S))

]
=

[
Sn

Sn

]
(4)

or equivalently,

A∗<m + lin(TSn
+

(S)) = Sn. (5)
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SSOSC

½½½ÂÂÂ 6.1
Let X ∈ Sn

+ be an optimal solution to the SDP problem (1).
The strong second-order sufficiency optimality holds at X if

sup
(y ,S)∈M(X )

{−ΥX (−S ,H)} > 0, ∀0 6= H ∈

 ⋂
(y ,S)∈M(X )

app(y , S)

 .
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Interesting result

···KKK 6.1
30 Let X ∈ Sn

+ be an optimal solution to the SDP problem (1).
Under the conditionM(X ) = {(y , S)}, the following two
properties are equivalent:

(i) The strong second-order sufficiency optimality holds at X ;

(ii) Dual constraint non-degeneracy condition (5) holds at
(y , S).

30Chan Z X, Sun D F, Constraint nondegeneracy, strong regularity and
nonsingularity in semidefinite programming, SIAM Journal on
Optimization, 19(2008),370-396.
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Consider the upper Lipshitz continuity of KKT mapping for
nonlinear SDP problem

min f (x) s.t. x ∈ Φ, (6)

Φ = {x ∈ <n : G (x) � 0, h(x) = 0, g(x) ≤ 0},

where f : <n → <, h : <n → <l , g : <n → <m,G : <n → Sp

are twice continuously differentiable.

31Main results are taken from Y.L. Zhang and L.W. Zhang. On the
upper Lipschitz property of the KKT mapping for nonlinear semidefinite
optimization. Operations Research Letter 44 (2016) 474–478.
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If G : X → Y is a locally Lipschitz mapping near a given x0,
then for S(x) = {G (x)}, we write
dG (x0)(·) := dS(x0;G (x0))(·). For G ∈ C 0,1, we have

DG (x0)(u) =

{
v : ∃tk ↘ 0, v = lim

k→∞

G (x0 + tku)− G (x0)

tk

}
.

If G (x0) = 0, then for T (δ) = {x : G (x) = δ},(0, x0) ∈ ghpT ,
and

T is locally upper Lipschitz at (0, x0) if and only if

0 ∈ dG (x0)(u) implies u = 0.
(7)
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Define
G(x) = (h(x), g(x),G (x)),

K = {0l} × <m
− × Sp

−.

Then Problem (6) is equivalently expressed as

min f (x)

s.t. G(x) ∈ K. (8)

If x is a local minimizer of (6) and Robinson constraint
qualification holds at x , then there exist µ ∈ <l , λ ∈ <m and
Γ ∈ Sp such that the following Krush-Kuhn-Tucker conditions
are satisfied{

∇xL(x , µ, λ, Γ) = 0n, h(x) = 0l ,

0m ≥ g(x) ⊥ λ ≥ 0m, 0 � G (x)⊥Γ � 0.
(9)
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For Y = <l ×<m × Sp, the strict Robinson constraint
qualification at x with respect to ω = (µ, λ, Γ) is defined by

DG(x)<n + TK(G(x)) ∩ ω⊥ = Y , (10)

It follows from Bonnans and Shapiro [3] that if x is a local
minimizer for Problem (6) at which the strict constraint
qualification holds, then the set of Lagrange multipliers Λ(x) is
a singleton.
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Let us introduce the notations:

I+ = {i : gi(x) = 0, λi > 0, i = 1, . . . ,m},

I0 = {i : gi(x) = 0, λi = 0, i = 1, . . . ,m},

I− = {i : gi(x) < 0, λi = 0, i = 1, . . . ,m},

α = {i : λi(G (x)) = 0, λi(Γ) > 0, i = 1, . . . , p},

β = {i : λi(G (x)) = 0, λi(Γ) = 0, i = 1, . . . , p},

γ = {i : λi(G (x)) < 0, λi(Γ) > 0, i = 1, . . . , p}.
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Let Y = G (x) + Γ have the following spectral decomposition

Y = PΛPT ,

where

Λ =

 Λα 0 0
0 0β 0
0 0 Λγ

 ,
in which Λα � 0 and Λγ ≺ 0. Denote

P =
[
Pα Pβ Pγ

]
,

then G (x) = PγΛγPT
γ and Γ = PαΛαPT

α .
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ÚÚÚnnn 6.1
Let x be a feasible point of problem (6) at which the strict
Robinson constraint qualification holds. Then

(i) the set of vectors

∇hj(x), j = 1, . . . , l ,

∇gi(x), i ∈ I+,

and {
vij :

i ∈ α, j ∈ α, i ≤ j
or i ∈ α, j ∈ γ

}
are linearly independent,
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where

vij =


pT

i
∂G
∂x1

(x)pj

...

pT
i
∂G
∂xn

(x)pj

 .

(ii) there exists a vector d0 ∈ <n such that J h(x)d0 = 0,
J gI+(x)d0 = 0, 〈vij , d0〉 = 0, for i ∈ α, j ∈ α, i ≤ j or
i ∈ α, j ∈ β, and

J gI0(x)d0 < 0,
n∑

k=1

[d0]kPT
β

∂G
∂xk

(x)Pβ < 0.
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Let x ∈ Φ be a feasible point. The critical cone of Problem
(6) at x is defined by

C(x) = {d ∈ <n : DG(x)d ∈ TK(G(x)),∇f (x)Td ≤ 0}.

½½½ÂÂÂ 6.2
(The second-order sufficient optimality conditions) Let x be a
stationary point at which Λ(x) 6= ∅. If, for any
d ∈ C(x) \ {0},one has for H = DG (x)d,

sup
(µ,λ,Γ)∈Λ(x)

{〈d ,∇2
xxL(x , µ, λ, Γ)d〉 − 2〈Γ,HG (x)†H〉} > 0,

then we say that the second-order sufficient optimality
conditions hold at x.
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Canonical perturbation

We consider the canonical perturbation of Problem (6)

(Pδ)


min f (x)− 〈δ0, x〉
s.t. G (x)− δG � 0,

h(x)− δh = 0l ,

g(x)− δg ≤ 0m.

(11)
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KKT mapping

The Karush-Kuhn-Tucker conditions for Problem (Pδ) are the
following conditions

∇xL(x , µ, λ, Γ) = δ0,

h(x) = δh,

0m ≥ g(x)− δg⊥λ ≥ 0,
0 � Γ⊥G (x)− δG � 0.

(12)

The set of all (x , µ, λ, Γ) ∈ <n ×<l ×<m × Sp satisfying (12)
are denoted by SKKT(δ) for δ = (δ0, δh, δg , δG ).
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It is obvious that, if x is a local minimizer with
(µ, λ, Γ) ∈ Λ(x) 6= ∅ at x , then

SKKT(0) = {(x , µ, λ, Γ)}.

Define y = λ + g(x),Y = G (x + Γ) and the Kojima mapping
F : <n ×<l ×<m × Sp → <n ×<l ×<m × Sp by

F (x , µ, y ,Y ) =


∇xL(x , µ, y+,Y+)

h(x)

g(x)− y−

G (x)− Y−

 , (13)

where y+ = max[y , 0], y− = min[y , 0],Y+ = ΠSp
+

(Y ) and
Y− = ΠSp

−
(Y ).
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The mapping F (x , µ, y ,Y ) can be expressed as

F (x , µ, y ,Y ) = M(x) ◦ N(µ, y ,Y ), (14)

where

M(x) =


∇f (x) ∇h(x) ∇g(x) DG (x)∗ 0 0

h(x) 0 0 0 0 0

g(x) 0 0 0 −Im 0

G (x) 0 0 0 0 −I


and

N(µ, y ,Y ) =



1
µ

y+

Y+

y−
Y−


.
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Then we have that (x , µ, λ, Γ) is a KKT point of Problem (6)
if and only if F (x , µ, y ,Y ) = 0. And (x , µ, λ, Γ) is a KKT
point of Problem (Pδ) if and only if F (x , µ, y ,Y ) = δ with
λ = y+ and Γ = Y+. In this notation,

SKKT(δ) =

{
(x , µ, y+,Y+) ∈ <n ×<l ×<m × Sp :

F (x , µ, y ,Y ) = δ

}
.
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Upper Lipschitz property

½½½nnn 6.1
Let x ∈ Φ be a feasible point for Problem (6) at which
Λ(x) 6= ∅, the second-order sufficient optimality conditions
hold and the strict Robinson constraint qualification holds for
some (µ, λ, Γ) ∈ Λ(x). Then SKKT is upper Lipschitz
continuous at δ = (0, 0, 0, 0) ∈ <n ×<l ×<m × Sp.
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Proof

Since (x , µ, y ,Y )→ (x , µ, y+,Y+) is Lipschitz continuous, we
obtain that SKKT is upper Lipschitz continuous at
δ = (0, 0, 0, 0) if ŜKKT is upper Lipschitz continuous at
δ = (0, 0, 0, 0), where

ŜKKT(δ) = {(x , µ, y ,Y ) ∈ <n×<l×<m×Sp : F (x , µ, y ,Y ) = δ}.

We use the relation (7) to establish the upper Lipschitz
continuity of ŜKKT at δ = (0, 0, 0, 0), or we only need to check
dŜKKT(0)(0) = {0} under the given assumptions. It is easy to
obtain

dŜKKT(0)(0)

= {(4x ,4µ,4y ,4Y ) : 0 ∈ dF (x , µ, y ,Y )(4x ,4µ,4y ,4Y )}.
(15)
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Now we calculate the strict graphical derivative
dF (x , µ, y ,Y )(4x ,4µ,4y ,4Y ). From the definition
F (x , µ, y ,Y ) = M(x) ◦ N(µ, y ,Y ), we obtain

dF (x , µ, y ,Y )(4x ,4µ,4y ,4Y )

= dM(x)(4x) ◦ N(µ, y ,Y ) + M(x)dN(µ, y ,Y )(4µ,4y ,4Y )

=



∇2
xxL(x , µ, λ,Y )(∆x)

+∇h(x)4µ +∇g(x)u + DG (x)∗U

J h(x)4x , u ∈ d[y ]+(4y), v ∈ d[y ]−(4y)

J g(x)4x − v ,U ∈ d[Y ]+(4Y ),V ∈ d[Y ]−(4Y )

DG (x)4x − V


.
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Since y 7→ [y ]+, y 7→ [y ]−,Y 7→ [Y ]+ and Y 7→ [Y ]− are
Lipschitz continuous and directionally differentiable, we obtain
that

u ∈ d[y ]+(4y) if and only if u = Π′<m
+

(y ;4y),

v ∈ d[y ]−(4y) if and only if v = Π′<m
−

(y ;4y),

U ∈ d[Y ]+(4Y ) if and only if U = Π′Sp
+

(Y ;4Y ),

V ∈ d[Y ]−(4Y ) if and only if V = Π′Sp
−

(Y ;4Y ).
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It is easy to get

ui =


4yi , i ∈ I+,

[4yi ]+, i ∈ I0,

0, i ∈ I−,

vi =


0, i ∈ I+,

[4yi ]−, i ∈ I0,

4yi , i ∈ I−.

U = P


PT
α4YPα PT

α4YPβ PT
α4YPγ ◦ Ωαγ

PT
β 4YPα ΠS |β|+

(PT
β 4YPβ) 0

PT
γ 4YPα ◦ Ωγα 0 0

PT
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and

V = P


0 0 PT

α4YPγ ◦ Ωαγ

0 ΠSP
−

(PT
β 4YPβ) PT

β 4YPγ

PT
γ 4YPα ◦ Ωγα PT

γ 4YPβ PT
γ 4YPγ

PT ,

where

Ωij =
[λi ]+ + [λj ]+

|λi |+ |λj |
, i ∈ α, j ∈ γ or i ∈ γ, j ∈ α,

Ωij = 1− Ωij , i ∈ α, j ∈ γ or i ∈ γ, j ∈ α.
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Noting that

ŜKKT(δ0, δh, δg , δG )

= {(x , µ, y ,Y ) : F (x , µ, y ,Y ) = (δ0, δh, δg , δG )},

one has that

dŜKKT(0)(0)

= {(∆x ,∆µ,∆y ,∆Y ) : 0 ∈ dF (x , µ, y ,Y )(∆x ,∆µ,∆y ,∆Y )}.
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Therefore, if (∆x ,∆µ,∆y ,∆Y ) ∈ dŜKKT(0)(0), then

0 = ∇2
xxL(x , µ, y ,Y )(∆x) +∇h(x)∆µ

+∇g(x)Π′<m
+

(y ; ∆y) + DG (x)∗Π′Sp
+

(Y ; ∆Y ),

0 = J h(x)∆x ,

0 = J g(x)∆x − Π′<m
−

(y ; ∆y),

0 = DG (x)∆x − Π′Sp
−

(Y ; ∆Y ).

(16)
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From the expressions of Π′<m
−

(y ; ∆y) and Π′Sp
−

(Y ; ∆Y ), we
have from the last two lines of (16) that

∇gi(x)T ∆x = 0, i ∈ I+,

∇gi(x)T ∆x = [∆yi ]−, i ∈ I0,

∇gi(x)T ∆x = ∆yi , i ∈ I−,

(17)

and

PT (DG (x)4x)P

=


0 0 PT

α4YPγ ◦ Ωαγ

0 ΠS|β|−
(PT

β 4YPβ) PT
β 4YPγ

PT
γ 4YPα ◦ Ωγα PT

γ 4YPβ PT
γ 4YPγ

 .
(18)
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From (18), we have

PT
α (DG (x)∆x)[PαPβ] = 0,

PT
β (DG (x)Pβ = ΠS|β|−

(PT
β 4YPβ),

PT
α (DG (x)∆x)Pγ = PT

α4YPγ ◦ Ωαγ,

PT
γ (DG (x)∆x)[PβPγ] = PT

γ (4Y )′[PβPγ],

(19)
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frow which and combining the second line of (16) as well as
(17), we obtain

J h(x)4x = 0,

J gI+(x) = 0,

J gI0(x) = 0,

PT
α [DG (x)4x ][PαPβ] = 0,

PT
β (DG (x)4x)Pβ � 0.

(20)
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From (20), we obtain 4x ∈ TΦ(x), because

TΦ(x)

= {d : J h(x)d = 0,J gI+∪I0(x)d ≤ 0,PT
α∪β[DG (x)d ]Pα∪β � 0},

under Robinson constraint qualification, which is implied by
the strict Robinson constraint qualification.
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Nothing that

〈λ,J g(x)4x〉 = 0,

〈Γ,DG (x)4x〉 =

〈 Λα
0

0

 ,PT (DG (x)4x)P

〉
= 0,

we obtain that 4x ∈ C(x), where C(x) is the critical cone is
defined by

C(x) =

d ∈ <n :

J h(x)d = 0,J g(x)d ∈ T<m
−

(g(x))

DG (x)d ∈ TSp
−

(G (x)), 〈λ, g(x)〉 = 0

〈Γ,DG (x)d〉 = 0

 .
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Premultiplying (16) by 4xT , we obtain

0 = 〈4x ,∇2
xxL(x , µ, λ,Y )4x〉

+〈J g(x)4x ,Π′<m
+

(y ;4y)〉

+〈DG (x)4x ,Π′Sp
+

(Y ;4Y )〉

= 〈4x ,∇2
xxL(x , µ, λ,Y )4x〉

+〈DG (x)4x ,Π′Sp
+

(Y ;4Y )〉

= 〈4x ,∇2
xxL(x , µ, λ,Y )4x〉

+〈ΠS|β|−
(PT

β 4YPβ),ΠS|β|+
(PT

β 4YPβ)〉

+2〈PT
α (DG (x)4x)Pγ,PT

α Π′Sp
+

(Y ;4Y )Pγ〉

= 〈4x ,∇2
xxL(x , µ, λ,Y )4x〉

+2〈PT
α (DG (x)4x)Pγ,PT

α4YPγ ◦ Ωαγ〉.

(21)
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From the third line of (19), we obtain

PT
α4YPγ = PT

α (DG (x)4x)Pγ ◦ Tαγ,

where Tαγ = (Tij : i ∈ α, j ∈ γ) is defined by

Tij =
1

Ωij
=
|λi |+ |λj |
|λj |

=
|λi |+ |λj |
−|λj |

, i ∈ α, j ∈ γ.

Therefore, we obtain from (21) that

0 = 〈4x ,∇2
xx(x , µ, λ,Y )4x〉

+2〈PT
α (DG (x)4x)Pγ,PT

α (DG (x)4x)Pγ ◦ Ωαγ ◦ Tαγ〉

= 〈4x ,∇2
xx(x , µ, λ,Y )4x〉

−2〈Γ, (DG (x)4x)G (x)†(DG (x)4x)〉.
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Then it follows from the second-order sufficient optimality
conditions that 4x = 0. And, from (16), we have

0 = ∇h(x)∇µ +∇g(x)Π′<m
+

(y ;4y)

+DG (x)∗ΠSp
+

(Y ;4Y ),

0 = Π′<m
+

(y ;4y)−4y ,

0 = Π′Sp
+

(Y ;4Y )−4Y .

(22)
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Nothing 4y = Π′<m
+

(y ;4y) implies 4yI− and 4yI0 ≥ 0 and
4Y = Π′Sp

+
(Y ;4Y ) implies

PT
α4YPγ = 0,PT

β 4YPγ = 0,PT
γ 4YPγ = 0,PT

β 4YPβ � 0,

we have from (22) that

∇h(x)4µ +∇gx0(x)yI0 +∇gI+(x)yI+

+D(PT
α GPα)(x)∗(PT

α4YPα) + 2D(PT
α GPβ)(x)∗(PT

α4YPβ)

+D(PT
β GPβ)(x)∗(PT

β 4YPβ) = 0,

4yI0 ≥ 0,PT
β 4YPβ � 0.

(23)
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From 6.1, we obtain from (23) that

4µ = 0,4yI0∪I+ = 0,PT
α∪β4YPα∪β = 0,

combining with 4x = 0 and the third line of (17), the third
line and the fourth line of (19), implying
4x = 0,4µ = 0,4y = 0,4Y = 0.
Therefore, we obtain the equality as follows

dŜKKT(0)(0) = {0}.

The proof is completed. �
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Problem32

Consider the following canonically perturbed optimization
problem:

min f (x)− 〈a, x〉
s.t. G (x) + b ∈ K,

(24)

where f : X → < and G : X → Y are twice continuously
differentiable functions, K ⊂ Y is a nonempty closed convex
set, and (a, b) ∈ X × Y is the perturbation parameter.

32Results are taken from C. Ding, D. F. Sun, L. W. Zhang.
Characterization of the robust isolated calmness for a class of conic
programming problems, SIAM Journal on Optimization, 27, 67-90 (2017).

191 / 203



Notations

Let (a, b) ∈ X × Y be given.
• Let L : X × Y → < be the Lagrangian function

L(x ; y) := f (x) + 〈y ,G (x)〉, (x , y) ∈ X × Y . (25)

• L′x(x ; y): the derivative of L(·; y) at x ∈ X ; ∇xL(x ; y):
the adjoint of L′x(x ; y).

• The Karush-Kuhn-Tucker (KKT) optimality condition:{
a = ∇xL(x ; y),

b ∈ −G (x) + ∂σ(y ,K),
(26)

• SKKT(a, b): the set of all solutions (x , y) to the KKT
system (26).
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SRCQ and constraint

non-degeneracy

• The SRCQ is said to hold for problem (24) with
(a, b) = (0, 0) at x̄ with respect to ȳ ∈ M(x̄ , 0, 0) 6= ∅ if

G ′(x̄)X + TK(G (x̄)) ∩ ȳ⊥ = Y . (27)

• The constraint non-degeneracy is said to hold at x̄ if

G ′(x̄)X + lin (TK(G (x̄))) = Y . (28)
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C 2-cone reducibility

½½½ÂÂÂ 6.3 (Definition 3.13533)

The closed convex set K is said to be C 2-cone reducible at
A ∈ K, if there exist an open neighborhood W ⊂ Y of A, a
pointed closed convex cone Q in a finite dimensional space Z
and a twice continuously differentiable mapping Ξ :W → Z
such that: (i) Ξ(A) = 0 ∈ Z; (ii) the derivative mapping
Ξ′(A) : Y → Z is onto; (iii) K ∩W = {A ∈ W | Ξ(A) ∈ Q}.
We say that K is C 2-cone reducible if K is C 2-cone reducible
at every A ∈ K.

33J.F. Bonnans and A. Shapiro. Perturbation Analysis of Optimization
Problems, Springer, New York, 2000.
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Normal mapping SKKT

SKKT(a, b) =
{

(x , z − ΠK(z)) ∈ X × Y | Ψ(x , z) = (a,−b)
}
,

where Ψ : X × Y → X × Y is Robinson’s normal mapping
defined by

Ψ(x , z) =

[
∇f (x) + G ′(x)∗(z − ΠK(z))

G (x)− ΠK(z)

]
, (x , z) ∈ X×Y .
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Natural mapping for KKT system

When (a, b) = (0, 0), the KKT system (26) is equivalent to
the following system of nonsmooth equations:

F (x , y) = 0,

where F : X × Y → X × Y is the natural mapping defined by

F (x , y) :=

[
∇f (x) + G ′(x)∗y

G (x)− ΠK(G (x) + y)

]
, (x , y) ∈ X × Y .
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Isolated calmness of SKKT and F−1

ÚÚÚnnn 6.2
Let (0, 0, x̄ , ȳ) ∈ gph SKKT. The set-valued mapping SKKT is
isolated calm at the origin for (x̄ , ȳ) if and only if the
set-valued mapping F−1 is isolated calm at the origin for
(x̄ , ȳ).
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The (robustly) isolated calmness of

SKKT

½½½nnn 6.2
Let x̄ be a feasible solution to problem (24) with
(a, b) = (0, 0). Suppose that the RCQ holds at x̄ . Assume
that K is C 2-cone reducible and ȳ ∈ M(x̄ , 0, 0) 6= ∅. Then the
following statements are equivalent:

(i) the SRCQ (27) holds at x̄ with respect to ȳ and the
SOSC holds at x̄ for problem (24) with (a, b) = (0, 0);

(ii) x̄ is a locally optimal solution to problem (24) with
(a, b) = (0, 0) and SKKT is robustly isolated calm at the
origin for (x̄ , ȳ);
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(cont.)

(iii) x̄ is a locally optimal solution to problem (24) with
(a, b) = (0, 0) and SKKT is isolated calm at the origin for
(x̄ , ȳ);

(iv) x̄ is a locally optimal solution to problem (24) with
(a, b) = (0, 0) and F−1 is isolated calm at the origin for
(x̄ , ȳ).
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½½½nnn 6.3
(About the three stability notions for C 2-reducible problems)
Suppose that x̄ is a locally optimal solution to problem (24)
with (a, b) = (0, 0) and the RCQ holds at x̄ . Assume that K
is C 2-cone reducible and ȳ ∈ M(x̄ , 0, 0). Let z̄ = G (x̄) + ȳ .
Consider the following statements:

(i) The KKT point (x̄ , ȳ) is a strongly regular solution to the
KKT system (26) with (a, b) = (0, 0);

(ii) The mapping Ψ−1 has the Aubin property at the origin
for (x̄ , z̄);
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(cont.)

(iii) The KKT solution mapping SKKT has the Aubin property
at the origin for (x̄ , ȳ);

(iv) the constraint non-degeneracy (28) holds at x̄ and the
SOSC holds at x̄ for problem (24) with (a, b) = (0, 0);

(v) the SRCQ (27) holds at x̄ with respect to ȳ and the
SOSC holds at x̄ for problem (24) with (a, b) = (0, 0);
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(cont.)

(vi) The KKT solution mapping SKKT is robustly isolated
calm at the origin for (x̄ , ȳ);

(vii) The mapping F−1 is isolated calm at the origin for (x̄ , ȳ).

Then it holds that

(i) =⇒ (ii)⇐⇒ (iii) =⇒ (iv) =⇒ (v)⇐⇒ (vi)⇐⇒ (vii).
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Thank You!
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