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1 Metric regularity

X,Y—Banach spaces, F': X == Y—a multifunction,
(%,7) € gph(F) :={(z,y) € X xY : y € F(x)}

Metric regularity of F' at (Z,y): there exist k,6 € (0, +00) such that

d(z, F\(y)) < wd(y, F(z)) V(z,y) € B(z,0) x B(y,6).  (L.1)

Strong metric regularity of F" at (Z,y): there exist k,6 € (0, +00) such that
(1.1) holds and F~'(y) N B(Z, ) is a singleton for all y € B(7, 9).

1. Strong metric regularity of F at (Z, %) <= F ! is a locally Lipschitz single-
valued function around (Z, 7).

2. Metric regularity of I at (Z,y) <= F ! is pseudo-Lipschitz around (Z, 7).
3. Metric regularity of F at (Z,y) <= F is locally linear-open around (7, 7).
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Theorem I (Banach). Let F' be a continuous linear operator between Banach
spaces X and Y. Then the following statements are equivalent.

(i) F(X) =Y.

(ii) F' is an open mapping.

(iii) F' is metrically regular at any point in gph(F).

Theorem II (Lyusternik-Graves). Let [’ be a smooth single-valued function
between two Banach spaces such that the derivative VF(Z) is surjective for
some T. Then F is metrically regular at (T, F'(T)).

Theorem III (Robinson-Ursescu). Let [' be a closed convex multifunction be-
tween two Banach spaces, and let (Z,7) € gph(F') be such that y is an interior
point of F'(X). Then F is metrically subregular at (T, 7).

Home Page

Fa4TWHE 18T

B E

B & RFET

x



http://192.9.200.1

Coderivatives D*F(x,y), D*F(z,y), D*F(z,y) : Y* = X*

D*F(z,y)(y") = {z"€ X*: (", —¢y") €N :
D*F(z,y)(y") = {a" € X*: (2", —y") € N(gph(F), (z,9)}
D*F(z,y)(y") = {z*e X*: (z,—y") e N

for all y* € V™.

Theorem IV (Mordukhovich, TAMS 1996). Let X,Y be finite dimensional
spaces and let ' : X == Y be a closed multifunction. Then F' is metrically
regular at (Z,7%) if and only if D*F(Z,%)1(0) = {0}.

Theorem V(Dontchev et al, TAMS 2004). Let F' be metrically regular at
(Z,9). Then, there exists 0 > 0 such that for any single-valued Lipschitz func-
tion g : X — Y withlip(g,z) < 6, F + g is metrically regular at (T,y + g(T)).
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2 Metric subregularity

Metric subregularity of F' at (Z,y): there exist 7,0 € (0, +00) such that
d(z, F71(3)) < 7d(7, F(z)) Vz € B(z,6), (2.2)

where F~1(%) can be regarded as the solution set of the following generalized
equation
y € F(x).

In the special case when F'(x) = [¢(z), +00) and y = 0 (resp. § = in}f{ ©(x)),
HAS
the metric regularity of F' at (Z, y) reduces to that ¢ has an error bound (weak

sharp minimum) at .
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Theorem VI (Hoffman, 1952). Let F' : R™ == R" be a polyhedral multifunc-
tion (i.e.,gph(F) is a polyhedron in R™ x R"). Then there exists T > 0 such

that
d(z, F~(y)) < 1d(y, F(x)) ¥(z,y) € R™ x F(R™).

Theorem VII (Robinson, 1979). Let F' : R™ = R” be a piecewise polyhedral
multifunction (i.e.,gph(F) is the union of finitely many polyhedra in R™ x R").
Then F' is metrically subregular at each (T, 1) € gph(F).

Theorem VIII (Zheng-NG, SIOPT, 2014). Let F' be a piecewise polyhedral
multifunction between two normed spaces X and Y, and let y € F(X). The
following statements hold:

(1) F' is always boundedly metrically subregular at i, that is, for any r > 0

there exists T > 0 such that
d(z, F7\(5)) < 7d(g, F(z)) Vx € B(0,r).
(2) F is globally metrically subregular at 1y if and only if

lim d(y, F(x)) = oc.
d(z,F~1(g))—00 @, F(z))
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Theorem IX (Ioffe, TAMS, 1984). Let f be a locally Lipschitz function X and
lett € S(f) = f~1(—=R,). Suppose that there existn, 6 € (0, +00) such that

n < d(0,0f(x)) Vue B(z,0)\5(f)

Then the multifunction F(x) = [f(x), +00) is metrically subregular at (Z,0).

J(y) :=0|| - (y) ={y" € Sy

For any € > 0, let

(') =llyll} VyeY\{0}.

J-(y) = {y" € Sy~

d(y*, J(y)) <et VyeY\{0}
For a subset Aof Y andy € Y,
Pa(y) :={y € Al ly —yll = d(y, A))}

and
Pi(m) ={yc Al lly -yl <d(y,A) +e}.
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Theorem 1 Let F' be a closed multifunction between Banach spaces X and Y
and let (Z,y) € gph(F). The following statements hold:
(i) Let €,m,6 € (0, +00) be such that

d(0, DiF (z,y)(J-(y — 7)) =1

forall w € B(a,d)\ F~1(j) and all y € Pry () N B(y,0). Then

1 L )
d(z, F~(y)) < Ed(y,F(sc)) Ve € B (a, o 77) :

(ii) If I is convex, then F' is metrically subregular at (Z,y) if and only if there
existe € (0, 1) andn,d € (0, +00) such that

forall w € B(a,d)\ F~1(j) and all y € Pr ., (0) N B(y, ).

In the case when F'(z) = [f(x), +00), DiF(z,y)(J:(y — y)) = O.f(z) (resp.
= () fory = f(x) (resp. y > f(x)).
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For convenience, we adopt N (F, Z, y, 7, §) defined by
N(F,7,5,7,0) = {x € B(z,0) \ F7() : d(z, F7\(9))) > 7d(7, F())}.

Clearly, F' is metrically subregular at (7, y) with constants 7 and ¢ if and only

if N(F,z,7,7,0) is empty. Therefore, if N'(F,Z,7,7,0) # () then F is not
metrically subregular at (Z,y) with the constants 7 and d, but F' is possibly
metrically subregular at (Z,y) with larger constant 7" and smaller constant §’.
This motivates us to establish sufficient conditions for the metric subregularity
of I at (%, %) only concerning with x in N'(F, %, ¥, 7,0).

Theorem 2 Let F' be a closed multifunction between Banach spaces X and Y
and let (z,y) € gph(F), and let,n,0 € (0, +00) be such that

d(0, DL F(z,y)(J-(y — ) = n

forallz € N(F,z,y,7,0) and all y € Pry(0) N B(Y,0). Then F is metrically

subregular at (T, 7).
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Adopting an admissible function ¢ (namely an increasing ¢ : R. — R, such
that ¢(0) = 0 and [¢p(t) — 0 = t — 0]), consider the following more general
metric subregularity: F' is said to be metrically p-subregular at (Z,y) € gph(F)
if there exist 7,0 € (0, +00) such that

p(d(z, F71(7))) < 7d(g, F(z)) Yz € B(z,9).

In the special case when p(t) = t?, the metric y-subregularirty reduces to the

so-called Holder metric subregularity.

Fore,d, 5 € (0, +00), let
B(F,%,7,¢,6) == {(z,y): x € B(z,0)\F (), y € P;(x)(fg) N B(y,0)}

and
Kp(Z,9) :=={(z,y) € X x Y : |ly — g|| < Bllz — ||}
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Theorem 3 Let ¢ be a convex admissible function and F' be a closed multifunc-
tion between two Banach spaces X and Y. Let o € (0,1), €,0 € (0,+00),
B € (0, 400 and (z,y) € gph(F) be such that

1, (d(:c, F(y))

Lo, (A2 < a0, 0Py - )

forall (z,y) € B(F,%,y,e,0) N Kg(Z,y). Let

) ) §0,+(5/)
0 o, 1 c
0 = mm{l s P ((5)} and k := max{l, c

Then
p(d(z, F7(y))) < rd(y, F(x)) Vo € Bx(z,9).
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3 Convex case

Let f : R — R U {400} be a proper lower semicontinuous convex function
and C' is a closed convex subset of R". In the case that

F(z) := |max{f(z),d(z,C)}, +<) VzeR",

Lewis and Pang (1997) proved that if f(Z) = 0 and 0f (%) # () then

metric subregularity of F at (z,0) = N(F1(0),z) = N(C,z) + R, 0f(z)

Lewis and Pang’s open problem: find a useful converse of the abobe implication

(characterize the metric regularity via the normal cone identity).
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Let ¢ be a proper lower semicontinuous extended real convex function on a

Banach space X and consider the following convex inequality
(CIE) p(z) < 0.

Let S denote the solution set of (CIE), thatis, S := {z € X : ¢(x) < 0}. Inthe
special case when ¢ is a continuous convex funciton, recall that (CIE) satisfies
basic constraint qualification (BCQ) at a € bd(S) if

N(S,a) =R, 0¢(a). (3.3)

To solve Lewis and Pang’s open problem, using the singular subdifferential

0>, we introduce the following notions:

(BCQ) N(S,a) = 0%¢(a) + Ry0p(a),

(SBCQ) N(S,a) N Bx+» C 0%¢p(a) + [0, T|0p(a).
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Theorem 4 Let © be a proper lower semicontinuous convex function on a Ba-
nach space X and F(x) = |[p(x), +00) for all x € X. Then F is metrically
subregular at (z,0) with p(T) = 0 if and only if there exist 7,6 € (0, +00) such
that the convex function o has strong BCQ at each x € bd(F~'(j)) N B(z,d)

with the same constant T.

Theorem S Let F' be a closed convex multifunction between Banach spaces X
and Y and (Z,y) € gph(F). Then F' is metrically subregular at (z,y) if and
only if there exists 6 > 0 such that I has strong BCQ at each x € bd(F~1())N

B(Z, ) with the same constant, that is, there exists T € (0, +00) such that

N(F'(3),2) N Bx- C TD*F(x,9)(By~) Yz € bd(F'(3)) N B(z, ).
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Theorem 6 Let I' be a closed convex multifunction between Banach spaces X
and Y. Then F is globally metrically subregular at y € F(X) (i.e., there exists
7 € (0, +00) such that d(z, F~1(3))) < 7d(y, F(x)) for all x € X) if and only
if there exist T € (0, 4+00) such that

N(F~\(y),z) N Bx+ C 7D*F(z,3)(By-) Vx € C,

where C' is some recession core of F~1(7j) in the sense F~1(j) = C + F ().
If. in addition, F~1(y) is a polyhedron, then F is globally metrically subregular
at iy if and only if

N(F~Yg),z) = D*F(z,9)(Y*) VzeC.
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Theorem 7 Let F' be a closed multifunction between Banach spaces X and Y
and let (Z,y) € gph(F). Then the following statements hold.:

(i) If F' is metrically subregular at (T, 7)), then there exist 1,0 € (0, +00) such
that

A

N(F~Yg),r) N Bx- C nD*F(z,9)(By~) Yz € F ()N B(z,0).

(ii) If F is subsmooth at (T,y), F is metrically subregular at (Z,y) if and only
if there exist n,d € (0, +00) such that

N(F~Yg),z) N Bx- C nD*F(z,9)(By~) Yx € F ()N B(z,0).
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