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Classical optimality conditions

1. Classical optimality conditions
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Classical optimality conditions

1. Classical optimality conditions

f: S8 CR"™ — R. Consider the following minimization problem:

(P) min f(z).

z€eS
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Classical optimality conditions

e A point z € S is called a local minimum of (P) if 36 > 0's. t.
f(z) > f(z) forall x € S such that ||z — z|| <.

The point Z is called the global minimum if f(xz) > f(z) for
allz € S.
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Classical optimality conditions

e A point z € S is called a local minimum of (P) if 36 > 0's. t.
f(z) > f(z) forall x € S such that ||z — z|| <.

The point Z is called the global minimum if f(xz) > f(z) for
allz € S.

@ We say that f satisfying the ~-order growth condition at Z, if
there exists some k,d > 0 such that

flz) = f(z) > kl|lz—z||7 forall [z —z| <.

In particular, if v = 1,2 we say f satisfying the first (second)
order growth condition at .
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Classical optimality conditions

When the space is R!, the problem (P) ecomes the classical extreme

problem, and the first necessary condition is given by Fermat 1638
and Newton 1670.

Lemma 1.1 (Fermat 1638; Newton 1670)

Let ¢: O C R — R be a differentiable function defined on an open
set O. If o attains its local minimum(or maximum ) at z, then

’

¢ (T) = 0.
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Classical optimality conditions

If fis differentiable at a point x € .S, then the gradient and Hessian
matrix are denoted by

of(x) of(x)

Vf(.%'):( or, ' oz, )7
2 _ > f(x)
vf(x)_[axﬁxj]’ ?, _1" y T

Theorem 1.1 (Euler 1755)(The first order necessary condition)

Let f be differentiable at z € intS. If f attains its local minimum(or
maximum ) at Z, then
Vf(z)=0. (1.1)

If f is convex, but not necessarily differentiable, then the necessary
and sufficient condition of a local minimizer becomes

0€df(z)

Wen Song Varational Analysis Approach for Composite Optimality Problems



Classical optimality conditions

When Z is not an interior of S, in order to characterize the necessary

property of local minimizer, we need the concepts of the tangent
cone of S to 7.

Definition 1.1

S C R™ nonempty, £ € S. The contingent (Bouligand) cone of S
to Z is defined as

Te(@): = {deX: 3t, 10,355z, >3, £ %

— d}

= {deX: 3t,10,d,—d st. T+tydy €S}
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Classical optimality conditions

Theorem 1.2 (the first order optimality condition)

Assume that Z is a local minimum of problem (P) and that f is
differentiable at z. Then

Vi@ d>0, v deTs(z) & ~Vf(T) € [Ts(2))°
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Classical optimality conditions

@ Usually, the negative polar of Ts(Z) is called Fréchet normal
cone of S to Z, denoted by Ng(Z). Eqivalently,

/

(x*,x —I) <o}

Ao
=" =z~

Ns(7) = {z* € X*|limsup
S,

=
@ When S is convex,
Ts(z) = cone(S — 2)
and

Ng(z) = Ng(z) = {s e R": (s, — Z) <0, Vz € S}.
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Classical optimality conditions

When S is defined by some constraint functions, for instance,

S: = {zeR":gi(x) <0,i=1,2,...,p;
hj(z) =0,j=1,2,...,q}, (1.2)
where g;, h; are differentiable functions defined on R", or more gen-

eral form
S:={zxeR": F(x) € K}, (1.3)

where F': R" — R™ is a differentiable mapping, K C R™.

How to characterize the tangent and the normal cone of S to
zeS?
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Classical optimality conditions

It is not hard to know

Ts(z) C {deR": Vg(z)Td<0,icI(z),
Vhi(z)Td=0,j=1,2,...,q} =: Ls(@)

or
Ts(z) Cc {d e R": DF(z)1d € Tx (%)} =: Ls(Z).

Under what condition, the above inclusions become as equality?

Ts(z) = Ls(z)

Such condition is called constraint qualification, for example,
Mangasarian-Fromovitz, Robinson condition, metric regularity con-
dition and so on.
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Classical optimality conditions

Constraint qualification

Mangasarian-Fromovitz constraint qualification:

Vhj(z), j=1,...,q, are linearly independent,
3de X :Vhj(z)Td=0,j=1,...q,Vg(2)'d <0,Vi € I(2),
(1.4)

where () denotes the index set of active at Z inequality constraints.
Robinson constraint qualification:

0 € int{F(z) + DF(z)(R") — K}. (1.5)
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Classical optimality conditions

Furthermore, In the case of the equality holds, how to compute
the normal cone [T5(7)]°?

This is related to Farkas lemma.

From the normal analysis point of view, we easily show that

Ns(z) > {DF(2)"y"|y* € Nk(F(2)},

and
Ns(z) C {DF(z)"y"|y" € Nk (F(2)},

whenever the Robinson’s condition holds, where Ng(Z) denote the
(Morduchovich) limit normal cone to S at z.
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Classical optimality conditions

On the other hand, the problem (P) can be equivalent to write as

(P mi)r(l f(z) + Is(x).

S

The necessary condition of Z being a local minimizer of (P') is
0 € d(f +1Is)(x) C O(f + b5)(2),

where 9¢(z) and d¢(z) denotes the Fréchet (regular) and Mor-
dukhovich subdifferential of ¢ at Z, respectively.
When f is a continuous convex function and S is a convex set,

we have
O(f +Is)(x) = 0f (%) + 0I5(Z) = Of (%) + Ns ().

How to calculate the subdifferential of the sum of two
functions? J
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Classical optimality conditions

In optimization, second derivatives help significantly in the un-
derstanding of optimality, especially the formulation of sufficient
conditions for local optimality in the absence of convexity. Such
conditions form the basis for numerical methodology and assist in
studies of what happens to optimal solutions when the parameters
on which a problem depends are perturbed.
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Classical optimality conditions

Theorem 1.3 (The second optimality condition)

Suppose that f is twice differentiable at € intS. If f attains its
local minimum at Z, then

V#(Z) =0, (d,Vf(@)d) >0, VdeR"
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Classical optimality conditions

Consider the second order tangent vector to a set S at z € S.

Tp — T — trd
T3(Z,d) = {weX: It 0,355 s.t.%%w}
2

1
= {weX: It |0,wp = w st f+tkd+§tiwk65}.
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Classical optimality conditions

Theorem 1.4

Assume that Z is a local minimum of problem (P) and that f is
twice continuously differentiable at Z. Then for every d € Ts(Z)
with V£(2)Td = 0, we have

V(@) w + (d,V?f(Z)d) >0, Yw e T3(z,d), (1.6)
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Classical optimality conditions

How to calculate the second order tangent set and how to
reformulate the inequality (1.6)?

When S is defined by some constraint functions, for instance,
has the form of (1.2) or (1.3)(i.e.

S:={zeR": gi(x) <0,i=1,2,...,p;h;(x) =0,7 =1,2,...,q},
where g;, h; are differentiable functions defined on R™, or more general form
S:={zeR": F(z) € K},

where F': R" — R™ is a differentiable mapping, K C R™.), we have the
following result.
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Classical optimality conditions

Lemma 1.2
Assume that Mangasarian-Fromivicz condition is satisfied at Z € S.
Then for every d € Ts(z),

T3(&,d) = {weR":(Vgi(@),w) < —(d, Vgi(2)d),i € I"(z,d),
(Vh;(z),w) = —(d, V*h;(2)d),j = 1,....0.} (L.7)
)

with 19(z,d) = {i € Ip(z): (Vg;(Z),d) = 0}.
Similarly, if Robinson’s condition is satisfied at Z € S, then

T2(z,d) = DF(z) Y T%(F(z), DF(z)d) — D*F(z)(d,d)]. (1.8)
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Classical optimality conditions

It follows by Lemma 1.2 that the inequality (1.6) becomes

inf  Vf(z)w+ (d, V2f(z)d) >0,

st. (Vgi(z),w) < —{d, V3g;(z)d),i € I"(z,d),
(Vhj(z),w) = —(d, V*hj(z)d),j = 1,...,q.

or

inf  Vf(z)w+(d, V2f(z)d) >0,
st. DF(z)w+ D*F(z)(d,d) € T¢(F(z), DF(%)d).

By using duality of linear optimization problem, we can refor-
mulate the second order necessary condition.
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epi-differentiability
cones

Preliminaries from variational analysis

2. Preliminaries from variational analysis
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Epi-der ses and epi-differentiability
Tangent and normal cones
Preliminary properties

Preliminaries from variational analysis

2. Preliminaries from variational analysis

A great amount of functions involved in optimization problems
are not differentiable. Maximization and minimization are often
useful in constructing new functions and mappings from given ones,
but, in contrast to addition and composition, they commonly fail
to preserve smoothness. For example, the maximization of a finite
many affine functions is convex, but not differentiable. However,
there are directional differentiable.
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Preliminaries from variational analysis

Let f: R" — R be a function,

domf = {z € R"|f(x) < o}, epif = {(z,r) € R" x R|f(x) <v}. (21)

Assume that f(Z) is finite. The direction derivative of f at
in the direction w is defined as
/ f(Z +tw) — f(T)

f (@, w) = lim "

(2.2)

If f is convex, then the limit in (2.2) is

s . f(j?"i_tw)_f(j)
i
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Preliminaries from variational analysis

The directional derivative f (Z,w) in (2.2) dependents only in
the direction of w but not others. Instead, we can consider

v @t tw') — f(Z)
f(a:,w)—ltlgl ; .

w! —w

(2.3)

If the limit exists in (2.3), we say that f is semidifferentaible(Hadamard
directional differentiable) at Z in the direction w. In this case
f'(Z,w) is continuous and positively homogeneous in w.

Clearly, the existence of the limit in (2.3) if and only if

1@ + ') — £(2) 1@+ tw!) — £(3)

lim inf = lim sup
t40 t t10 t
w! —w w! —sw
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Epi- ses and epi-differentiability
Tangent and normal cones
ry properties

Preliminaries from variational analysis

When f is semidifferentiable at Z, its continuity there, forces
it to be finite on a neighborhood of of . So, z € int(domf).
Therefore, semidifferentiablity can't assist in the study of situation
where, for instance Z is a boundary point of domf.

Different choices of a mode of convergence for the difference
quotient functions will lead to different kinds of derivatives. The
situation can be avoid when the differentiablity introduced by an ap-
proach through epi-convergence instead of continuous convergence.
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Preliminaries from variational analysis

ary properties

© Preliminaries from variational analysis
@ Epi-derivatives and epi-differentiability
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Epi-derivatives and epi-differentiability
Tangent and normal cones
Preliminary properties

Preliminaries from variational analysis

2.1 Epi-derivatives and epi-differentiability

Let us first recall the following notions of upper and lower limits,
in the sense of Painlevé-Kuratowski, of a parameterized family A;
of subsets of R™, where ¢ can be real valued or, more generally, an
element of a metric space.

Definition 2.1

The following sets are called the upper (outer) and lower (inner)
limits of a parameterized family A;, of subsets of R",

Limsup A; :={z € X : hmlnf d(z, A;) = 0}

t—to

L1m 1nf A :={z € X :limsupd(z, A;) = 0}

t—to

respectively.
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Epi-derivatives and epi-differentiability
T 1 normal cones
ry properties

Preliminaries from variational analysis

The upper and lower limit sets are both closed. These sets can
be also described in terms of sequences as follows.

Limsup A; = {x|3ty — to, Jzi, € Ay, 21 — x},
t—to

Litmtinf Ay = {z|Vty, — to,Jxy, € Ay, x — ).
—to

If the equality in the above holds, we say A; has a limit at ¢g.
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Epl derivatives and epi-differentiability
1 normal cones
ry properties

Preliminaries from variational analysis

Now let ¢;: R™ — R be a family of extended real valued func-
tions. The lower and upper epi-limits of oy, as t — tg, are defined
as

epi(e-lim inf ¢ (-)) = Lim sup epiepy, (2.4)
t—to t—to

epi(e- limsup ¢ (+)) = Lim inf epiepy. (2.5)
t—to t—to

Note that since the lower and upper set-limits are closed sets, the
lower and upper epi-limit functions have closed epigraphs and hence
are lower semicontinuous.
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i-differentiability

ones

Preliminaries from variational analysis

The lower and upper directional epiderivatives of f : R" — R,
at a point x € R” such that f(x) is finite, as follows

oz, ) =e hlﬁénf flo+ t.t) — f(x)’ (2.6)
fi(a:, ) i=e- lintlﬁ)up Jla+ t't) — f(:c) (2.7)
Equivalently,
fHz,w) = lintlui)nf flo twt) — f(x)’ (2.8)
f(z,w)= sup (liminf flttw) = f(x))’ (2.9)
! fureso ke t

where ¥ denotes the set of positive real sequences {t;} converging
to zero.
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Epl derivatives and epi-differentiability
1 normal cones
ry properties

Preliminaries from variational analysis

Since epi-limit functions are lower semicontinuous, we have that

fH(x,-) and fi(:c, -) are ls.c. positively homogeneous functions.
We also have that

Fraw) < fhzw), frew) < fo(ew),  fi(zw) < fi(e,w). (2.10)

We say that f is directionally epidifferentiable at x, in a di-
rection w, if ff(a:,w) = fi(x,w), and in that case we denote
f*+(z,w) the common value. Note that f%(x,w) can be different
from f'(z,w) even if f is convex.
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Epi-derivatives and epi-differentiability
LED nd normal cones
Prel / properties

Preliminaries from variational analysis

If f is directionally differentiable, its second order directional
derivative is defined as

” th th o ¢ ’ ,h
P (s w) ot LSO @) @)
provided the above limit exists. We can also define
’ th+3t20') — f() —tf (b
F @ihw) et LEF R S00) = f@) @ k)
tJ0 5252
(2.12)

Note that if f has the second-order Taylor expansion at z,
1
fle+h) = f@)+ VI@h+ V2 @)(hh) + o(|h]*), (213)

then ,
f (z;h,w) = Vf(x)w+ V2Af(z)(h, h). (2.14)
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Preliminaries from variational analysis

Definition 2.2

Assuming that f(x) and the respective directional epiderivatives f*(z,h) and

fi(x, h) are finite, we call

flz+th+ 1t%) — f(z) — tfi(a, h)

Wi b ) e e limi

[ (zsh, ) i=e lugénf Iy , (2.15)
th+ %) — —tfi(z,h

ii(a:; h,-) := e-limsup fetthtt) = fl@) —tfileh) (2.16)

10 %tz
the lower and upper second order epidervatives. The lower second order epider-
vatives can be characterized pointwisely (see Ben-Tal and Zowe, 1982)

flx+th+ L12w') — f(z) — tf* (z, h)

142
5t

(@ h,w) = lirﬁ%nf . (2.17)

’
w —w

We say that f is parabolically epidifferentiable at x, in a direction h, if
FH @ik, ) = it (@sh, ).
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tives and epi-differentiability

Preliminaries from variational analysis )
? normal cones

properties

f is parabolically epidifferentiable at x in a direction h < Yw € R”,
Vipd0 3 wp—ws. t

Mo hw) = Lim TET R ) — f(@) — tefl (@)

1.2
k—oo §tk:

. (218)

Note again that if f(-) is Lipschitz continuous and directionally
differentiable at z, then for all h,w € X we have ffi(x; h,w) =
2 (s hyw) and fiH(z; hyw) = fi (25 h,w).
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Epi-derivatives and epi-differentiability
Tangent and normal cones
Preliminary properties

Preliminaries from variational analysis

We can also consider another kind of epi-derivatives. Denote
by

f(x+th) — f(z) —tf* (z,h)
3t

fx +th) — f(z) — t{v,h)
3t

A7 f(z)(h) =

9

, forveR"

AFf(@,v)(h) =
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Epi-derivatives and epi-differentiability
Tang 1 normal cones
ry properties

Preliminaries from variational analysis

Definition 2.3

The second subderivative of f at z is defined by

d2f(z)(:) :=e— liIﬁ(i)nf AZf(z)("), (2.19)

the second subderivative of f at x for v is defined by

d%f(z,v)() =e— li%g)nf A2 f(z,v)(-). (2.20)
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Epi-derivatives and epi-differentiability
gent and normal cones
ary properties

Preliminaries from variational analysis

If the second order difference quotient function h — A? f(z)(h)
(resp. h — AZf(z,v)(h)), epi-converges to some function as ¢ |
0, we say that f is twice epi-differentiable at = (resp. for v); it
is properly twice epi-differentiable at z(for v) if d?f(x)(-) (resp.
d2f(z,v)(-)) is proper.
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Epi-derivatives and epi-differentiability
T 1 normal cones
ry properties

Preliminaries from variational analysis

The second subderivative can be equivalently written as

fla+th) = f(z) = tf (z, h)

d2f(z)(h) = lir?ui)nf I . (2.21)
and
@2 f (z, 0) (k) = lim in fa+th) _1{533) —t ) a0
/ 2

h" —h
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Epi ivatives and epi-differentiability
Tang 1 normal cones
Prelir perties

Preliminaries from variational analysis

f is twice epi-differentiable at = (for v) & V tx | 0, V h € R",
dh, — hs. t

(@ + tihi) — f(@) — tif* (o, hy)

@ f(x)(h) = Jim i )
and
de(a:, v)(h) = lim fz + tehy) — flz) — teo, hk>. (2.24)

1,2
k—o0 itk
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Epi-derivatives and epi-differentiability
nd normal cones
ry properties

Preliminaries from variational analysis

f is twice epi-differentiable at = (for v) & V tx | 0, V h € R",
dh, — hs. t

(@ + tihi) — f(@) — tif* (o, hy)

@ f(x)(h) = Jim i )
and
d%f(z,v)(h) = lim f(@+ i) = fz) = teo, hk>. (2.24)

1,2
k—o0 itk

If fis twice epi-differentiable at x relative to v, then the second-
order epi-derivative function d2f(x,v)(-) is lower semicontinuous
and positively homogeneous of degree 2.

ff(x, -) is also called the subderivative of f at z and write as
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Epi-derivatives and epi-differentiability
Tangent and normal cones
Preliminary properties

Preliminaries from variational analysis

© Preliminaries from variational analysis

@ Tangent and normal cones
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Epi-derivatives and epi-differentiability
Tangent and normal cones
Preliminary properties

Preliminaries from variational analysis

2.2 Tangent and normal cones

Definition 2.4

For S C R™ and a point Z € S
the contingent(Bouligand) cone

Ts(z) := lirrtlisoup ? ={heR": I t; 10, (T + txh,S) = o(tx)}, (2.25)

the inner tangent cone

S—z

TE(x) == lim inf ={heR": d(Z+th,S) =o(t), t >0}, (2.26)

Clarke tangent cone
(2.27)

Ts(T) := liIPSinf

t10
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ferentiability

Preliminaries from variational analysis

It is clear that if Z € S, then 0 € T5(Z) C T4(Z) C Ts(Z). In
general, these cones can be different, and the Clarke tangent cone
are convex, but the inner tangent cones and the contingent cone
can be nonconvex.

If Ts(Z) = T4(Z), we say that S is geometrically derivable at z
< Vw € Tg(x), Je > 0 and an arc £: [0, €] — S such that £(0) =z
and §+( ) = w.

For convex sets, however, the contingent, inner and Clarke tan-
gent cones are equal to each other, so must be geometrically deriv-
able.
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Epi-derivatives and epi-differentiability
Tangent and normal cones
Preliminary properties

Preliminaries from variational analysis

Definition 2.5
0,2/ - T S —z—th
T (z,h) = hIEL(I)Ilf T, (2.28)
S —T—th

T2(z,h) := limsup i3 (2.29)
tl0 2
are called the inner and outer second order tangent sets, respectively,

to the set S at the point Z and in the direction h.
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Epi-de ses and epi-differentiability
Tangent and normal cones
Preliminary properties

Preliminaries from variational analysis

Alternatively these tangent sets can be written in the form
T (7, h) = {w € R : d(Z + th + %ﬂw, S) = o(t?),t > 0}, (2.30)
T2(3,h) = {w € R : 3, L0 st d(@+teh + %tiw, S) = o(t2)}. (2.31)
Cleraly, T5(z,h) C T2(%, h).

If T§’2(a§,h) = TZ(z,h) for all h, we say that S be parabolically
derivable at Z for h. < if Yw € T2(z,h), 3¢ > 0 and an arc
€:[0,¢] — S such that £(0) = Z and &, (0) = h, £, (0) = w.
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Preliminaries from variational analysis

If TG (x, h) # 0 (vesp, T2(x, h) # 0) only if h € Ti(x) (resp.
h € Ts(x)). Let S = {(z1,72) € R?|xy > |ml\2 Then S is a
closed and convex. Let z = (0,0),h = (1,0). Then h € Tg(Z) =
{(z1,x2)|x2 > 0} and

lim d(z +th,S) _

0. ]
t10 t2 ’

and hence both Té’z(x,h) and T2(x, h) are empty.
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Preliminaries from variational analysis

Consider the convex piecewise linear function y = n(z) with
n(z) = n(—x), n(0) = 0, oscillating between two parabolas y = 32
and y = 3.522. That is, we construct 7(z) in such a way that
and for some sequence x; monotonically decreasing to zero, the
function n(x) is linear on every interval [vj41, 2], n(xg) = 327
and the straight line passing through the points (zy,n(zx)) and
(441, n(zp41) is tangent to the curve y = 3.522. It is quite clear
how such a function can be constructed. define g(x1,z2) := n(z1)—
x9, and it is not parabolically epidifferentiable at £ = (0,0) in the
direction h := (1,0). It is easy to show that g(z) = 0, g*(Z, h) = 0.
Let S = epin. Consequently, the corresponding second order inner
and outer tangent sets are different. And indeed, it is not difficult
to verify that

Ti(0,h) = {wlg!! (2 h,w) < 0} = {(e1,22)|22 > 7).,
T3(0,h) = {wlg" (2 h,w) < O}{(x1, 22)|x2 > 6}.
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If C'is convex, then T3 (x, h) is convex, but T2(z, h) could be
nonconvex. If, in addition, it is parabolically derivable at x for h,
then the second order tangent set T2 (z, k) is a convex set in R”.

For a convex set C'

Te? (@, h) + Trow)(h) C Te*(2,h) € Tro (k). (2.32)

T2(2,h) + Tro oy (h) € TE(@,h) € Tro(h).  (2.33)

It follows that if 0 € TA(x, h), then TZ(x,h) = Tr,(y) (k). More-
over, if 0 € TQQ(x,h), i.e. d(z + th,C) = o(t?), all three sets
coincide, that is
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Given the function f: R® — R, f(z) is finite. The regular
subdifferential of f at £ € domf is defined by

f(z) = f(@) = (v, 2 = 7)

[ — |

df(z) = {v e R"| lim inf >0} (2.34)

vedf(E) e Vo>035>0s. t.
(v,x—z) < f(x) — f(&) +ollzr—zZ|, Vze B(z,0d). (2.35)
The dual representation for the regular subgradients
f(z) = {v e R"|(v,w) < f*(z,w), Yw € R"}. (2.36)
The subdifferential of f at x is given by

Of(z) = {v € R"Fay L &, 0, — v with vy € df(zx)},  (2.37)

where I, % stands for xr — T and f(zx) — f(Z).
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The proximal subdifferntial of f at x is given by

Pfz) = {veR"Jo>0,0>0s.t.
f(@) 2 f(@) + (v, = 7) = Slla — 7P, V]le - 2] < 5}

It is well-known that the inclusions 87 f (z) C 0f (&) C Of (&) always
hold and
Of(z) = limsup 0” f(x).

:Eixf
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Given a nonempty set S C R", the proximal and regular normal
cones to S at z € S are defined, respectively, by

NE(z) = 0P5(z), (2.38)

Ng(z) = 65(z). (2.39)

Similarly, we define the (limiting/Mordukhovich) normal cone of S
at = by Ng(z) := 0d5(T).

NE(z) = {ve H|Ft>0st d(T+tv,S) =t|v|}
= {veH|F0,6 >0st. (v, —I) <oz —z||* Vz € B(z,9))
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The subdifferential can be defined by the corresponding normal
cone. For instance

0" f(z) = {v € H|(v, 1) € Ng;,(, f(2))}

[S)

If f is differentiable at z, then 0f(z) = {Vf(Z)} and if f is
second order continuously differentiable or convex and L-Lipschitz
smooth, i.e., Vf(x) L-Lipschitz, then 0P f(z) = {V f(Z)}. Indeed,
since f is convex and L-Lipschitz smooth, we have

f() = f(2) +(V[(T),2 —T) + il\vf(x) - Vi@)|P,

and this in turn implies V f(z) € 0P f(z).
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For a nonconvex set C, there cmi?ul_%malsﬂmlmal
normals, even when C is defined by smooth inequalities. This is illustrated by
C = {z = (z1,32) € R?|z3 > 2¥®, 2, >0},

where the vector v = (1, 0) is a regular normal vector at Z = (0, 0) but no point
of {52 + rvj G 0} projects onto Z, cf. Figure 6-12({a).

The proximal normals at Z always form a cone, and this cone is convex;
these facts are evident from the description of proximal normals just prévided.
But in contrast to the cone of regular normals the cone of proximal normals
needn’t be closed—as Figure 6-12(a) likewise makes clear. Nor is It true tuat
the closure of the cone of proximal normals always equals the cone of regular
normals, as seen from the similar example in Figure 6-12(b), where only the
#ero vector is a proximal normal at Z.

y imal nofmnls.
. Fig.6-12. Regulax normals verms 7%
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For example, f(z) = —23,0€ OF £(0), but 0 & P £(0).

Figure: picture
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2.3 Preliminary properties

Proposition 2.1

Let f: R” — R be an extended real valued function and let z € X
be a point such that f(x) is finite. Then

Tepif (z, f(x)) = epif* (z,") (2.40)
iir(@, f(x)) = epifi(,-). (2.41)

. If f is convex, then Topif(x, f(x)) = cl epif (x,-) and then
f_(l‘,') = lSCf/(J:?')'

v
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Proof. By the definition, we have that

epifi(a; ) = Lilzgup epi{f(l‘ + t-t) — f(ac)}
= Limsup epif — (z, f(f))
tl0 t

Together with the definition of the contingent cones, this implies
the first equation. The second equation can be proved similarly. [
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Proposition 2.2

Let f:R™ — R be an extended real valued function taking a finite
value at a point x € X. Then

T2 (=, f(2)), (h, fL (2, )] = epifi (z;h, ), (2.42)
eplf[(m f( ))’ (ha fi(xv h))] = epiffl(w; h, ')7 (243)

provided the respective values ff(x,h) and fi(:r, h) are finite.

epif is geometrically derivable at (z, f(x)) iff f is directionally epi-
differentiable at Z in h and epif is parabolically derivable at (x, f(z))
for (h, ff(az,h)) iff f is parabolically epidifferentiable at Z in h.
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We say a function f : R” — R is called Lipschitz continuous around
Z relative to C' C domf with constant £ > 0 if Z € C and there
exists a neighborhood U of T such that

Hf(.%’l) = f(.fUQ)‘ < €Hxl = .2122“ Vri,20 € UNC. (2.44)

Such a function is called locally Lipschitz continuous relative
to C if it is Lipschitz continuous around Z relative to C for all
z € C. Piecewise linear-quadratic functions (not necessarily convex)
and an indicator function of a nonempty set are important examples
of functions that are locally Lipschitz continuous relative to their
domains.
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Proposition 2.3

Suppose that f: R™ — R is Lipschitz continuous around 7 relative
to its domain. Then

(i) domf*(z,-) = Taomf(Z). In particular, for every h € Tyoms(Z),
fH(z, h) is finite.

(ii) If, in addition, f is parabolically epi-differentiable at Z for h,
then domf is parabolically derivable at Z for h and

Tgomf(:f:, h) = domfii(x,h, ). (2.45)
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(i) We always have domf* (z,-) C Tdoms(Z). Indeed, for every
h € domf* (z,-), f*(Z,h) < co and there exist t;, | 0, hy — h such

that
@ h) = lim f(Z +tphy) — f(Z)
- k—o0 tr '

Without loss of generality, we may assume that = + txhy € domf
and this implies that h € Tyomf(T).

Let h € Tyoms(Z). Then there exist t; | 0 and hy, — h such
that Z + tphg € domf. It follows by the Lipschitzian property of f
relative to dom f that

f(Z 4 tphy) — f(Z)
143

| < Al (2.46)
Hence f*(z,h) is finite.
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(ii)
domffi(x, h,-) C Tgomf(f, h)

always hold. To prove the converse, take w € Tdomf(x,h). Then
there exist t;. | 0, wy — w such that z + t h + 2t wg € domf.
Since f is parabolically epi-differentiable at Z for h, there exists w’ €
domffi(x, h, ) such that ffi(a:;h, w') < co. Hence, corresponding

to t, there exist w, — w’ such that

g ph
[z +tph + 5 tkwkzﬂ f(Z) =t f(z,h) < o

ffi(x; how) = hm
k—o0

(2.47)
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Without loss of generality, we assume that z + ¢ hi + tkwk
domf. Using these together with the Lipschitz property of f, we
have

F(& + teh + 32w — F(Z) = te f* (2, 1)
5t

F(@ + tih + 28wy) — £(Z) — trf* (x,h)
,t2
2%k

+ Ly, — wy .

passing to the limit in the inequality, we get
@by w) < f @b, w') + o — '),

which in turn implies that w € domffi(x, h,-). As a direct result of
Proposition 2.2 that domf is parabolically derivable at Z for h.
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Example 2.1

Let S be a nonempty closed convex subset of R"™, dg(-) is a proper
l.s.c. convex function. consider the set K := epidg = S x Ry and
r € S. Then §H(z,) = d75(2)(*). Given a vector h € Ts(x). Itis
not difficult to see that

W, [0, ifweTP(xh), 24
5+ (xg h; w) - { +OO, otherWiSe. ( . 8)
asn) ={ G M 2a)
VTl 400,  otherwise. -
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Moreover, we have

' T¢*(z,h) xR, ify>0,
T2 ((2,0), (h,7) = § T2z, h) x Ry, ify =0, (2.50)
0, if v <0,

and

T2(x,h) xR, ify>0,
TZ((,0), (h,7)) = { T2(z,h) x R4, ify=0, (2.51)
0, if v <0,

Therefore the following conditions are equivalent:
(i) the set K := epidg is parabolically derivable at (z,0);

(ii) the set S is parabolically derivable at z;

(iii) the function dg is parabolically epidifferentiable at .
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Proposition 2.4

Let Z be such that f(Z) is finite, for a given h € R, let v € R"™ be
such that (v, h) = f*(x, h). Then

inf {23 h,w) = (v,0)} > PF(z,0)(h). (252)
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Proof. Let wy — w, t; | 0 be such that

teh + 2tiwy) — —to Y (2 h
fii(x’ h,w) _ kli{& f(x + e + 3 kU/kl)tQ f($) kf,(fE )
2%k

(2.53)

and take hy := h + itpwy in the definition of d?f(z,v)(h). We obtain
then that

f(x+tphy) — f(x) =ty (v, hy)
142
2tk
— lmint f@ +tph+ $3we) — f(2) — tef* (z, h) — L3 (v,wy)

d?f(zx,v)(h) < liminf
k—oo

It follows that for any w € R",
d2f($,’l)>(h) < fil(-ﬁh»w) - <’U,’LU>.

By taking the infimum of the right hand side of the above inequality over
all w € R™, we obtain the desired result. O
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Proposition 2.5 (properties of second subderivative)

Let f : R” — R taking finite value at Z, ¥ € R™. Then the following
conditions hold:
(i) if d2f(z,v) is a proper function, then we always have

domd?f(z,v) C {h € R*|f*(z,h) = (v, h)}, (2.54)

Moreover, the equality holds if, in addition, dom f**(x; h, -) # 0;
(ii) if © € Of (Z), then for any w € R™ we have

d*f(z,0)(h) = —o |

In particular, d2f(z,) is a proper function.
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Proof. Note that

f(@+tw') — f(7) —t{o,w)

d’f(z,7)(w) = liminf

1.2
UJfJ’—(:lU Et
!
F(E+tw )= f(@ o
o ( t) = _ (o,w')
= liminf i
tl0 =t
'UJ/HU) 2

It is easily to see that (i) holds by the definition and (2.52).
By the definition of regular subdifferential (2.35), as t | O,
w' — w, we have ||T 4 tw' — Z|| < §, the assertion (ii) follows. [
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Proposition 2.2 implies that fil(x; h,-) and fﬂ(x; h,-) are low-
er semicontinuous functions. If, in addition, a convex function
f is parabolically epidifferentiable at z for h, then fﬂ(x; h,-) =
ff(x;h,-) is lower semicontinuous and convex. It follows from
Proposition 2.4 and Proposition 2.5 that d?f(z,-) is also proper
whenever dom f**(z: h, -) # 0 and there exists © € df(z) such that
(B, h) = f(z,h).

Wen Song Varational Analysis Approach for Composite Optimality Problems



Paraboli

Twice epi-Differetiability for composite functions First/second o

3. Twice epi-Differetiability for composite functions

Wen Song Varational Analysis Approach for Composite Optimality Problems



Parabolic regularity

Twice epi-Differetiability for composite functions First/second order chain rules of subde

© Twice epi-Differetiability for composite functions
@ Parabolic regularity

Wen Song Varational Analysis Approach for Composite Optimality Problems



Parabolic regularity
Twice epi-Differetiability for composite functions First/second order chain rules of subderivatives

3.1 Parabolic regularity

Let f : R® — R taking finite value at Z € R" and pick © € R".
The critical cone of f at (Z, ) is defined by

Ky(z,0) == {h e R"|df(z)(h) = (v, h)}. (3.1)
Definition 3.1
It is said that the function f is parabolically regular at Z for v in
h € R™ if
inf {{H(@5h,w) — @,0)} = 3@ 0)0).  (32)
weR™

If (3.2) is satisfied for every h € R™, f is called parabolically regular
at  for 2.

V.
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The parabolical regularity of f at  can be equivalent characterized
as following.

Proposition 3.1

f is parabolically regular at = for v € (9f(§:) if for every h €
domd? f(z, 7), there exist, among the sequences t;, | 0 and hy, — h
with AZ f(z,v)(h) — d*f(z,0)(h), ones with additional property
that

Ihe =Rl (3.3)

lim sup
k—oo k

Moreover, for every h € domd?f(Z,%), there exists w € R” such
that

d*f(2,7)(h) = f(T; b, w) — (3, w).
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Proof. Since o € df(z), we know that
d?f(z,0)(h) = —ol|h] > —oc.

If h € K¢(z,9) \ dom d*f(z,0), then, d®f(Z,0)(h) = +oo, by
(2.52), we have that (3.2) holds.

Assume that d2f(z,v)(h) is finite. Let hy — h and t, —
0 be sequences such that A? f(z,v)(hg) — d*f(Z,0)(h) with
Hm supy, oty ' | — hl| < co. Consider wy, := (3t5) "1 (hy — h),
i.e., hy =h+ %tkwk, and zp = = + tph + %tzwk. Then

f(@ +tehy) — f(2) — (0, hy)

2 pr— — _ .
d&*f(zv)(h) = lim 12
_ g f(@ + teh+ §tRwy) — f(T) — te(v,B)
= 1 - (o
2%k
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Since {wy} is bounded, without loss of generality, we may assume
that w, — w. Hence

d*f(,0)(h) = [£ (@5 h,w) — (9,0).
Combining Proposition 2.4, we get
& f(2,0)(h) = inf{f2 (25 h, w) = (0,0)}.
The left side of (3.2) is identical to the lowest limit attainable for

lim F(Z 4+ teh + Yt3wy) — f(Z) — (0, h)
k—o00 %tz

— <T),wk).

relative to ¢ | 0 and a bounded sequence of vectors wy, (as seen
from the cluster points w of such a sequence). In terms of hy =
h + Stpwy , which corresponds to {}”“t—k_h} is bounded. O
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Definition 3.2

K is outer second order regular at a point y € K in direction d €
Tk (y), if for any sequence y; € K of the form y, = y+tkd+%tzwk,
satisfying tx | 0, txwg — 0, the following condition holds:

lim d(wg, T&(y,d)) = 0. (3.4)
k—o0
We say that K is second order regular at y if K is parabolically
derivable and outer second order regular at y in all direction d €

Tk (y).

For example, the union of a finite polyhedral sets, the
cone of symmetric positive semidefinite matrices, the second
order cone are second order regular.
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Definition 3.3

We say that a function f: X — R is (outer) second order regular at
Z in the direction h if df(Z)(h) is finite and the set K = epif is (out-
er) second order at the point (z, f(Z)) in the direction (h,df(z)(h)).

For example, the leading eigenvalue functions of symmetric ma-
trix, a function whose epigraph is the union of a finite polyhedral
sets and the indicate function of a second order cone are the second
order regular function.
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Proposition 3.2

Let f: X — R, o € Of(%,, and h € K;(,7). Then f is paraboli-
cally regular at x for v in the direction h, if the function f is outer
second order regular at Z in the direction h.
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Proof. If d®f(Z,v)(h) = +oo, then, by (2.52), we have that (3.2) holds.
Therefore, we can assume that d®f(z,v)(h) is finite. Note that because of
(v, h) = df(z)(h), we have that df(Z)(h) is finite.

Suppose that f is outer second order regular at Z in the direction h.
Let hy — h and tr — 0 be sequences at which the limit in the definition of
d?f(z,v)(h) is attained. Consider wi := (3tx) " (he —h), i.e., hi = h+ Stpws,
and xx = T + txh + %tiwk. Then tpw, — 0 and

J(@ +tehy) — f(Z) — ti{v, hi)

d2f(j,q;)(h) = kl;n;o ip
2tk
iy {0 S@ 0@ 0~ )
Consider

flex) = (@) — trd f(@)(h)

142
§tk

Ck ‘=

Hence .
flzr) = f(Z) + ted f(Z)(h) + iticzv
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Since tywy — 0 and d? f(x,v)(h) is finite, because of (3.5) we have that txcr —
0. Then by formula

it follows from the outer second order regularity of f that
d((w, cx), epif ¥ (Z, h,-)) — 0.

There exists (w;c,c;c) € epif**(z,h,-) such that (wy,cr) — (w;,c;c) — (0,0).
This implies that

flax) — f(7) — trdf(T)(h)

142
st

= ¢+ (ck —cp)

FEH (@, By wy) + (e — cx)

Y

It follows from (3.5) that

d*f(z,v)(h) > likminf{ffi(:i?h7 w;) — <v,w;€) + {v,w, — w;)}
— 00
Since (v, wi — wé) — 0, it follows that d?f(Z,v)(h) is greater than or equal to
the left hand side of (3.2), and hence the equality follows. O
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Theorem 3.1 (twice epi-differenitability of parabolically regular func-
tions)

Let v € 5]’(96) and let f be parabolically epi-differentiable at z for
every h € K¢(z,v). If f is parabolically regular at Z for o, then it
is properly twice epi-differentiable at x for v with

minweR"{fii(f;haw) - <5,’LU>} if h e Kf(jal_}) 5
400, otherwise.

d*f(z,9)(h) = {
(3.6)

v
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Proof. It follows from the parabolic epi-differentiability of f at T for every
h € K;(&,v) and Proposition 2.5 that domd” f(z,v) = K;(Z,0). This
together with Proposition 3.1 justifies the second subderivative formula
(3.6).

To establish the twice epi-differentiability of f at Z for v, we need
show that Vh € R", V¢, 1 0, Jh — h s. t.

x hi) — f(z) — te(v, h
d2f(xav)(h):kli>ngo .f( + 1 k) ;{i( ) tk<, k>

Pick h € K;(z,v) and V¢i, | 0. Since f is parabolically regular at z
for v, by Proposition 3.1, we find w € R™ such that
d*f(2,0)(h) = fXH(@; by w) — (0, w), (3.7)
By the parabolic epi-differentiability of f at & for h, Jw; — w s.t. have

£ hw) = Tim f(@ + tph + $t2wy) — f(Z) — tkdf(i')(h)'

(3.8)
k—s00 %ti
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Define hy, := h + fwy, for all k. We obtain

f(@ +tehy) — f(2) — (0, hy)

2 = = _ li
A S (2, 0)(hi) Jim e
. f@+teh+ 3twy) — f(2) — ti(0,h)
= lim 5 — (D, wy).
k—o0 itk:

This together with (3.7) and (3.8) results in
Jim A? f(7,0)(hg) = fH(F hyw) — (B,w) = A f(z,7)(h)
c— 00

which justifies (2.24) for every h € K (&, ). Finally, we are going to show
the validity of (2.24) for every h ¢ K;(Z,v). For any such a h, we see
that d2f(z,v)(h) = co. Hence

d?f(z,0)(h) = e — limsup AZf(z,)(h) = .
£10

This completes the proof of the Theorem. O
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Proposition 3.3 (conjugate of twice parabolic epiderivatives)

Let f: R®™ — R be a proper l.s.c. and convex function, and v €
df(z), and let f be parabolically epi-differentiable at z for every
h € K¢(z,v). If f is parabolically regular at z for v, then ¢(w) :=
ffi(f; h,w) is proper |.s.c. and convex functions and its conjugate
function is given by

¢"(v) = (3.9)

~+00, otherwise,

{d%f@,a)(h) if v e Az, h) ,

where A(Z, h) = {v € f(2)|df(Z)(h) = (v, h)}.
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Proof. We know that ¢ is proper lower semicontinuous and
convex function. Pick v € A(Z, h), the formula (3.9) is clearly true
due to Theorem 3.1.

Assume now that v ¢ A(Z,h). This means either v ¢ 0f(Z)
or df(z)(h) # (v,h). Define

_ 1 _ _
Avznf(w) = ACRRLES 2t2w)1t_2 f(@) - df(x)(h), we R t>0.
2

It is not hard to see that A,z 5, f(w) are proper, convex, and

F@)+ W) = w5) df@0) = k) L

142 1 ’
5t 3t

(At,i,hf)* (v) =

The parabolic epi-differentiability of f at z for A amounts to the
sets epiA; 7 f(-) converging to epi¢ as ¢ | 0.
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Appealing to [14, Theorem 11.34] tells us that the former is
equivalent to the sets epi(A;z . f)* converging to epi¢* as t | 0.
This, in particular, means that Vi, | 0, Jvy — 7 s. t.

¢*(v) = lim (Ag znf)" (vk)-
If v ¢ 0f(x), then we have
f@) + f*(v) = (v,2) > 0.
Since f* is l.s.c., we get

lim inf L) f*g”k) — (o, 7)  df@)(h) = (op, )
k—oo §tk:

T = 00
2
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which in turn confirms that
¢*(v) = lim (A, 2 f)" (k) = 00
If v € 0f(z) but (v,h) < df(z)(h). Since we always have
f(@) + f*(v) = (or, ) 20,

we arrive at

iy < i AF (@) (h) = (ox, h)
¢*(v) > lim i = 00
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Example 3.1 (piecewise linear ic functions)

f:R™ — R is convex piecewise linear-quadratic. That is if domf =
UY_, C; with C; being polyhedral convex sets for i = 1,- -, p, and if f has
the form

f(z) = %(Ai:r,xﬁ + {a;,z;) + o forall z € C;, (3.10)

Where A; is an n X m symmetric matrix, a; € R", and o; € R for
i=1,---,p. It was proved in [14,Propsoition 13.9] that the second sub-
derivative of f at Z for v € Of(Z) can be calculated by

(A, h)y ifheTg,(z)N{o;}+

. (3.11)
00 otherwise,

d*f(z,9)(h) =

where v; = v — A;T — a;.
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To prove the parabolic regularity of f at & for v, pick r h € R™ with
d?f(z,0)(h) < oo. Then Ji st. h € Tc,(Z) N {v;}*. Since C; is a
polyhedral convex set, 3t > 0 s.t. T+ th € C; Vt € [0,7]. Pick tx | 0 s.
t. tx € [0,7] and let hy := h Vk=1,2,...,. Thus

hg, ¥ — AT — ay)
142
2tk

A f(z,0)(hx) = (Ash, h) + < = (Ash,h), (3.12)

which implies that A? f(z,0)(hx) — d*f(z,0)(h) as k — oo with
llhk =Pl

5 =0 <oo. Hence, f is parabolic regular at = for .

lim supy,_.

This function is second order regular at Z and so parabolical epi-
differentiable at Z for ©.
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Another example for parabolic regularity and parabolical epi-
differentiable function is the sum of the k largest eigenvalues func-
tions for symmetric matrix.
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© Twice epi-Differetiability for composite functions

@ First/second order chain rules of subderivatives
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3.2 First/second order chain rules of subderivatives

Definition 3.4
U: R™ = R™ is metric regular at a point (Z,y) € grV¥, at a rate c,
if 3U of z and V of ¥,

d(z, U (y)) < cd(y, ¥(z)) Yz e U,y € V. (3.13)

If y = g in (3.13), VU is said to be metric subregular (z,y). The
infimum of the set of values ¢ for which this holds is the modulus of
metric regularity, denoted by regWU(z, ).
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Consider the constraint system

where F': R™ — R™ is a continuously differentiable mapping and
K CR™ is a closed set.

Definition 3.5

Robinson’s constraint qualification holds at a point £ € R™ with
F(z) € K, with respect to the mapping F(-) and the set K, if the
following condition holds:

0 € int{F(z) + DF(7)R" — K} (3.14)
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U(z) = F(z) — K is metric regular at (z,0), i.e., 3 U of Z and
V of 0 and Jc > 0 s.t.

dz, FFY (K —y)) < cd(F(x) +y,K) YecUyecV. (3.15)
Observe that W is metric regular at (z,0) if and only if
y" € Nx(F(z)),DF(2)"y*=0=y"=0 (3.16)

and both are equivalent to (3.14) whenever K is convex.
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Set C := {x € R"|F(z) € K} and & € C. Then we always
have

To(z) € {h € R"|DF(2)h € T (F(3))}; (3.17)

T2(Z,h) C {w € R*"|DF(z)w + (h, DF(z)h) € T&(F(z), DF(Z)h)},

and the equality hold whenever ¥(x) = F(x) — K is metric regular
at (z,0). C is parabolically derivable at z for h whenever K is Clarke
regular at F'(z) and parabolically derivable at F'(z) for DF(Z)h (in
particular K is convex ) under the assumption of (3.16).
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Proposition 3.4

Let F: R® — R™ be a continuously differentiable mapping and
g: R” — R be l.s.c. convex function takeing a finite value at point
y = F(z). Suppose that Robinson's constraint qualification condi-
tion

0 € int{F(z) + DF(z)R" — domg} (3.18)

holds. Then the lower and upper directional epiderivatives of the
composite function ¢ := g o F' coincide at Z, and

V¥ (z, h) = gH(F(Z), DF(Z)h). (3.19)
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Proof. Let K := epig and F(x,a) := (F(z),a),a € R. Then
F~1(K) = epi(g o F) and that (3.18) implies that Robinson’s con-
stralnt qualification for the set K" and the mapping I, at (z, g(F(%))),

: F(z) DF(z)R™ .
0e 1nt{ [g(F(i"))] + [ R } —eplg}.
It follows that
Tepi(gor) (%, (9 0 F)(Z)) = DF (%, 0) " Topi(q) (F(2), g(F(2))).  (3.20)

Ol
The following second order chain rules can be proved in a similar
way.
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Theorem 3.2

Let F: R™ — R™ be a twice continuously differentiable mapping
and g : R™ — R be a l.s.c. convex function taking a finite value
at a point § := F(Z). Suppose that Robinson’s constraint qualifi-
cation 0 € int{F(z) + DF(Z)R™ — domg} holds. Then, provided
g*(F(z), DF()h) is finite, we have

(2 h,w) = ¢ (F(z); DF(z)h, DF (z)w + D2F(z)(h, iz)), |
3.21

V(& h, w) = g} (F(Z); DF(2)h, DF(2)w + D*F(2)(h, b)),
(3.22)
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We have the following result concerning outer second order regularity
of composite function

Proposition 3.5

Let F': R™ — R™ be a twice continuously differentiable mapping,
g: R™ — R a l.s.c. convex function taking a finite value at a point
g = F(z), and h € R" and X € 0g(F(z)) satisfying DF(Z)h €
K4(F(z), ). Suppose that g is outer second order regular at ¢ in
the direction DF(Zz)h, and that Robinson’s constraint qualification
0 € int{y+ DF(z)X — domg} holds. Then the composite function
1) = g o F' is outer second order regular at Z in the direction h.
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Theorem 3.3

Let F': R" — R™ be a twice continuously differentiable mapping,
g: R™ — R alss.c. convex, g(F(z)) is finite, h € R™ and A € 9g(y)
satisfying DF(Z)h € K4(Z, X). Suppose that g is outer second order
regular at  in the direction DF'(Z)h, and that Robinson’s constraint
qualification 0 € int{F(z) + DF(z)R"™ — domg} holds. Then the
composite function @) = g o F' is parabolically regular at z in the
direction h for v := [DF(Z)]*\, and

@y(@,v)(h) = inf {9 (5, DF(@)h, DF (2)w-+D*F(&)(h, 1) (v, w)}.
(3.23)
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Proof. By Proposition 3.5, it follows from outer second order
regularity of g that the composite function g o F' is outer sec-
ond order regular at z in direction h. Also, since A € Jdg(y) and
F(Z +th') = F(Z) + tDF(Z)h' 4 o(t) for h' — h and t | 0, we
have

g(F(z +th)) = g(F(2)) = t(\, DF(2)) = o(t),

and hence d?(go F)(z,v)(h) > 0. By Proposition 3.2, the parabolic
regularity of g o F' then follows. Formula (3.23) follows from (low-
com-der) and the corresponding formula from Theorem 3.2 for the
lower second order epiderivative of the composite function. []
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Consider the composite function ¢ (z) = g(F(x)), where F': R" —
R™ a twice differentiable at £ and g: R™ — R is proper, l.s.c.,
convex, and Lipschitz continuous around F'(Z) relative to its domain.

It is easy to see that

domy = {z € R"|F(z) € domg}.

V(z) = F(z) — domg is metric subregular at (z,0), i.e., if 3¢ > 0,
AU of z,

d(z,domv) < kd(F(x),domg) Vz € U. (3.24)

Robinson condition (3.18) implies that ¥U(z) = F(z) — domg
is metric subregular at (z,0).
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The following results about the chain rules for epiderivatives of
composite function in this section comes from:

1. A. Mohammadi and B.S. Mordukhovich, Variational analy-
sis in normed spaces with applications to constrained optimization,
SIAM Journal on Optimization, 31(2021):1, 569-603.

2. A. Mohammadi and M.E. Sarabi, Twice epi-Differentiability
of extended-real-valued functions with applications in composite op-
timization, SIAM J. Optim., 30(2020):3, 2379-2409.
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Theorem 3.4

Let F': R® — R™ be differentiable at Z and g: R™ — R be Lips-
chitz continuous around F'(Z) relative to its domain. If the metric
subregularity constraint qualification (3.24) holds, then the following
hold:
(i) for any h € R™, the following subderivative chain rule for ¢ at &
holds:

dy(z)(h) = dg(F(z))(DF(Z)h);

(ii) we have the chain rules
Tdomy(T) = {h € R*"|DF(Z)h € Tyomg(F(Z))}.

If, in addition, F' is continuously differentiable at Z, g is convex,
then

9y () = DF(2)"9g(F (1)),
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Proof. Since F(z) is continuously differentiable at z,
F(z +th) = F(z) + tDF(Z)h + o(t||h]]).

It is easy to show that Tuomy (Z) C {h € R"|DF(Z)h € Taomg(F(T))}-

Take h being such that DF(Z)h € dom dg(F(Z)), there exist sequences
tr 4 0 and vy — DF(Z)h such that F(Z) + txvy € domg for all k > 1. Then
the (3.24) yields

d(Z + tph,domy) < kd(F(Z + txh),domg), k> 1, (3.25)

which in turn implies

w < tﬁd(F(:z)+tkDF(z)h+o(tk),d0mg)
k k

< [IF@) + tDF@h + ofte) = F(2) — tios|
k
= wIDF@h v+ ) > (3.26)
k

This implies that h € Tgomey (T).
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For any h € R™, we have

. _ o 9(E@ 4 ) — g(F(3))
dy(z)(h) = hrg(l)nf p

(F(z) + tDF(@)h + o(t]|hl]) — 9(F(z))
t

— liminf J
t10
' —h

dg(F(2))(DF (z)h).

Y]

Take any h € R™ and observe from the Lipschitz continuity of g around
F () relative to its domain that dg(F(z))(DF(Z)h) > —oo. Since the converse
inequality is obvious if dg(F(z))(DF(Z)h) = oo, we may assume that the value
dg(F(z))(DF(z)h) is finite, i,e., By definition, there exist sequences ¢; | 0 and
v, — DF(Z)h such that

dg(F(z))(DF()h) = lim
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Suppose without loss of generality that F/(%) +txvi € domg for all &k > 1. From
the above proof, we see that there exist hy, € do";% satisfying

t
I = hll < RIDF(@)R — o+ L.

It follows that hy, — h € as k — oco. Therefore,

dg(F(2))(DF(z)h)
i (PG ) —g(F@) | g (@) + ) — g(F(@ + tuha),
k— o0 tk tk
> tim int g(F(z + tkh:k)) —g(F(@) Cim | F(z+ tkiz:) ~F(z) ol
= dy(z)(h)
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We remain to prove that
Oy(r) = DF(z)"99(F (7))

whenever I is continuously differentiable at Z, g is convex.
The inclusion 0y (z) D DF(z)*0g(F(z)) always holds. The
inclusion
9y(x) C DF(z)"9g(F (1))

is a very fundamental calculus formula in variational analysis.
It is well know that this is true under Robinson's condition

(3.18). It was proved under the weaker condition (3.24) in [6]* very
recently.

![6]. A. Mohammadi and B.S. Mordukhovich, Variational analysis in normed
spaces with applications to constrained optimization, SIAM Journal on Optimiza-
tion, 31(2021):1, 569-603.
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This Theorem remains true if we replace the metric subregu-
larity condition (3.24) by the assumption that U is metric-regula at
(%,0) and epig is Clarke regular at (z, g(7)).
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Theorem 3.5

Suppose that F': R®™ — R™ is twice differentiable at Z and g: R™ — R is
propet, |.s.c., convex and Lipschitz continuous around F(Z) relative to its domain
and suppose that the metric subregularity constraint qualification (3.24) holds.
If g is parabolically epi-differentiable at § := F(Z) in the direction DF(Z)h
with h € Taomys(Z), then ¢ is parabolically epi-differentiable at Z for h and the
following conditions hold:

(i) for every w € R™,

V(@ hyw) = gH(F(&); DF(2)h, DF(2)w 4+ D*F(z)(h, h)); (3.27)
(ii)
domy**(z, h, -)

Tiomy (T, h)
= {w €R*|DF(Z)w + (h, DF(&)h) € Tioms(F(Z), DF(Z)h)}.
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Proof. It is easy to show that
Tiomy (T, h) C {w € R*|DF(Z)w + (h, DF(Z)h) € Tiom,(F(Z), DF(Z)h)}.
Let w be satisfying
z 1= DF(Z)w + (h, DF(Z)h) € Tiom,(F (), DF(Z)h). (3.28)
Then there exists ¢t | 0, zrx — z such that
F(%) 4ty DF(Z)h + %tizk € domyg. (3.29)

Let z := Z + txh + $tiw. Then by (3.24) we have

d(xr,doma))

IN

cd(F(zr),domg)

N

1
c||F(z1) — F(Z) — ty DF (Z)h — 5tizku

1 1
il 5ti(DF(@)w + (h, DF(Z)h)) + o(t}) — itizkn
It follows that %{mw — 0 and 50 W € T3omy (T, h).
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Since F' is twice continuously differentiable at Z, it is not hard to prove
that for every w € R", z = DF(Z)w + (h, DF(Z)h),
g (F(z), DF(2)h, z) < (&, h, w). (3.30)

For every w € Ty, (Z, h), there exists t | 0, wx — w such that
_ 1,
Tr =T+ th + §tkwk € doma.

Since g is parabolically epi-differentiable at § := F(Z) in the direction DF(Z)h,
we have domg** (F(Z), DF(Z)h),-) # 0 and for z and the above 4 | 0, there
exist z; — z such that

9(F(Z) + ty DF(2)h + $t32) — g(F(2)) — txdg(F(z), DF(2)h)

W r@z), DF(z)h, 2) = i
9" (F(@), DF(9)h, ) = lim_ v
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Since z € Thmy(F(z), DF(Z)h) = domg™ (F(z), DF(z)h,-) due to
Proposition 2.3, we have g**(F(z), DF(Z)h,z) < oo. It follows that yx :=
F(z) 4+ t« DF(Z)h + Stizx € domg for k sufficiently large. By the Lipschitz
property of g we obtain

V(@ + tph + Swy) — $(&) — tpdp(T, h)

YWz, n = liminf
YI(Z, by w) im ind 12
o 9(F@) = g(F(@) — tydg(F(@), DF@)h)
< lim sup 132
k— o0 sty
- 9(ux) — 9(F(3)) — tydg(F(3), DF()h) | 9(F(zk)) — 9(ux)
< im sup ) +11msu1:>172
k—»oc0 §tk k—»oc0 Etk

< g"(F(@), DF(@)h, 2).
Therefore, we have proved that

Y (z, h,w) = g™ (F(z), DF(2)h, 2)

for the case w € Tgomw(a’:, h).
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For w & Tdomy (2, h), since domy*H(z, h,-) C T3omy (T, h) always holds,
we have ipfi(j,h, w) = +oo and

2 @ Thomy (F(Z), DF(Z)h) = domg™* (F(z), DF(Z)h, -).

This implies that g**(F (&), DF(z)h, z) = +00 and w & domy**(z, h, -) due to
(3.30). This shows that

(@, hyw) = gH(F(2), DF(2)h, 2) = +00

for the case w & T3, (Z, k) and domy**(z, h,-) = Tiomy (T, h). Hence, we
complete the proofs of (i) and (ii). O
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It is worth mentioning that a chain rule for parabolic subderiva-
tives for the composite form (3.27) was achieved in [14, Exercise
13.63]? and [2, Proposition 3.42]® when g is merely a proper |.s.c.

function and the assumption that ¥(z) = F(x) — domg is metric
regular at (z,0).

2Rockafellar and R.J.-B. Wets, Variational Analysis

3J.F. Bonnans and A. Shapiro, Perturbation Analysis of Optimization Prob-
lems
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Given v € 0v(Z), we define the set of Lagrangian multipliers
associated with (z,v) by

Az, 0) :={X e R"|DF(2)*\=0v,\ € 9g(F(x))}. (3.31)
It is easy to see that
h e Ky(z,7) & DF(Z)h € K4(F(Z),\), VA e A(z,0)

whenever either the Robinson’s condition (3.18) holds or the met-
ric subreguarity (3.24) and g is Lipschitz continuous around F'(Z)
relative to its domain.
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In the following we always assume that F': R™ — R™ is twice
differentiable at z and g: R™ — R is proper, l.s.c., convex and
Lipschitz continuous around § = F(Z) (with g(7) finite) relative to
its domain.
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Proposition 3.6

Suppose that the metric subregularity constraint qualification (3.24)
holds. If for every v € 0v(Z) and X\ € A(Zz,v), g is parabolically
epi-differentiable at F'(Z) in every direction d € K,(F(Z),A), then
for every h € R™ we have the lower estimate

d*y(z,0)(h) > . _>{<>\,D2F(50)(h7 h)) +d’g(F(z), )(DF(@h)};  (3.32)

while for every h € K4(Z,v) we obtain the upper estimate

@*y(,5)(h) < inf {g"(F(2); DF(@)h, DF(@)w + D*F(&)(h, h)) — (5,w)} < oo.
(333)
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Proof. For any A € A(Z, ), we can write

g(F(z + th)) — g(F(Z)) — t(v, h)

AiY(@,0)(h) =

142
2
_ g(F (&) + tEEHNZED) _ g(F(z)) — t(\, DF(2)h)
3
_ 9@ 4t PEHEEE) — g(F(3) - (A, FEHEEEE,)
- 142
2
n (N, F(Z 4+ th) — F(z) — tDF(z)h)
142
2

Because w — DF(z)h as t — 0 and K" = h, while at the same
time , ,
MFE(Z@+th)—F(z) —tDF(T)h)
142
2
we have d%v(z, 0)(h) > d?g(F(z), \)(DF(Z)h)+(\, D*F(Z)(h, h)). This com-
plete the proof of (3.32). The upper estimation (3.33) follows from Proposition
3.5 and Proposition 2.4. O
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Twice epi-Differetiability for composite functions First/second order chain rules of subderivatives

The above result carries important information by which we
can achieve a chain rule for the second subderivative. To do so,
we should look for conditions under which the lower and upper es-
timates (3.32) and (3.33), respectively, coincide. This motivates us
to consider the unconstrained optimization problem

min {g™(F(2); DF(z)h, DF(z)w + D*F(z)(h, h)) — (5, w)}
(3.34)
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Proposition 3.7

Suppose that the metric subregularity constraint qualification (3.24)
holds. If for every v € 9v(Z) and A € A(Z,v), g is parabolically
epi-differentiable at F'(Z) in every direction d € K (F(Z), ), and
parabolically regular at F'(z) for A , then for every h € Ky(Z,0),
the dual problem of (3.34) is given by

4@, 0)(1) = | max (5 DF(@)(hb))+Lg(F(@). ) (DF(@)h),
’ (3.35)

Proof. By the classical Fenchel-Rockafellar duality theorem,
we know that the dual problem of (3.34) is given by

Ag?g@)u,D?F(z)(h, h)) 4+ d%g(F(z),\)(DF(z)h).  (3.36)
U]
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Theorem 3.6

Suppose that the metric subregularity constraint qualification (3.24)
holds. Suppose that for every v € 0v(z) and A € A(z,0),
g is parabolically epi-differentiable at F'(Z) in the direction d €
K (F(Z),)), and parabolically regulat at F(z) for A. Then 9 is
parabolically regular at & for . Furthermore, for every h € R, the
second subderivative of 1 at & for v is calculated by

d%y(z,o)(h) (3.37)
= g?gﬁ)ﬂh D?*F(z)(h, h)) + d®g(F(z), \)(DF (z)h)}
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Proof. If h € Ky(z,0), It follows from Proposition 3.6 and Propo-
sition 3.7 and Theorem 3.5 that (3.37) is satisfied and

A2y (z,0)(h) = wigﬂgn{wii(f, h,w) — (0, w)}. (3.38)

By Theorem 3.5, v is parabolic epi-differntiable at & for every h €
Ky(z,v) and domy*(z, b, -) # 0 for every h € Ky(z,v). So, since
d24(z,v) is proper, by Proposition 2.5, domd?y(Z,v) = K, (%, ).
Thus, if h & Ky(Z,0), then d®¢(z,9)(h) = .

On the other hand, since

h ¢ Ky(z,v) < DF(Z)h & K4(F(Z),\) YA € A(Z,0),

we have d?g(F(z),\)(DF(z)h) = co. Therefore, both side in (7?)
are 0o. O
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Twice epi-Differetiability for composite functions First/second' order chain rules of subderivatives

Let f = max{fi, f2,..., fm} for f; € C?. Then f is properly
twice epidfferentiable at every point z for Vv € 0f(z). Set I(z) =

{ilf(z) = fu@)}, I'(Z,h) = {i € I(@D[(Vfi(2),h) = df(@)(h)}.
Then v € 0f(Z) < v € con{V f;(Z)|i € I(Z)}, and then
d*p(z,9)(h) = bx (2,0) ()

tmazy Y ik, V2 £i(Z)h)]
icl(z)

o > O,Zai =1lv= Z a;Vfi(z)}.

i€I(z)

with h € K(z,v) iff v € con{V fi(z)]i € I'(%,h)}.
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When g is a convex piecewise linear-quadratic (or more case
where g is fully amenable), the parabolic regularity of the composite
1 = g o F and chain rule (3.37) were established in [14, Theorem
13.67] under the stronger condition of the metric regularity.

Corollary 3.1 (chain rule for twice epi-differentiability)

Suppose all the assumptions of Theorem 3.6. Then 1 is twice epi-
differentiable at Z for 2.
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4. The second order optimality conditions
for composite optimization problems
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@ The second order optimality conditions for composite opti-
mization problems
@ The second order optimality conditions for composite op-
timization problems
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4.1 The second order optimality conditions for composite
optimization problems

We consider the following composite optimization problem:

(P) min { f(z) + g(F(x))},
zeR"
where f: R" — R is twice differentiable on R", F': R" — R™ is
a twice differentiable mapping, and g: R™ — R is a proper lower
semicontinuous extended real-valued function.
Clearly, if g(-) := dx(+) is the indicator function of a nonempty
set K C Y, then the problem (P) reduces to (C'P).

(CP) mIiRn f(z) subject to F(z) € K.
TER™
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The Lagrangian function for (P) is defined by
L(z, A) = f(x) + (A, F(2)),
and the Lagrangian multiplier set is defined by
AZ) ={N e RV f(Z)+ DF(z2)*(A\) = 0,\ € 9g(F(x))}.
If T is a locally optimal solution of (P), then
0€d(f+goF)(z)=Vf(x)+0(go F)(T).

Hence —V f(z) € O(go F)(z). If the assumption of Theorem 3.4 is
satisfied, then =V f(z) € DF(z)*0g(F(x)). It is clear in this case
that

A(z) = Az, -V [(Z)). (4.1)
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Proposition 4.1

Let ¢: R” — R be an extended lower semicontinuous real-valued

function.

(i) If # is a locally minimizer of ¢ on R™, then d2¢(z,0)(h) > 0 for

all h € R™.

(ii) If the second order growth condition holds at z iff
d*¢(z,0)(h) >0, Vh e R™\ {0}. (4.2)

Wen Song Varational Analysis Approach for Composite Optimality Problems



The second order optimality conditions for composite optimi
The second order optimality condition for augmented Lag
The second order optimality conditions for composite optimization

Assume that the first order necessary condition d¢(z) > 0. Then
(i) If z is a local minimizer of ¢, then

inf ¢ (z,h,w) >0, Vh € Ky4(z,0). (4.3)

weR™

(ii) If, in addition, f is parabolically regular at z, for v = 0, then
the second order growth condition holds at z iff

inf o™z, h,w) > 0, Vh €€ K4(T,0). (4.4)
weR™

v
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Example 4.1

Let S be a convex closed subset of X and consider the corresponding indicator
function g(-) := ds(-), a point € S and a direction h € Ts(x). Recall that
dg(z,h) = brg()(h), that g*(,h,) = d72(,n(-), and that the indicator
function g is (outer) second order regular at z iff the set S is (outer) second
order regular at z. Let v € Ng(z) be such that (v, h) = 0. By proposition 3.2
we have that if S is outer second order regular at x in the direction h, then g is
parabolically regular at z in the direction h, for v, and

d?g(z,v)(h) = inf (—(v,w)) =—oc(v,T5(x,h)).

weTg(ac,h)

It is interesting to note that if v = 0, then d®g(x,0)(h) = 0 whether S is
second order regular or not. On the other hand, inf, gfi(:v,h, w) is equal to
0 iff T2(2, ) is nonempty, and is +oo otherwise. Therefore, g is parabolically
regular at z in the direction h , for v = 0, iff T2(x, h) is nonempty.
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Results presented in this section can be used to derive second
order optimality conditions for constrained problems. Let S be a
closed set of R”, let f: S — R be twice continuously differentiable
function, and consider the problem

min f(x). (4.5)

zeS

Clearly, the above problem is equivalent to minimization of the ex-
tended real valued function ¢(-) = f(-) + ds(-) over R™.
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Let z € S. We have then that for any h € X,
do(z)(h) = Vf(Z)h + 01y ) (h)-

It follows that if Z is a local minimizer of f over S, then V f(zZ)h > 0
for all h € Tg(Z). Moreover, we have that

M (@, hyw) = V F(@)w + V2F () (h, h) + Sg20. (),
for all h € Tg(Z) and w € R™, and hence
inf ™ (2, h,w) = V2 (@)(h,h) = 0 (~Vf(2), T§(z, h).

weX

If Z is a local minimizer of f over .S, then

V2f(@)(h,h) —o(=V [ (%), T§(%, h)) > 0,Vhs.t. Vf(Z)h € Ts(Z).
(4.6)
Condition (4.6) hold irrespective of S being convex or not.
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¢ is out second order regular at z iff the set S is outer second
order regular at .

If S is outer second order regular at  and 7 satisfies the first or-
der necessary optimality conditions, then the second order growth
condition holds at Z iff

V2f(z)(h, h)—o(=V f(Z), T3z, h)) >0,V h # 0s.t. Vf(x)h(e T;v 7).
4.7
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Suppose now that the set S is given in the form S := F~1(K),
where K C R™ is a closed convex and F': R® — R™ is a twice con-
tinuously differentiable mapping. Suppose further that Robinson’s
constraint qualification holds at Z. Then by the the chain rule (1.8)
we have

T5(z,h) = {w: DF(Z)w 4 D*F(z)(h,h) € Ti(F(z), DF(z)h)}.  (4.8)

Combing (4.8), the second necessary condition (4.6) becomes for every
heC@):={h e R"|DF(Z)h € Tk (F(Z)),Vf(Z)h =0},

V2f(7)(h, h) + Vf (@)w > 0, (4.9)

subject to DF(z)w + D*F(z)(h,h) € T2(F(z), DF(Z)h). (4.10)

By using duality approach, we can get the second order necessarily condi-

tion. For every h € C(x¢) and any convex set T (h) C T#(G(xo), DG(xo)h),
the following inequality holds:

sup {D? L(xo,\)(h,h) —o(\,T(R)} > 0. (4.11)
AEA(z0)
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We now consider the second order optimality condition for (P)

for ¢(z) = f(x) + g(F(x)), where g: R™ — R is proper, l.s.c.,
convex and Lipschitz continuous around g = F(Z)(with g(g) finite)
relative to its domain.

Theorem 4.1

Suppose that the metric subregularity constraint qualification (3.24) holds. Let
v = =V f(Z) € 9v(T). Suppose that for every A € A(Z,v), g is parabolically
epi-differentiable at g in every direction d € K4(y,\), and parabolically regular
at F(z) for .

(i) if Z is a local minimum of (P), then the second-order necessary condition

Jmax {(V3,L(z, VA, h) + g(F(@) NDF@R} 20 (4.12)

holds for all h € C(z) = {h € R"|(—=V f(Z),h) = dg(F(z))(DF(z)h)};
(ii) the second-order condition

ArenAaé%){<vme(:z, Mh, h) + d*g(F (%), \)(DF(Z)h)} >0 forall h € C(Z) \ {0}
(4.13)

is equivalent to the second order growth condition for ¢(z).
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@ The second order optimality conditions for composite opti-
mization problems

@ The second order optimality condition for augmented La-
grangian function
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4.2. The second order optimality condition
for augmented Lagrangian function
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4.2 The second order optimality condition for augmented
Lagrangian function

We consider the augmented Lagrangian function for the following
composite optimization problem:

(P) min { f(z) + g(F(x))}.

rER?
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The Moreau envelope e,¢(-) of a convex function ¢ at u € R™
for parameter v > 0, defined as

cdlw) = inf (p(w)+5 lu—wl?h,  (414)

wER™
is real-valued, convex and continuous, and the infimum in (4.14) is
uniquely attained for every u € R™. We denote its unique minimizer
by P,¢(u), i.e
1 _
P,¢(u) := argmin,, cpm {d(w) + EHu —w||®} = (I +vd¢) '(u), (4.15)

which is called the proximal mapping of ¢. Moreover, it was well
known that e, ¢(u) is differentiable, and its gradient

Veyd(u) = v (u — Py (u)) (4.16)
is v~ L-Lipschitz continuous.
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Following [14], the augmented Lagrangian for the problem (P) can
be expressed by

Lla A7) = f@)+ inf {g(F(@)+y)+ Z[yl* = Ay)}
ye

_ . 271_2_i2
= (@) + inf (a(F(x)+3) + 3T A=y} - 5ol

= f() + gl A F@) — o AR (417)
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Proposition 4.3

The set A(Z) of the Lagrange multipliers of the problem (P) at z
can be expressed as

A(@) = {\ € R™: D,L(z,\,7) = 0 and Dy\L(F, A, 7) = 0},

for any 7 > 0.
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In the following we assume that the function g : R™ — R is proper lower
semicontinuous convex and twice epi-differentiable at F'(Z).

Lemma 4.1

Suppose that the set A(Z) of the Lagrange multipliers is nonempty and
A € A(Z). Then, for any £ € R™, one has

d%e, —1g(r N+ F())(&, DF(Z)*A)(h) = 2d_—1 (DF(Z)h) + (A, D>F(z)(h, éz)>,8)
4.1

where

4 (DF@h) = inf {50%(F@), M) + ZIDF@h— I}
(4.19)

denotes the Moreau envelope of £d%g(F (), A)(:) at DF(Z)h.
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Denote by ¢ (z) = L(x, A, 7). From the proof of Proposition
5.1, we have Dl (z) = D,L(z,\) = 0. By Proposition 2.10 in
[11], the second-order epi-derivative of ¢,(z) at T relative to w =
D{.(Z) = 0 can be expressed as

d*(¢,)(z,0)(h) = D2, L(z,\)(h,h) + 2d.-1(DF(z)h). (4.20)
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The necessary and sufficient conditions are stated as follows:
Theorem 4.2

Let A € A(Z). Then, 0 € 84,(&) for any 7 > 0, and the following
assertions hold:
(a) (Necessary condition). If £-(-) has a local minimum at Z, then

D2, L(z,\)(h,h) + 2d.-(DF(z)h) >0, for all h € R". (4.21)
(b) (Sufficient condition). If the condition
D2, L(z,\)(h, h) + 2d, -+ (DF(z)h) > 0, for all h € R"\ {0}, (4.22)

holds, then £, (-) has a local minimum at Z in the sense of quadratic
growth condition.
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Proposition 4.4

Let A € A(Z) be a Lagrange multiplier of the problem (P) at z.
Then (4.22) is equivalent to the following condition

V2 L(z, A)(h, h) + d2g(F(z), \(DF(z)h) > 0, ¥ h € C(z) \ {0}
(4.23)

for 7 sufficiently large.
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Proof.

For any h € C(Z), by taking y = DF(Z)h, we have that
1
d—1 (DF(2)h) < 5d*g(F(2), A)(DF (2)h).

Hence, the condition (4.22) implies that

V2 L(z,\)(h, h) + d2g(F(Z), \)(DF(z)h) > 0, ¥ h € C(z) \ {0}.
(4.24)

Suppose that (4.22) doesn't hold. Then, 37, — 400 as k —
00,3hy, € R™ with [|hg|| = 1 such that

V2o L@ ) (g, he) +2d 1 (DF (2)hy) < 0.
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Observe that dTgl(') defined in (4.19) is the Moreau envelope
of $d%g(F(z),A)(-). Since 3d%g(F(z),\)(") is proper ls.c. con-
vex, the infimum of dT];1<DF( Z)hy) can be attained uniquely at
5 = Prox, 1 (J42%(F(2). \)(DF(@)he) € dombd2g(F (@), \)().
It follows that

V2,L(E, ) (i, i) 47| DF (@)~ 22+ g (F(E), ) (3) < 0.

25)
(Zk)
.25)

(&)

(4
Since {V2,L(z,\)(hi, hi)} is bounded, the term d%g(F(z), \)
is nonnegative and 7, — +o0 as k — 400, it follows from (4
that

lim ||DF(z)hy — %/ = 0. (4.26)

k—+o00
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Because ||hg|| = 1, by passing to a subsequence if necessary, we
assume that hy — h. Hence, we have ||| = 1 and by (4.26), z;, —
DF(z)has k — +oo. The lower semicontinuity of 3d2g(F(z), A)(+)
implies that DF(z)h € domd2g(F(z),\)(-), and so that

dg(F(z)(DF(2)h) = (A, DF(2)h) = (=V [ (2), ).

This implies that h € C(Z). Again, by the lower semicontinuity of
1d%g(F(2), A)(-), we have from (4.25) that

Ve L(@ A)(h, h) + d*g(F(2), \)(DF (2)h) < 0,

which contradicts (4.24). O
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Thank you very much for your attention!
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