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Gradient-based Bi-level Optimization
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Abstract—In recent years, gradient-based methods for solving bi-level optimization tasks have drawn a great deal of interest from the
machine learning community. However, to calculate the gradient of the best response, existing research always relies on the singleton of
the lower-level solution set (a.k.a., Lower-Level Singleton, LLS). In this work, by formulating bi-level models from an optimistic bi-level
viewpoint, we first establish a novel Bi-level Descent Aggregation (BDA) framework, which aggregates hierarchical objectives of both
upper level and lower level. The flexibility of our framework benefits from the embedded replaceable task-tailored iteration dynamics
modules, thereby capturing a wide range of bi-level learning tasks. Theoretically, we derive a new methodology to prove the convergence
of BDA framework without the LLS restriction. Besides, the new proof recipe we propose is also engaged to improve the convergence
results of conventional gradient-based bi-level methods under the LLS simplification. Furthermore, we employ a one-stage technique to
accelerate the back-propagation calculation in a numerical manner. Extensive experiments justify our theoretical results and demonstrate
the superiority of the proposed algorithm for hyper-parameter optimization and meta-learning tasks.

Index Terms—Bi-level programming, gradient-based method, descent aggregation, hyper-parameter optimization, meta-learning.

1 INTRODUCTION

I-LEVEL Optimization (BLO) are a class of mathematical
Bprograms with optimization problems in their con-
straints. Recently, thanks to the powerful modeling capa-
bilities, BLO have been recognized as important tools for
a variety of machine learning applications. Mathematical-
ly, BLO can be formulated as the following optimization
problem:

min

F +.
e in (x,y), st.y € S(x), (1)

where the Upper-Level (UL) objective F' is a jointly continu-
ous function, the UL constraint X’ is a compact set, the set-
valued mapping S(x) indicates the solution set of the Lower-
Level (LL) subproblem parameterized by x, and Y C domF
is a compact convex set. Without loss of generality, the
(parameterized) LL subproblem can be stated as:

min f(x,y), 2
y

where the Lower-Level (LL) objective f is jointly contin-
uous. Indeed, the BLO model in Egs. (1)-(2) is a hierar-
chical optimization problem with two coupled variables
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(x,¥) € R™ x R™. Specifically, given the UL variable x from
the feasible set X (i.e., x € X)), the LL variable y is an optimal
solution of the LL subproblem governed by x, i.e.,

y € §(x) = arg min f (x,y), 3)

Due to the hierarchical structure and the sophisticated
dependency between UL and LL variables, solving BLO
is challenging in general, especially when the LL solution
set S(x) in Eq. (3) is not a singleton [1], [2]. In this work,
we always call the condition that S(x) is a singleton as
Lower-Level Singleton (or LLS for short).

Although early works on BLO can date back to the
nineteen seventies [2], it was not until the last decade that
a large amount of bi-level optimization models were estab-
lished to capture machine learning applications, including
meta learning [3], [4], [5], hyper-parameter optimization [6],
[7], [8], reinforcement learning [9], generative adversarial
learning [10], [11], neural architecture search [12], [13], [14],
[15] and image processing [16], [17], [18], [19], [20], and etc.

Early studies focused on numerical methods to solve BLO
in Egs. (1)-(2). Classical solution schemes for BLO which
had gained popularity from the optimization community
can only manage BLO models with simple structures. For
example, by using first-order optimality conditions to replace
the LL subproblem, the original BLO in Egs. (1)-(2) is
reformulated into a single-level optimization problem with e-
quilibrium constraints; see, e.g., [21], [22], [7]. However, these
approaches involve a large number of auxiliary variables and
constraints, thus cannot address complex machine learning
tasks with high-dimensional data set.

Recently, for solving BLO, variety of gradient-based
methods associated with neural networks have attracted
great attentions. Basically, the key idea behind these gradient-
based methods is to optimize BLO with approximate best
response Jacobin (i.e., the gradient of the best response
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function about the UL variable x). According to different
features of approximations, these gradient-based methods
for BLO can be classified into two main categories: implicit
best response and explicit best response.

The first category, i.e., implicit best response, which
people also refer to as implicit differentiation ([4], [23], [24],
[25] and [26]), relies on the observation that it is possible to
replace the LL subproblem by an implicit equation. Specifi-
cally, the gradient of implicit best response takes advantage
of the Implicit Function Theorem and computes the Jacobian
by implicit differentiation equations, which depends only on
the solution to the LL optimization and effectively decouples
the UL gradient computation from the choice of LL optimizer.
These implicit equation methods derive exact best response
gradients but involve computing a Hessian matrix and its
inverse, which could be computationally expensive for large-
scale problems. To address this issue, the Hessian inverse
is always approximated by calculating Neumann series [24]
or solving a linear system with Conjugate Gradient (CG)
method [26].

For the other category, i.e., explicit best response or
automatic differentiation, the best response gradients are
obtained by automatic differentiation through iterations
of the LL gradient descent. This explicit structure mainly
includes three schemes: recurrence-based [27], [6], [3], [28],
initialization-based [29], [30] and proxy-based scheme [31],
[8]. Specifically, recurrence-based best response first calculate
gradient representations of the LL objective and then perform
either reverse or forward gradient computations (a.k.a.,
automatic differentiation, based on the LL gradients) for the
UL subproblem. In [29], [30], known for its simplicity and
state of the art performance, initialization-based structure
estimated a good initialization of model parameters for the
fast adaptation to new tasks purely by a gradient-based
search. For proxy-based scheme [31], [8], a so-called hyper-
network is trained to map LL gradients for their hierarchical
optimization.

Practical experiments have demonstrated that the afore-
mentioned gradient-based bi-level methods are very pow-
erful for solving machine learning applications. The exper-
imental performance and numerical efficiency have been
witnessed in diversified learning tasks, but research on the
theoretical convergence is still in its infancy (as summarized
in Table 1). Indeed, all the mentioned gradient-based meth-
ods require the LLS condition in Eq. (2) to simplify their
optimization processes and gain theoretical guarantees. For
example, [3], [28] enforce the strong convexity assumption
to the LL subproblem, which is even stronger than the LLS
and very restrictive for real-world complex tasks.

In response to this limitation, in this work we propose
a novel framewrok termed Bi-level Descent Aggregation
(BDA); see an early version in [32]. Note that, for exist-
ing methods within the explicit best response category,
the explicit best response approximation by optimization
iteration dynamics raises an issue regarding approximation
quality. In fact, without the LLS assumption, the dynamics
procedures of existing methods, in general may not be
good approximations. This is because in this case, the
optimization dynamics converge to some minimizers of
the LL objective, but not necessarily to the one that also
minimizes the UL objective. This unpleasant situation was

2

noticed by both the machine learning and the optimization
communities; see, e.g., [3, Section 3]. The BDA scheme, which
roughly falls into the explicit best response category, as the
approximation is also constructed in terms of optimization
dynamics, differs substantially from other gradient-based
methods. In particular, the BDA is a new framework from
the optimistic bi-level viewpoint; see Eq. (4). It establishes
suitable optimization dynamics which suffice to ensure the
desired good approximations. Indeed, in order to achieve
such a good approximation, instead of replacing the LL
subproblem with dynamics, the BDA actually replaces the
inner simple bi-level subproblem with dynamics; see Eq. (5)
for description of the inner simple bi-level. While the inner
simple bi-level subproblem contains both the LL and the
UL objectives, the BDA optimization iteration dynamics
characterize an aggregation of both the LL and the UL
descent informations. Consequently, the inner simple bi-level
dynamics converge to some minimizers of both the LL and
UL objectives.

Theoretically, this work provides a general proof recipe as
a basic template for the convergence analysis. In particular,
in the absence of LLS, the BDA convergence was strictly
guaranteed as long as the embedded inner simple bi-level
dynamics meet the so-called LL objective convergence property
and UL objective convergence property; see Section 2 for details.
Specifically, we construct dynamics for optimizing the inner
simple bi-level subproblem and hence achieve a justified
good approximation. By using some variational analysis
techniques sophisticatedly, the new optimization dynamics
are shown to meet LL objective convergence property and UL
objective convergence property without imposing any strong
convexity assumptions in either UL or LL subproblems.
Moreover, as can be seen in Table 1, a striking feature of
our study is that all the sufficient conditions we use to meet
the desired convergence are easily verifiable for practical
learning applications. We designed a high-dimensional
counter-example with a series of complex experiments to
verify our theoretical investigations and explore the intrinsic
principles of the proposed algorithms. Extensive experiments
also show the superiority of our method for different tasks,
including hyper-parameter optimization and meta learning.
We summarize the contributions of this work as follows.

o By formulating BLO in Egs. (1)-(2) from the viewpoint
of optimistic bi-level, this work provides a new gener-
ic bi-level algorithmic framework. Embedded with a
task-tailored iterative gradient-aggregation dynamics
for solving the inner simple bi-level, our framework
owns the ability to flexibly capture different types of
learning tasks.

o We establish a general convergence analysis template
and an associated proof recipe for our proposed
algorithmic framework. In particular, the convergence
of our developed algorithm can be strictly justified
without the singleton assumption on the LL subprob-
lem, which is always required by existing approaches.
Please see Table 1 for more details.

e Our analysis further demonstrates that the iterative
gradient-aggregation dynamics (i.e., Eq. (8)) can also
be interpreted as a new scheme for solving the simple
bi-level problem without the UL strong convexity.
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TABLE 1
Comparing the convergence results between our method and existing gradient-based bi-level methods in different scenarios (i.e., BLO with and
without LLS condition).

w/o LLS
Alg. LLS
8 with UL Strongly Convex w /o Strongly Convex
UL F(x,-) is Lipschitz continuous.
Existing LL {yx (x)} is uniformly bounded on X,
Gradient-based yvr(x) & y*(x). Not available Not available
Bi-level Methods Main results: xx — x*,
infxex px (x) = infxex (x).
UL F(x,-) is Lipschitz continuous. F(x,:) is Lr-smooth,
and o-strongly convex.
32] {yx(x)}is umforml}; bmjnded onX, | f(x,:)is L f-.smoot.h and convex, Not available
LL fx,yr(x)) = f1(x). S(x) is continuous.
f(x,y) is level-bounded in y locally uniformly in x € X.
Ours Main results: xx — X*, infxex px (x) = infxex p(x).
UL F(x,-) is Lipschitz continuous. F(x,-) is Lrp-smooth, convex and bounded below.
This
{yx (x)} is uniformly bounded on X, .
Work | LL © e f(x,-)is L¢-smooth and convex.
F o,y () % £ (). it
Main results: xx = x*, infxex @x (X) = infxex p(x).

Here % and - represent the subsequential and uniform convergence, respectively. The superscript * denotes that it is the true optimal

variables/values.

Consequently, the assumptions required by our frame-
work have been significantly weakened.

o Last in order of occurrence but just as important, we
design a new high-dimensional counter-example (i.e.,
Example 1), which explicitly illustrates the limitations
of existing gradient-based bi-level approaches and
verifies our above theoretical investigations. A variety
of numerical experiments have also been conduct-
ed to demonstrate the superiority of the proposed
algorithmic framework.

2 THE PROPOSED ALGORITHM

Form an optimistic bi-level perspective, this section first
initializes a generic framework for designing an explicit best
response type algorithm for solving BLO (i.e., Egs. (1)-(2)).
Besdies, this section also introduces a developed template for
analyzing the convergence algorithms within the framework.

2.1

From an optimistic bi-level viewpoint!, we can reformulate
Egs. (1)-(2) as

Our Algorithmic Framework

= inf
yEVYNS(x)

min p(x), with p(x) 4)

min F(x,y).

Such reformulation reduces BLO to a single-level problem
minge » ¢(x) w.r.t. the UL variable x. While for any given
X, ¢ actually turns out to be the value function of a simple
bi-level problem w.r.t. the LL variable y, i.e.,

mi§]1 F(x,y), s.it.y € §(x), (with fixed x). (5)
ye

1. For more theoretical details of optimistic BLO, we refer to [2] and
the references therein.

Based on the above analysis, we actually could update y by

Yk-‘rl(x) = 77<7+1(X7yk(x))’ k= 07' o 7K - 17 (6)

where yo(x) = yo with some vector yg € Y and Ty (x,-)
stands for a schematic iterative module originated from a
certain simple bi-level solution strategy on Eq. (5) with a fixed
UL variable x. Then we can replace ¢(x) by F(x,yx(x))
and approximate Eq. (4) as:

min o (x) = F(x, yxc(x))- %

XEX
With the above procedure, the BLO in Egs. (1)-(2) is approxi-
mated by a sequence of standard single-level optimization
problems.

Now we are ready to establish the new convergence
analysis template, which describes the main steps to achieve
the converge guarantees for our bi-level updating scheme
(stated in Egs. (6)-(7), with a schematic 7). Basically, our
proof methodology consists of two main steps:

(1) LL objective convergence property: {yx(x)} is
uniformly bounded on X, and for any € > 0, there
exists k(e) > 0 such that whenever K > k(e),

sup {f(x,yx (%)) = [*(x)} < e

xeX

UL objective convergence property: For each x €
X,

lim ¢r(x) = p(x).

K—oo

With the above discussions, solving the BLO reduces

to solve a simple bi-level problem in Eq. (5) w.r.t. the LL
variable y, and subsequently solve a single-level problem in
Eq. (7) w.r.t. the UL variable x.
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2.2

To capture more general bi-level applications without UL
strong convexity, we shall construct an implementable solu-
tion strategy for solving the inner simple bi-level subproblem
(i.e., Eq. (5)). Thus, in this part, we propose a gradient type
method for solving simple bi-level problems (i.e., Eq. (5))
with merely convex UL and LL objectives. In particular, the
descent informations of both the UL and LL objectives are
aggregated to design 7. For a given x, the descent directions
of the UL and LL objectives can be defined separately as

dg(x) = Suva(Xa yk(x))a
] (x) = siVy f(x, yx(x)),

where s,, s; are their step size parameters. The new simple
bi-level algorithm then reads as

Improved Iteration Modules

Fre1(x) = yi(x) — (pord{ (x) + (1 - wBrd{(x)) o
Tiv1 (%, ¥%(X)) = Yit1(%) = Projy, (Yr+1(x)),
where k =0,...K —1, u € (0,1) and a, B € (0,1] denote

the aggregation parameters. Proj means the projection
operator. Actually, if we set S, = (1 — poyg)/(1 — p), the
above iterative module y1 reduces to the iteration scheme
in [32, Eq. (10)].

3 THEORETICAL INVESTIGATIONS

In this section, we first derive a general convergence proof
recipe in Section 3.1 according to the developed analysis
template (stated in Section 2.1). Following this roadmap,
convergence behaviors of gradient-based bi-level methods
can be systematically investigated (Section 3.2).

3.1

We brief some definitions, which are necessary for our
analysis. One may also refer to [33] for more details on
these variational analysis properties.

General Convergence Recipe

Definition 1. A function p(x) : R™ — R is Upper Semi-
Continuous (USC) at X if limsup,_,z ¢(x) < ¢(X), or e-
quivalently limsup, .z ¢(x) = ¢(X), and USC on R™ if
this holds for every X € R™. Similarly, p(x) is Lower Semi-
Continuous (LSC) at x if liminfx_,5 ¢(x) > ¢(X), or equiva-
lently lim infx_, p(x) = @(X), and LSC on R™ if this holds for
every X € R™. Here limsup,_, ¢ ¢(x) and lim infx_,% ¢(x) are
defined as

lim sup p(x) = hm [bupxel&g(x) @(X)}
X—X
= égf [SupxeBg(x ):| ’

liminf p(x) = hm [Hlfxe]B(;(x) o(x)]

X—X
= iup [1nfxe135(x) 90 )] )

where Bs(x) = {x|dist(x,%) < ¢}

To conduct the convergence analysis, We first make the
following standing assumption.

Assumption 1. F(x,y) and f(x,y) are continuous on X x R™.
Forany x € X, F(x,-) : R™ — R is Lp-smooth, convex and
bounded below by My, f(x,-) : R™ — R is Ly-smooth and
convex.

4

Thanks to the continuity of f(x,y), we have the following
semi-continuity over partial minimization.

Lemma 1. Denote f*(x) = miny, f(x,y). If f(x,y) is contin-
uous on X x R™, then f*(x) is USC on X.

Proof. For any sequence {x;} C X satisfying x; — X € X,
and given any € > 0, let y € R™ satisfy f(X,y) < f*(X) + e
As f is continuous at (X,¥), there exists T' > 0 such that

1) < fx,9) < F(x9) +e < f7(%) + 26, Vi>T,

and thus
limsup f*(x;) < f*(X) + 2e.

t— o0
By taking € — 0, we get limsup,_, . f*(x¢) < f*(X). O

Equipped with the above two properties (i.e., LL objective
convergence property and UL objective convergence property), we
can establish our general convergence results in the following
theorems for the schematic bi-level scheme in Egs. (6)-(7).

Theorem 1. (Convergence towards Global Minimum) Suppose
both the above LL and UL objective convergence properties hold and
f(x,y) is continuous on X xR™. Let X ¢ € arg mingex @i (x),
then we have

(1) Any limit point X of the sequence {xy} satisfies that
X € argmingex ¢(x)
(2) infxex px(x) — infxex @(x) as K — oo.

Proof. For any limit point X of the sequence {xx }, let {x;} be
a subsequence of {x } such that x; —» X € X. As {yx(x)}
is uniformly bounded on &', we can have a subsequence
{xm} of {x;} satisfying y.,(x,,) — ¥ for some y. It follows
from the LL objective convergence property that for any € > 0,
there exists M (€) > 0 such that for any m > M(e), we have

f(Xmqu(Xm)) - f*(X

By letting m — oo, and since f is continuous and f*(x) is
USC on X, we have

f&y) - ®) <e
As € is arbitrarily chosen, we have f(X,y) —
thus y € S(x).
Next, as F' is continuous at (X,y), for any ¢ > 0, there
exists M (e) > 0 such that for any m > M (e), it holds

F(iv y) < F(XmaYm(xm)) + €.
Then, we have, for any m > M(e) and x € X,
X)= inf F(X,
p(x) = inf F(xy)
< F(xy)
S F(Xm7 ym(xm)) +e€
= @m(xm) +e€
< pm(x) +e

Taking m — oo and by the UL objective convergence property,
we have

m)g6

f*(x) <0and

)

p(x) < n}gnoo om(x)+e=p(x)+e VxeX.
By taking € — 0, we have
p(X) < p(x), Vxed,
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which implies X € arg minyge x ¢(x).
We next show that infxex ¢ (x) — infxex p(x) as K —
oo. Since for any x € X,

i <
Jnf or(x) < ¢x(x),

by taking K — oo and with the UL objective convergence
property, we have

lim sup { inﬁ( @K(x)} < p(x), Vx € X,

K—oo x€

and thus

o : < .
h}I{ﬂ SUp {;gg QK (X)} < inf o(x)
So, if infxex ¢ (x) — infxex p(x) does not hold, then there
exist § > 0 and subsequence {x;} of {xk } such that

Jnf ¢i(x) < inf p(x) -4, Vi. (10)
Since & is compact, we can assume without loss of generality
that x; -+ X € & by considering a subsequence. Then, as
shown in above, we have X € arg minxe x ¢(x). And, by the
same arguments for deriving Eq. (9), we can show that for
any € > 0, there exists k(e) > 0 such that for any | > k(e), it
holds

o(x) < @i(xg) + e

By letting | — 00, ¢ — 0 and the definition of x;, we have

. — (%) < limi .
Jnf o(x) = p(%) < liminf {;g( @1 (X)} :
which implies a contradiction to Eq. (10). Thus we have
infxex wr(x) = infxcx p(x) as K — oo.

O

Theorem 2. (Convergence towards Local Minimum) Suppose
both the LL and UL objective convergence properties hold and let
xx be a local minimum of ¢k (x) with uniform neighborhood
modulus 6 > 0. Then we have that any limit point X of the
sequence {Xx } is a local minimum of ¢, i.e., there exists § > 0
such that

p(x) < p(x), VxeBzx)Ni.

Proof. For any limit point X of the sequence {xx}, let {x;}
be a subsequence of {xx} such thatx; - X € X and x; €
Bs/2(X). As {yx(x)} is uniformly bounded on X, we can
have a subsequence {x,,} of {x;} satisfying y,,,(xm) = ¥
for some y. It follows from the LL objective convergence property
that for any € > 0, there exists M (e) > 0 such that for any
m > M(e), we have

f(xmaYm(Xm)) - f*(xm) Se
By letting m — o0, and since f is continuous and f*(x) is
USC on X, we have
fxy) - (%) <e

As € is arbitrarily chosen, we have f(X,y) — f*(x) < 0 and
thus y € S(x).

Next, as F' is continuous at (X,y), for any € > 0, there
exists M (e) > 0 such that for any m > M (e), it holds

F(Xv y) S F(vaym(xm)) te

Then, we have, for any m > M(¢) and x € X,
X) = inf F(x,
o) = int_ F(x.y)
< F(x,y)
S F(Xm7ym(xm)> +e€
= ©m(Xm) + €.

Next, as x,, is a local minimum of ¢,,(x) with uniform
neighborhood modulus §, it follows

@m(xm) < @m(x)7 Vx € Bé(xm) nax.

Since B;,2(X) € Bs/a4(jx,,—x| (Xm) € Bs(%m ), we have that
for any € > 0, Vx € Bj/5(X) N X, there exists M (¢) > 0 such
that whenever m > M (e),

Som(xm) +e< QDm(X) +e< SD(X) + e

Taking m — oo and by the UL objective convergence
property, we have

p(x) < I

m—r

OOc,om(x) +e=p(x)+e VxE€Bsp(x)NA.

By taking € — 0, we have

p(x) < p(x), Vxe€Bsp(X)NA,
which implies X € arg minyeg, ,,(x)nx p(x), i.e, T is a local
minimum of ¢. O

3.2 Convergence Analysis

The desired convergence can be successfully achieved once
the embedded task-tailored iterative gradient-aggregation
modules 7, meet the LL objective convergence property and the
UL objective convergence property. As the LL objective conver-
gence property is weak and hence easy to meet, it provides
us more flexibility to design algorithms. In particular, the
iteration module in Eq. (8) is constructed for solving simple
bi-level inner subproblem in Eq. (5) with merely convex UL
objective.

This section is devoted to the justification of the approx-
imation quality and hence the convergence of our bi-level
updating scheme (stated in Egs. (6)-(7), with embedded 7,
in Eq. (8)). Following the general proof recipe, we only need
to verify that the convergence of 7}, in Eq. (8) meets the LL
objective convergence property and the UL objective convergence
property. To investigate the convergence behavior of the
proposed simple bi-level iterations 7T in Eq. (8), with fixed
x, we first introduce two auxiliary variables

Zj11 (%) = k(%) = suax VE (%, y4(x))

and
zh 1 (X) = yi(x) — 818V (%, yi(x)).

We further denote the optimal value and the optimal
solution set of simple bi-level problem (i.e., Eq. (5)) by ¢(x)
and S(x), respectively. First, we show the convergence result
for our proposed algorithm, i.e., Egs. (6)-(7), with embedded
Tr in Eq. (8).

Theorem 3. Let {yx(x)} be the sequence generated by Eq. (8)
with oy, € (0,1], ax \ 0, 3 ap = +00, B € [B, 1] with some
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B>0,s,€(0,2-), s1 € (0, 2

Y is compact, for any given x, if S (x) is nonempty , we have

lim dist(yx(x),S(x)) =0,
k—o0

) and p € (0,1), suppose that

and then

Jim F(x,yu(x)) = p().

Specially, when we take o, = 1/(k + 1), we have the
following uniformly complexity estimation. We first denote

D = sup |y —y'l, Mp = sup [VF(x,y)|| and
yy'ey cXyey

My = sup ||[Vf(xy)l And it should be notice that
xeX,yey

D, My and M ¢ are all finite when X" and Y are compact.

Theorem 4. Let {yy(x)} be the sequence generated by Eq. (8)
with oy = k}H, Br € [8,1] with some 3 > 0, | B — Br—1] <
(k+1)2 with some c¢g > 0, 5, € (0,7-), s1 € (0, L%) and

€ (0,1). Suppose S(x) is nonempty, Y is compact, F(x,-) is
bounded below by My, we have for k > 2,

( )”2 < 2C’2ﬁ+03) 1+1nk

/ 202 +C /1+1nk

[y5(%) = 2} 14

f(ZiH_l(X)) mmf <
where Cs := M , Cy = (s]L3D + 4DLf)m,

A=)(-sL;)
C Co(D? 425, (p(x)— AIO))+2[,LS1LDI\4F+2(1 ,u)slc[gDMf and
1 mln{(l s1L7),(1—suLr),1}

Co = max{2 + cﬁ/ﬁ 3}.

Now we are ready to establish our fundamental LL and
UL objective convergence properties required in Theorem 1.

Theorem 5. Suppose Assumptions 1 is satisfied, X and Y are
compact, and S(x) is nonempty for all x € X. Let {yr(x)} be
the output generated by( Ywith s; € (0,1/Ly), s, € (0,1/LF),

e (0, 1) = k+1' Br € [B,1] with some > 0, |Br —
ﬂk 1l < k+1)2 with some cg > 0, then we have that both the LL
and UL objective convergence properties hold.

Proof. Since X and ) are both compact, and F(x,y) is
continuous on X x Y, we have that F(x,y) is uniformly
bounded above on X' x ) and thus minycyns(x) F(X,y) is
uniformly bounded above on X. And combining with the
assumption that F(x,y) is uniformly bounded below with
respect to y by My for any x € X, ) is compact, we can
obtain from the Theorem 4 that there exists C' > 0 such that
for any x € X, we have

Fooyi) - 00 < ) [ FERE,

As Hl“K — 0as K — oo, {yx(x)} C Y, and Y is

compact LL objective convergence property holds. Next, it
follows from Theorem 3 that ¢x(x) — ¢(x) as K — oo
for any x € X and thus UL objective convergence property
holds. O

3.3 Proof of Theorem 3

As the identity of x is clear from the context, in Section
3.3 and 3.4, for succinctness we will write ¥(y) instead
of F(x,y), ¥* instead of ¢(x), ¥(y) instead of f(x,y), S
instead of S(x), and S instead of S(x). Moreover, we will

TABLE 2
Summarize the updating schemes of UL variable x and LL variable y
under different conditions (i.e., with and without LLS assumption).
“Traditional” and “Ours” respectively denote the iteration schemes with
and without LLS condition.

Gradient-based Methods| BDA
Types s

(Traditional) (Ours)

min F(x,y),
. min f(x,y) vey
Dynamics y s.t.,y € argmin f(X,y)

Yy

yr — S(x) yK—>S’(X)
Approximation min F(x, yx (x))

omit the notation x and use the notations yy, z}, , and z}
instead of y(x), z},;(x) and z} , | (x), respectively.
Lemma 2. Let {y} be the sequence genemted by Eq. (8) with
ag, Br € (0,1], sy € (0, =), 51 € (0, 7 ;) and ju € (0, 1), then
forany y € ), we have

<1 — WP (x,y) + L2k P(x, )
( 1) Br. f (x, Zk+1) + MsuakF()Q Z%+1) - T};l”y - Yk||2
1
s lly — yerl? + 25;”(1 — BesiLg)|lyn — 2 |12
+25 (1 akSuLF)HYk -z 4|?

2
+Tm (= w2y + pziy) = yenl

)
Proof. It follows from the definitions of z{', , and z},, , that

0= apV(yy) + B

P o (12)
0= BeVip(yg) + 2222,
and thus for any y, we have
0:ak<vql(yk)ay_zz+l>+<Zk%u_ykay_zz+l>7 (13)
and
O = /6k<V7/’(Yk)7Y - Z§€+l> + <M7y Zk+1>' (14)

As 1) is convex and V1) is Lipschitz continuous with constant
Ly, we have

(Vo(yr),y — Z§§+1>

= (VY(yr),y — ¥&) + (VO(¥r), Yk — Zj11)

<P(y) = ¥(yw) +¥(yx) — ¢(Z§f+1) + %Hyk - Z24—1”2

= 0(y) = ¥(zh ) + Ly — zh o 1

(15)

Combining with (z} ,; — yr,y — zk,1) = 3(ly — y&l* -
Iy = Zh1I? = lyr — 2411 [1?) and Eq. (14) yields

B (y) = Betp(zh, 1) — gg, ly — yel* + Tngy Zk+1H2

tag (1= BrsiLg)llyr — 2 |
(16)
As ¥ is convex and V'V is Lipschitz continuous with constant
L, by similar arguments, we can have

arp¥(y) > ap¥(zl, ) — ﬁ\ly —yill® + 5 lly — 212
+og (1= apsuLp)llyr — 2i 4|12
(17)
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Multiplying Eq. (16) and Eq. (17) by 1 — pz and 5““
tively, and then summing them up implies that

(1= p)Brip(y) + B2 (y)

> (1~ )5k¢(zk+1) + ko lak‘P(ZkH) 25l lly — Yk||2
+ag (1= Wlly = zh o 12 + ully — 21 11%)

+ 3 (1 = Busi L) llyk — 2|2

+2Zl (1= arsulp)|lyr — lei+1||2~

, respec-

(18)

By the convexity of | - ||, we have

(= mlly = 2|2+ plly ~ 2y P

>y — (1= wzf g + pzi ) |
Next, as Proj v is firmly nonexpansive (see, e.g.,[34, Proposi-
tion 4.8]), for any y € Y, we have

ly = (1 = w)z) 1 + pziyy) ||2

>y — yerl? + || ((1 - ﬂ)zgc-u + sz-s-l) - y’€+1H2 :

Then, since ay, S < 1, we obtain form Eq. (18) that for any
yey,

( w)B(y) + Fe U (y)

2 ( 1B (B yy) + 22U (z) ) — 5 lly — yell?

o lly — yee |2+ S5 “>(1 — BrsiLy)|lyk — 2|
+ﬁ(]‘ - akSULF)Hyk - zk+1||2
2
+2%1 H<(1 - N)Zk+1 + HZkH) - Yk+1|| .
(20)
This completes the proof. O

Lemma 3. Let {ay} and {by} be sequences of non-negative real
numbers. Assume that there exists ng € N such that

ags+1 +br —arp <0, Vk > ng.

Then limy_, o0 ay, exists and Y po ; by, < 00.
Proof. Adding the inequality
ak+1 +bg —ag <0,

fromk =ngtok =n—1, we get

n—1
-+ Z b < Qpg -

k}:’n()

By letting n — oo, we get ;2 by < 00. As {ar}e>n, is a
non-negative decreasing sequence, limy,_, . aj, exists. O

Lemma 4. Let {y} be the sequence generated by Eq. (8) with
ar € (0,1, B € (0,1], sy € (0,7;), s € (0,7) and
€ (0,1), then for any y € S(x), we have

(21)

121 = 31| < llyr = ¥1-

Furthermore, when ) is compact, sequences {y}, {z.}, {z%} are
all bounded.

Proof. According to [34, Proposition 4.8, Proposition 4.33,
Corollary 18.16], we know that when 0 < s < L%/ 0<
RSy < ﬁ, operators Id — B5;V and Id — ays, V'V are
both nonexpansive (i.e., 1-Lipschitz continuous). Then, since

7

21 =y — BresiV(yr) and y =y — BrsiVip(y) for any
y € S, we have

=yl = llyx — BesiV(yr)
< llyx — ¥l

1211 -y + Besi V()|

If YV is compact, then the desired boundedness of {y}
follows directly from the iteration scheme in Eq. (8). And it
follows from ||z}, — ¥|| < |lyx — yl| that {z} } is bounded.
Next, because

¥ — s VE@)) < llyx =¥,

and oy, € (0, 1], we have {z}} is bounded. O

||Z71é+1 -

Now, we are ready to give the proof of Theorem 3.

Proof of Theorem 3. Let 6 > 0 be a constant satisfying 6 <
zislmin{(l — 1)1 — s Ly), (1 — s,Lp)}. We consider a
sequence of {7,,} defined by

Ty 1= max{k EN|k<nandd|yr_1 — 24|

+llyior = 21 + 2k 10— )z + o) — il
L (W(7) — U7) < 0.

Inspired by [35], we consider the following two cases: (a)
{7} is finite, i.e., there exists ky € N such that

w 2
Sllye—1 — 2zl + 15 [|((1 = )z}, + pzy) — v
+0llyr—1 — 2z lI> + “W L (U(zg) - 9*) >0,

for all k > ko; (b) {7,,} is not finite, i.e., for all kg € N, there
exists k > kg such that

—}’kH2+
U*) < 0.

Sllyr—1 — ztl* + 4 [1((1 = p)zj, + pzi)
Ollyn—1 — 2z ||” + ESh=t (U (z) —

Case (a): We assume that {7, } is finite and there exists kg € N
such that

O yr— 1—Z;€||2+K [((1- )ZZ+HZ}$)—}%H2

o1 4 22
Follyer — P+ e () — vty >0, &)

for all k > ko. Let § be any point in S, setting y = y in

Eq. (11), as ¢(y) = minyepn 1(y) < (2}, 1), 1 € (0,1) and
ag, Br < 1, we have

2£l lly il
1 1—s; L
> |y =y |2 4+ (GGmebe)
1 WL
+ (%zp) - ) llye — ZZ+1H2

1 2
+ia 1( )Zk+1 + pzi ) = Y|
+5HYk - Zk+1|| + 5HYI€ - Zk+1||2

8) Iy =z I?

+og (= wzhyy + pzi ) = e
+heese (\IJ(ZkJrl) ).
(23)
Forall k > ko, 0 < § < Tilmin{(l — (1 — s Ly), u(1 —

syLr)} and Eq. (23) imply
zgl ||y yill®
> 5 17 = yeall? +6llys — 2y [ + Ollyw = ziall?

‘*‘4; (0= p)zfyy + pzi,) — Yk+1||
+% (\I/(zk_H) U,
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Combining with Eq. (22), it follows from Lemma 3 that

o0
kX—:O llyr — Z§c+1”2 < 00,

S 2
Z lye —zi, 4 [|° < oo,

2
Z (1= wzhr + pzitsy) = Ve | < oo,
g:o o (U(zp, ) — ¥*) < oo,
and limg_, [|¥ — y&||? exists.

We now show that there exists subsequence {y¢} C {yx}
such that limy_, . ¥(y,) < ¥*. This is obviously true if for
any k > 0, there exists k > k such that U(y;) < U*. Thus,
we just need to consider the case where there exists k > 0
such that U(yy) > U* for all k > k. If there does not exist
subsequence {y,;} C {yx} such that limy_,o, ¥(y,) < T,
there must exist ¢ > 0 and k; > max{k, ko} such that
U(yy) — U* > 2eforall k > k1. As Y is compact, it follows
from Lemma 4 that sequences {y} } and {z}'} are both bound-
ed. Then since ¥ is continuous and limg o [|yx =2} 1] = 0,
there exists ky > ki such that [¥(y*) — U(z}, )| < € for all
k > ky and thus ¥(z ;) — U* > ¢ for all k > ky. Then we

have
eZak<Zak (z41) \I/*)<oo,
k=k2 k=k2
where the last inequality follows from

Soreoak (U(zf,,) —¥*) < oo. This result contradicts
to the assumption >~ o = +00. As {y} is bounded, we
can assume without loss of generality that limy ,ocy; =y
by taking a subsequence. By the continuity of ¥, we have
U(y) = limp_ oo U(ye) < U*. Next, let k = £ and ¢ — oo
in Eq. (12) , by the continuity of Vi, 8 > 3 > 0, and
limy o0 [|lyr — 244 1]| = 0, we have

0€ Vy(y),

and thus y € S. Combining with ¥(y) < U, we
show that y € S. Then by taking ¥y = y and since
limy, o0 |y — yi || exists, we have limy._,o |y — y/* = 0
and thus limy_, dist(yx, S) = 0.
Case (b): We assume that {7,} is not finite and for
any ko € N, there exists k > ko such that d||yr— -
z|? + Ollye—1 — 2l1” + 4 [|((1 = p)z), + paf) — k”
FReli=t (U(zy) — ¥*) < 0. It follows from the assumption
that 7, is well defined for n large enough and lim,,_,oc 7, =
+00. We assume without loss of generality that 7, is well
defined for all n.
By setting y = Proj¢(y) in Eq. (11), we have
%ﬂdist2 (Yk, S)
. 5 1—p)(1—s, L
> Ldist(yesr, S) + (S —6) |y — 2l 2
1—s,L u
+ (M52 = )y = skl + =i |
+ 0llyr — zj i I + 4gl (1= )2y + pzisy)

+E H )Zk:+1 + Nzk+1) - Yk+1||
+ B (\II(ZI@H) %) + By, (V(2)11)

2
- }’k+1H

—minw) .
(24)

Suppose 7, < n — 1, and by the definition of 7,,, we have
Sllyr — Z§<:+1||2 + dllyr — Z11$+1||2 + M (\II(Z%+1) ; \I/*)
oo (= )z, +Mzk+1> Yer|” >0,
forall 7,, < k <n —1. Then

hk+1—hk§0, Tngkgn—L (25)

where hy, = %&distQ(yk, S ). Adding these n — 7, inequali-
ties, we have

ho < b, (26)

Eq. (26) is also true when 7, = n because h,, = h,. Once
we are able to show that lim,,_,- h,, = 0, we can obtain
from Eq. (26) that lim,, o by, = 0.

By the definition of {7,,}, ¥* > ¥(z}) for all k € {7,,}.
Since Y is compact, according to Lemma 4, both {y., } and
{z¥ } are bounded, and hence {h,, } is bounded. As ¥ is
assumed to be continuous, there exists M such that

0< U — U(zl) < U — M.

According to the definition of 7,,, we have for all k € {7,},

O(llyr—1 — 2zl + llye—1 — ZZII?

(1= )z} + pezg) = yi
() < B (v

481

< HSuSO;k—l (\I/* _ _ MO) .

As lim,, o, T, = +00, ar — 0, we have

hmn—)oo ||y'rn71 |
limy, o0 [lyr, -1 — |
limy, o0 || ((1 —H Zi—n + pz ‘rn)

l |
7-
u |
7-

Y‘rn

Let y be any limit point of {y,,}, and {y,} be the subse-
quence of {y, } such that

lim y, =y,
{— 00
as hmn%oo ||y-:—nfl - y‘rnH S 11mn~>oo(||y7n71 -

(V= )zl +pze )|+ 1 (1= )zt + pzt ) —yr,ll) = 0.
We have limy_ ,ys-1 = y. Letk = /¢ —1and { -
in Eq. (12), by the continuity of Vi, f > ﬁ > (0 and
limy o0 [|[ye—1 — 24| = 0. Then, we have

0 € Vi(y),

and thusy € S. As U* > U(z}) for all k € {r,,} and hence
U* > W(zy) for all £. Then it follows from the continuity of ¥
and lim,, o [|2¥ —yr,|| = 0 that ¥* > W(y), which implies
y € S and limg_,0 hy = 0. Now, as we have shown above
that y € S for any limit point y of {y, }, we can obtain from
the boundness of {y., } and {h,, } that lim,_,. h, = 0.
Thus lim, 00 by, = 0, and limy_, oo dist(y, S) = 0. O

3.4 Proof of Theorem 4

Lemma 5. Let {y} be the sequence generated by Eq. (8) with
ag = %_H, B € [Q, 1] with someﬂ >0, |ﬁk — Br—1] < (kj—il)
with some cg > 0, s, € (0, Ll ), s1 € (0, 2 )tmd w € (0,1),
then for any y € S(x), we have

lyes1 — yill® < llyr —yr-1l> + (kf1 s lyk—1 — 2|2
21— DM B (1
+ ( él}c)j_llc)% L + 2#]25(]‘;5%11? + 62(’:"1)4 ||yk 1= ZkH2
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Proof. According to [34, Proposition 4.8, Proposition 4.33,
Corollary 18.16], we know that when 0 < fs; < L%u 0<
RS, < ﬁ, operators Id — Bs;Vy, Id — ays, VY and
Proj,, are all nonexpansive (i.e., 1-Lipschitz continuous).
Next, as

Vi1 = Projy (pzf, + (1 — )z ;)

= Projy, (yr — (nowsu V¥ (yr)+(1—p) BrsiV(yr))) »

by denoting AF = aj, — ap_; and A’g = Br — Br_1, we
have the following inequality

||Yk+1 Yk”

< M||Zk+1 - Zk||2 + (1 - )||Zk+1 - Zk”

< pl(Id = arsu V) (yr — yie-1)[? + :U’Su|Ak| IV @ (yy—p))? min {1 = siLy), (1=

+205,| 0% || (1d — a5, V) (yk — Y1) IV (yr—1)||
+(1 = pl|(Id = BrsiVY) (yk — ye—1)|?
+2(1 - )Sl\Ak|||(Id BrsiVY) (yr — Yie—1) || VY (yr—1)|l

(1 — p)s?|Ak Ve (yen)?

< vk — o] + 2usu| AL lye — yir [IVE(yi-1)]
AF (1—p)|AZ]

+e0260 1 — g2 + Sy — 2

12(1- Wil ABlIyr = ye-1lllI Ve (yr-1)l,

where the first inequality follows from the nonexpansiveness
of Proj, and the convexity of || - ||2 the second inequality
comes from the definitions of z, z! and the last inequality
follows from the nonexpansiveness of Id — 5,V and Id —

a5, VY and the definitions of z};, zﬁv. Then, since ), = L

C +1
Br = B>0,[Br = Br-1l < gz, D =supy ey lly =¥,
supyey [[V¥(y)|| < My and supyey [VY(y)|| < My, we

have the following result

[yre1 = yell> < llye — yr-a1ll® + (k+1)2||}’k 1 — z|?
2(1— DM 248, D M, (1 u)c
+ 2O 4 MDA 4 oy — 2|

O

Proof of Theorem 4. Let ¥ be any point in S, and set y = ¥ in
Eq. (11), since ¢(y) = minyepn ¥(y) < ¥(z}, ), we have

Iy — vel® + 455 (O — w(zht))

> 515 = el + 31— )@ = BrsiLy)lye — ziiq |12
+%N(1 —asulr)|lyr — ZE-HH2
+% H ((1 - /‘)chﬂ + NZ%H) - Yk+1||
(27)
Adding the Eq. (27) from k = 0 to £ = n — 1, and since
ak, B € (0, 1], we have

n—1
Iy = vall? + 51 = w)(1 = siLy) EO Iye = 2z |1?

+5u(1 — suLr) Z Iy —zi il

2
+3 Z (0= w)z) s + pzityy) = yrr|
< 2||y y H2 + Z ’i:l (\P* - \I/(Z%+1))
< 2||y y H2+Su(1+1nn) (\II MO)a

(28)

9

where the last inequality follows from the assumption that
inf & > Mj. By Lemma 5, we have

||Yk+l Ykll < ||Yk — Y- 1||2 + (k+1)2 ||y19 1— Zk||2
2(1—p)s;cg DM Su (1—p)c}
+ 2B o D & e Iy — 2
(29)
and thus
9 n—1 5 n—1 5
nllyn = yn-1ll* < kZ_DO Vi1 — yel* + p kZ_DO (N
1 2 2 n—1
+URE S yi— g [P+ 25 DMp+2(1— r)sics DM
k=0
(30)
Then it follows from Eq. (28) and Eq. (30) that
SULF)’ 1} n”Yn - Yn—1||2
n—1
<min{(1—sLy),(1 = suLr), 1} 2 |lyrs1 — yul?
k=0

‘mm‘mw

FHU =)= L) T Iy~ 2l + 25D M

41 = suLe) ' = 2l + 201 = p)sies DMy
<@+ G- = aL) T lve s

+30(1 = 5uLe) T [lvi = 2 2+ 201~ wsies DM

+2 Z (1 Yk+1H2 + 2usy DMp

< max{2+ ﬁ2,3} (17 = yoll* + 25 (1 +Inn) (¥*
+2us, DMp + 2(1 — p)s;cg DMy,

1)zg oy + pzi ) —

— My))

where the second inequality comes from y, — yr4+1 = (1 —

Pk = Zyr) +u(yr =z ) + (1= w)zg o + sy — Yin
and the convexity of || - ||>. Combining with ||y — yol|| < D,

we have Ci(1 + Inn)
nn

lyn — yn—lll2 < ! n ) (31)

where Cy := (max{2 + C%/QQ,S}(D2 + 25, (T* — My)) +

2usyDMp + 2(1 — p)sicgDMy)/min{(1 — s;Ly),(1 —
syLF),1}. Next, by Lemma 4, we have for all k,

|2k 1 = Yell < llzky =31+ lye = 31 < 2lly - 3] < 2D.

Then, we have

gzlzia — yil®
z_ -y [——
< B:leZk Vi1l k+l - - zkﬁk{lkl ol
zl . —y — Ve
+71 ||Zk Yi— 1||2+|| Hl = — Z"Bkﬁ 1H2
< 52 [ 1||2+512||V¢(Yk)*V¢(Yk—1)||2
+5k 1||V¢(Yk) Vip(yr—1)|l
4DL
sz*}’k—1||2+$zszc||Yk*Yk P+ 5 e —ye-l
DLy
< —Yie—1l® + (s L2D+4 ye = yr—1ll;

(32)
where the second inequality follows from the definition of
z! and the last inequality comes from ||y} — yx—1/| < D and
Br > B. This implies that for any n > ng > 0,

mn
2
k

=no+1

DL
rllzh i —yal? < (sTL3D + 5 ¥t = i1l

T N
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Thus, since ;. € [3,1], forany m > 2and ng =n —m+1,

the following holds
mfB?||z}, 1 = yul?

4DL 2
< ($13D + 0Lty 3

k=no+1
n
+ > ||Z§€+1

k=ng

(k= no)llyr — yr—1ll

— yill?

m(m— 14+Inn,
< 3 g~y (LD A5 VO i VI

Vo
(33)
where the last inequality follows from Eq. (31) that ||y, —
yie1]? < w for all & > ng, and it can be easily

verified that the above inequality holds when m = 1. By
Eq. (28), we have

k=no

(1 —p)(1 —sLy) Z lyx — 2zh i 12

1
2
<s3ly - y0||2+8u(1+1n”)(‘1’* M)

Then, for any n, let m be the smallest integer such that
m > ni and let ng = n —m + 1, combining the above
inequality with Eq. (33), we have
l7 —yoll*+25u(1+Inn) (¥ —My)
N (1-w)(A—siLy)
>y — 2z ll?

k=ng

> mﬁ HYn - Zn+1||2

where Cs := (slzL,iD + 4DﬂL'f VO
Next, as ni4+1>m> ni, and hence ng > (m — 1)* —
m + 1. Then 16ng — m2(m — 1) > (m — 1)[(m — 1)(3m —
4)(5m — 4) — 1] > 0 when m > 2. Thus, when n > 2, we
m(m—1) v/ (1+Inn
have m > 2 and ( 5 Y (\—;% o) < 24/(1+Inng). Then,

. D?42s,(¥*—My)
let s »= =5t —sz,)

m(m 1) v/ (1+1n no)

, we have for any n > 2,

I3 = 2t P < g (Cal1+ ) +2Cay /(1 + )

(262 +C3)1+1nn
B ni

where the last inequality follows from /1 +1nng <1 —|— Inn
and m > ni. By the convexity of %, and y,, —
BrnsiVi(yrn), we have

w(yn) S w(Y) + <V1/)(Yn)7}’n - y>
= miny + —

n+1 -

(Yn—2hi1,¥0 — )

1
Bn

< min + ﬂ zh 1 |lllyn — ¥l

Hyn -

nS

1+1
< m1n1/)—|— \/ 2CY +Cg)ﬂ

na

4 DISCUSSION AND EXTENSION

This section provides a comparison with the existing LLS
scheme by a high dimension counter-example in Section 4.1
and develops an one-stage extension scheme in Section 4.2.

10

---RHG
4 ——BDA|

Il

N
lyx —y

0 0 R
10° 10’ 102 10° 10’ 102
UL Iterations UL Iterations

" Fig. 1. An evaluation of the convergence behavior about the LL variable

y. We compare our BDA with gradient-based BLO algorithm (i.e., RHG).
We set the initial points (x, y) = (0, 0), » = 50 and K = 20. x! denotes
the UL variable at the ¢-th UL iterations.

4.1

As aforementioned, a number of gradient-based methods
have been proposed to solve BLO in Egs. (1)-(2). However,
these existing methods all rely on the uniqueness of S(x)
(i.e., LLS assumption). That is, rather than considering the
original BLO in Egs. (1)-(2), they actually solve the following
simplification:

Comparing with Existing LLS Theories

min F(x,y), s.t. y = argmin f(x,y), (34)
y

xeX

where the LL subproblem only has one single solution for a
given x. By considering y as a function of x, the idea behind
these approaches is to take a gradient-based first-order
scheme (e.g, gradient descent, stochastic gradient descent, or
their variations) on the LL subproblem. Therefore, with the
initialization point yy, a sequence {yy(x)}£_, parameterized
by x can be generated, e.g.,

= yk(x> - Slvyf(xa Yk(x))> k=0,---,K—1,

(35)
where s; > 0 is an appropriately chosen step size. Then by
considering y x (x) (i.e., the output of Eq. (35) for a given x)
as an approximated optimal solution to the LL subproblem,
we can incorporate y k (x) into the UL objective and obtain a
single-level approximation model, i.e., mingec v F'(X, y x (x)).
Finally, by unrolling the iterative update scheme in Eq. (35),
we can calculate the derivative of F(x,yx(x)) (w.r.t. x) to
optimize Eq. (34) by automatic differentiation techniques [6],
[36]. We summarize the updating schemes of UL and LL
subproblem in Table 2.

The UL objective F' is indeed a function of both the UL
variable x and the LL variable y. Conventional gradient-
based bi-level methods (Eq. (35)) only use the gradient
information of the LL subproblem to update y. Thanks to
the LLS assumption, for fixed UL variable x, the LL solution
y can be uniquely determined. Thus the sequence {y; }X_,
could converge to the true optimal solution, that minimizes
both the LL and UL objectives. However, when LLS is absent,
{yr} , may easily fail to converge to the true solution.
Therefore, x}- may tend to be incorrect limiting points.

Yit1(x)

Example 1. (Counter-Example) With x € R", y € R" and
z € R", we consider the following BLO problem:

. 4 IEPNIT!
min [|x — z[|* + |ly —e]]%,

. 36
YEHgglan]Rn %”yHQ -x'y, 36)

where X = [—100,100] x -- - [—100, 100] C R", e denotes the
vector whose elements are all equal to 1. By simple calculation, we

s.t. (y,z) € arg
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Fig. 2. lllustrating the convergence behavior of gradient—based BLO algorithms about the UL variable x. We set the initial points (x, y) =

200

11

---RHG 10
s —-+BDA

10’ 10?

UL Iterations

10°

(0,0),n =50

and K = 20. In the first subfigure, ¢k (x) and ¢*(x) denote the UL objective with LL computational solution y x and the optimal LL solution y*

respectively. The second and third subfigures respectively show the errors of UL objective (i.e., |ox (x) —

»*(x)|) and UL variable (i.e., [|x — x*||).

The last subfigure illustrates the relationship among Optimal solution (short for “Opt.”, the red star) and the |teration solutions of RHG and BDA.

know that the unique optimal solution of Eq. (36) is x* = y* =
z* = e. However, if adopting the existing gradient-based scheme
in Eq (35) with initialization (yo,z¢) = (0, 0) and varying step
size s € (0, 1), we have that yx = (1 — kK;()l(l — sF))x and
zx = 0. Then the approximated problem of Eq. (36) amounts to

K-1
min F(x, yxe,2c) = x| + (1= [T (1= s7))x —ell".
k=0

Consider sequence
* . F
X = argmin F'(x, yx, 2k ),
it follows from the first-order optimality condition that,
0 = dflx||*x% + 4aK||aKX’E< —e|*(axxi —e),

where ag = (1 — [[R_'(1 — sF)). Then, if sequence {x%}
converge to a limit point e, and since {ax} is bounded, there
exist subsequences {xj,} C {xj} and {ar,} C {ax} such
that {x},} — eand {ak,} — a. By considering subsequences
{x%,} and {ar, } in (37) and taking K, — oo, we should have

(37)

0= [le]*e +alae — e[|*(ae —e),
=1+ (a—1)%|e|*e

and thus
0=1+(a—1)%
However, since ax = (1 — kK:_Ol(l — sf)) € [0,1], then a €
[0,1] and
1+(@a—1)%a>1-|(@a—1al > i >0,

which is a contradiction to 0 = 1 + (a — 1)3a. Therefore, any
subseuqnce of {x;} cannot converge to the true solution (i.e.,
x* =e)

Remark 1. Actually, even with strongly convex UL objective w.r.t.
LL variable y, the existing bi-level based methods still may fail
to reach an optimal solution. For example, with x € [—100, 100]
and y € R?, we consider the following BLO problem:
min =yl + 3y~ 112,
st.y€ arg min 1|y []> — x"y1.
yER?

By simple calculation, we know that the unique optimal solution
of Eq. (1) is x* = 1,y* = (1,1). However, if adopting the
existing gradient-based scheme in Eq. (35) with initialization

X5 X20
— 100 — 02 = ooir .
:;\ T-RHG :; h T-RHG|| 7, T-RHG|
bt —RHG || 05| ---RHG || i cosi ---RHG |
> i :
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K L3l R0y
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Fig. 3. LL iteration curves of gradient-based BLO algorithms (T-RHG,
RHG and Ours) under three fixed x (i.e., x°, x®, x?9). The objective
errors (i.e., | f(x%,y%) — £(x°,y«(x°))]), variable errors with y.(x) and
yv* (i.e., lyx — y«(x®)| and ||y — y*||) are respectively plotted from the
top to the bottom row. y.(x) and y* denote the optimal solution with and
without relationship about x.

and varymg step size sf € (0,1), we have that

k=0 "(1— sF))x and [yx]2 = 0. By defining

(1— Hk 73 (1- 51 )) It is
H(1-TTi S (1=sF))2

5. S0 X7 cannot converge to the true

= (0,0)
[ wh= (1~
PK(x) =
easy to check that xj. <
solution (i.e., x* = 1).

F(x,yk), we have X} =

Remark 2. In applications, to achieve the LLS, people sometimes
add a strongly convex reqularization term to the LL subproblem.
We must clarify that this strateqy is only heuristic, which usually
causes unpredictable large deviation from the true solution.

Indeed, even the strongly convex regularization is set to be
vanishing, such an appoximation procedure cannot guarantee any
convergence to the true solution. We will take the counter-example
in Remark 1 again for illustration. Specifically, we introduce a
quadratic term 1/2¢||y2||? to the LL subproblem

mln - ||2 ||2 - xTyl.

eR? 2 ||}’1

+ =€y
2 2

Apparently, the LL objective becomes strongly convex. But it can
be checked that the optimal solution to such bilevel problem with
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regularized LL

: 1 2 1 2
Lx - y:—1
xe[f?é’él,wo]?“x yal* + 3llyr — 1%

sty € arg min 5 |[y1]* + zelly2[* —x "y,
yER

becomes x*(¢) = 3, yi(e) = 1, y3(e) = 0 which is obviously
no longer the true solution to the original bilevel model. Moreover,
even with e tending 0, unfortunately, x*(e), y*(€) and y3 (¢) still
fail to converge to the true solution (1,1, 1).

To demonstrate the convergence behavior of our BDA
and the most popular bi-level method (i.e., RHG [6], [3]), we
first illustrate the optimization procedure of LL variable (i.e.,
¥k) in Figure 1. As can be observed that the LL variable
y ki can converge to the LL solution set S(x") for both RHG
and our BDA in the left subfigure. But, the LL variable of
our method can find the optimal point, i.e., y*, while RHG
cannot. Note that we set the dimension n = 50.

In Figure 2, comparing with RHG, we then demonstrate
the optimization procedure of UL variable (i.e., x). In the
first subfigure, under fixed LL iterative solution y g, the UL
objective ¢ (x) illustrates that our BDA can efficiently fit the
optimal objective function (i.e., ¢*(x)) for any UL variable.
To further demonstrate the convergence behavior, we plotted
the errors of the UL objective (i.e., |px(x) — ¢(x)]) and
variable (i.e., ||x — x*||) in the second and third subfigures.
With the above illustration, we summarize the relationship
of Optimal solution (short for “Opt.”, the red one in the last
subfigure) with the iterative solutions of RHG and BDA in
the last subfigure. Thus, we conclude that our BDA can find
the optimal point, while RHG converge to a non-optimal
point in §(x). .

4.2 One-stage BDA

Multi-step of the LL iteration modules 7}, will cause a lot of
memory consumption that may be an obstacle in modern
massive-scale deep learning applications. Thus it would
be useful to simplify iteration steps. This part provides an
extension scheme leveraging a one-stage simplification to
reduce complicated gradient-based calculation steps [12]. By
setting K = 1 in Eq. (8), the algorithm reads as

y1(x) = T1 (x,¥0) = Projy (yo — p0y#(x,y0)),  (38)

where ¢(x,y0) = aF(x,yo) + Bf(x,y0) and o, €
(0, 1] denote the aggregation parameters. Indeed, if (yo —
pOyd(x,¥0)) € YV, with this one-stage simplification, we can
simplify the back-propagation calculation with the following

finite difference approximation
d(pl(x) — 6F(x7y1) + 8F(x’yl) dL
dx ox oy1 dx
~ OF(xy1) _  Oxd(xh))—0xd(x.hy)
~ ox P 2¢ ’

where hi = yo + €dF(x,y1)/dy1 and Oxo(x,y) =
a0k F(x,y) + B0x f(x,y). Since Y can be a big interval, this
case (i.e., (yo—p0yd(X,y0)) € V) is often satisfied in general.
If (yo — pOy&(x,¥0)) ¢ V, the above back-propagation can
be calculated by the following form

dp(x) ~ OF (x,y1)

dx ox
_ 9x0(xhi ) —0xd(x.hy T) = (9xd(x.h ) —Oxd(x,hg )
461+%

)
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Fig. 4. Comparisons of BDA with RHG on ten different initial points. We
set the dimensional n = 50 and K = 20. The left subfigure show the
iteration solution of different initial points. We select five different initial
points and show the UL objective behavior of BDA and RHG on the right
subfigure.

where hit =y, + €Projy, (zo + 61/25F(x,y1)/8y) and
hy ™ = yo £ eProjy, (zo - 61/26‘F(x,y1)/8y) with zy =
Yo — pdyd(X,¥o)-

5 EXPERIMENTAL RESULTS

This section first verify the numerical results and then eval-
uate the performance of our proposed method on different
problems. We conducted these experiments on a PC with In
tel Core i7-7700 CPU (3.6 GHz), 32GB RAM and an NVIDIA
GeForce RTX 2060 6GB GPU.

5.1

Our numerical results are investigated based on the synthetic
BLO described in Subsection 4.1, i.e., Counter Example in
Eq. (36). As stated in Subsection 4.1, this deterministic bi-
level formulation satisfies all the assumptions required in
Section 3, but it cannot meet the LLS condition considered
in [29], [6], [3], [28], [4].

To show the influence of the LL iterations (i.e., K)
on different methods, we first plotted the convergence
behaviors (i.e. | f(x!, yx) — F(x', y* (x'))], [ye(x!) —y* (x!)|
and ||yx(x") — y*|| with ¢ = 0,5, 20) under different given x
(i.e., x°, x5, XQO) in Figure 3. This figure compare our BDA
with the most popular bi-level based methods (i.e., T-RHG
and RHG). Note that ¢t = 0, 5, 20 are the UL iteration steps
during the operation process. From the first and second row
of Figure 3, we observed that with fixed UL variable x, the
results of RHG and BDA converge to the optimal solution
with corresponding given x. The third row of Figure 3
plotted the distance between the current iteration step and
the optimal solution y*. As can be seen, after a few UL
iteration steps (i.e., ¢t > 5), BDA is close to the optimal
solution y* while RHG and T-RHG cannot. In the above
figures, we set ap, = 0.5/k, k=1,--- | K.

Figure 4 plotted numerical results of the proposed BDA
and RHG [6], [3] with ten different initialization points.
We considered different numerical metrics, such as the
relationship of (x,y) with optimal solution (x*,y*) and the
distance between F(x,yx) and F* (i.e., |F(x,yx ) —F*|), for
evaluations. It needs to be noted that we select five different
initial points to show the performance of |F(x,yx) — F*|.
As can be observed that RHG is always hard to obtain
the correct solution, even start from different initialization
points. It is mainly because that the solution set of the LL
subproblem in Eq. (36) is not a singleton, which does not

Numerical Evaluations
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TABLE 3
Data hyper-cleaning accuracy of the compared methods on two different datasets, i.e., MNIST [37] and Fashion MNIST [38]. The LL iterations are
K =200 and K = 50 on MNIST and Fashion MNIST, respectively. For T-RHG, we chose 100-step and 25-step truncated back-propagation
respectively from K = 200 and K = 50 to guarantee its convergence. “Test Acc.” and “Val. Acc.” denote the averaged accuracy of test and validation
sets, respectively.

Methods MNIST Fashion MNIST
Val. Acc. | Test Acc. | Fl-Score | Time(s) Val. Acc. | Test Ace. | Fl-Score | Time(s)
THG 86.98 87.69 87.62 12.14 £ 0.73 82.66 83.82 83.63 10.92 + 0.75
RHG 88.08 88.30 88.20 3.72 +0.01 85.12 86.14 86.04 1.09 £ 0.01
T-RHG 88.30 86.16 88.10 2.49 £+ 0.07 85.12 86.06 86.07 0.63 £ 0.01
O-BDA 88.84 88.45 88.37 2.89 + 0.01 86.34 86.16 86.05 0.66 £ 0.01
BDA 88.26 88.47 88.42 7.82 £0.12 85.28 86.26 86.17 191 £ 0.01
70 T T al 100 - - .
. —-w/o Projection] w0 Projection 5.2 Hyper-parameter Optimization
oo —+w/ Projection | 80 ——w/ Projection

ly — vl

10° 10 102 10° 10° 10° 10% 10°
UL Iterations UL Iterations

Fig. 5. Comparing of our BDA under different settings, i.e., with and
without projection operator (namely w/ Projection and w/o Projection).
We set n = 50 and K = 20.
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Fig. 6. The iteration curves of the developed BDA with different « settings
(i.e., with Fixed « = 0, « = 0.5 and Adaptive a = 0.5/k). We set n = 50
and K = 20.

satisfy the fundamental assumption of RHG. In contrast, the
proposed method can obtain a truly optimal solution in all
these scenarios. The initialization only slightly affects the
convergence speed of our iterative sequences.

To explore the performance under projection operator
denoted in Eq. (8), we report in Figure 5 the results (i.e.,
lx —x*|| and ||y — y*||) of comparing the performance with
and without projection (i.e., w/ Projection, w/o Projection).
In this experiment, we set the initial value far away from
the optimal point with relatively close projection interval V.
As can be seen, with the projection operator, the iteration
sequences reach convergence with fewer steps.

Figure 6 evaluated the convergence behaviors of BDA
with different choices of ay. By setting a, = 0, we were
unable to use the UL information guiding the LL updating.
Thus it is hard to obtain proper feasible solutions for the
UL approximation subproblem. When choosing a fixed ay,
in (0,1) (e.g., i, = 0.5), the numerical performance can be
improved but the convergence speed was still slow. Fortu-
nately, we followed our theoretical findings and introduced
an adaptive strategy to incorporate UL information into LL
iterations, leading to nice convergence behaviors for both UL
and LL variables.

For the hyper-parameter optimization problem, the key idea
is to choose a set of optimal hyper-parameters for a given
machine learning task. In this experiment, we consider a
specific hyper-parameter optimization example (i.e., data
hyper-cleaning [6], [28]) to evaluate the developed bi-level
algorithm. This task aims to train a linear classifier on a
given image set, but part of the training labels are corrupted.
Here we consider softmax regression (with parameters y) as
our classifier and introduce hyper-parameters x to weight
samples for training. We define the LL objective as the
following weighted training loss:

>

(w;,vi) €Dy,

fxy) = [o(x)] et (y; ui, vi),

where x is the hyper-parameter vector to penalize the
objective for different training samples, £(y;u;, v;) means
the cross-entropy function with the classification parameter
y, and data pairs (u;,v;) and denote Diy and Dy, as
the training and validation sets, respectively. Here o(x)
denotes the element-wise sigmoid function on x and is
used to constrain the weights in the range [0, 1]. For the
UL subproblem, we define the objective as the cross-entropy
loss with {5 regularization on the validation set, i.e.,

>

(u;,vi)E€EDyva1

F(x,y) = £y (x); a4, v4).

In particular, the UL and LL objective F' and f w.rt. y is
required to be convex. To satisfy this requirement, we design
the classifier with a fully connected layer.

We applied our BDA and One-stage BDA (O-BDA)
together with the bi-level based methods, i.e., Implicit HG
(THG) [26], RHG and Truncated RHG (T-RHG) [28]. We first
conduct the experiment on two datasets (MNIST dataset [37]
and Fashion MNIST dataset [38]) that each with 5000 training
examples (i.e., Diy), 5000 validation examples (i.e., Dya1) and
a test set with the remaining 60000 samples. We randomly
chose 2500 training samples from D;, and pollute the labels.

We use validation accuracy (i.e., Val. Acc.), test accuracy
(i.e., Test Acc.), Fl-score and running times as the metrics of
our developed algorithm. As shown in Table 3, the developed
method perform the best both on MNIST and Fashion MNIST
dataset. Besides, the developed O-BDA still perform better
when comparing with the existing bi-level based methods.
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TABLE 4

Averaged accuracy scores + standard deviation of various methods (model-based methods and gradient-based bi-level methods) on few-shot
classification classification problems (1-shot and 5-shot, i.e., M = 1,5, N = 5, 20, 30, 40) on Omniglot.

14

5-way 20-way 30-way 40-way
Method
etho 1-shot [ 5-shot 1-shot [ 5-shot 1-shot [ 5-shot 1-shot [ 5-shot
MAML 98.70 + 0.40% | 99.91 & 0.10% | 95.80 & 0.30% | 98.90 £ 0.20% | 86.86 + 0.49% | 96.86 £ 0.19% | 85.98 & 0.45% | 94.46 + 0.13%
Meta-SGD |97.97 &+ 0.70% | 98.96 & 0.20% | 93.98 + 0.43% | 98.42 4= 0.11% | 89.91 £ 0.04% | 96.21 £0.15% | 87.39 £ 0.43% | 95.10 & 0.15%
Reptile 97.68 £ 0.04% | 99.48 + 0.06% | 89.43 £ 0.14% | 97.12 + 0.32% | 85.40 & 0.30% | 95.28 + 0.30% | 82.50 4 0.30% | 92.79 + 0.33%
iMAML,GD | 99.16 + 0.35% | 99.67 &+ 0.12% | 94.46 £ 0.42% | 98.69 + 0.10% | 89.52 & 0.20% | 96.51 + 0.08% | 87.28 £ 0.21% | 95.27 £ 0.08%
RHG 98.64 £ 0.21% | 99.58 &+ 0.12% | 96.13 £ 0.20% | 99.09 &+ 0.08% | 93.92 4 0.18% | 98.43 £ 0.08% | 90.78 4 0.20% | 96.79 + 0.10%
T-RHG 98.74 £ 0.21% | 99.71 + 0.07% | 95.82 £ 0.20% | 98.95 + 0.07% | 94.02 4+ 0.18% | 98.39 + 0.07% | 90.73 4+ 0.20% | 96.79 + 0.10%
BDA 99.04 + 0.18% | 99.74 & 0.05% | 96.50 = 0.16% [ 99.19 £ 0.07% | 94.37 & 0.18% | 98.53 + 0.07% | 92.49 £ 0.18% | 97.12 &+ 0.09 %

TABLE 5
The few-shot classification performances on MinilmageNet (V. = 5 and
M = 1). The second column reported the averaged accuracy after
converged. The rightmost two columns compared the UL lterations
(denoted as “UL Iter.”), when achieving almost the same accuracy
(=~ 44%). Here “Ave. + Var. (Acc.)” denotes the averaged accuracy and
the corresponding variance.

[ Method [ Acc. H Ave. £ Var. (Acc.) [ UL Iter. ]
RHG 48.89 4446 + 0.78% 3300
T-RHG 47.67 44.21 + 0.78% 3700
PBDA 49.08 4424 + 0.79% 2500

5.3 Meta-Learning

Meta-learning aims to leverage a large number of similar
few-shot tasks to learn an algorithm that should work well
on novel tasks in which only a few labeled samples are
available. In particular, we consider the few-shot learning
problem [39], [40], where each task is to discriminate N
separate classes and it is to learn the hyper-parameter x
such that each task can be solved only with M training
samples (i.e., N-way M-shot). Following the experimental
protocol used in recent works that the network architecture
is with four-layer CNNs followed by fully connected layer,
we separate the network architecture into two parts: the
cross-task intermediate representation layers (parameterized
by x) outputs the meta features and the multinomial logistic
regression layer (parameterized by y7) as our ground clas-
sifier for the j-th task. We also collect a meta training data
set D = {D’}, where D/ = D{, UD/,; is linked to the j-th
task. Then for the j-th task, we consider the cross-entropy
function ¢(x,y’; D{,) as the task-specific loss and thus the
LL objective can be defined as

Fx{y7}) = L b(x,y7; D).

As for the UL objective, we also utilize cross-entropy function
but define it based on {DJ;} as

F(X’ {yj}) = ZK(X, yj; ,Dgal)'

Our experiments are conducted on Ominglot [41] and
MinilmageNet [39] benchmarks. We compared our BDA
to several state-of-the-art approaches, such as MAML [29],
Meta-SGD [42], Reptile [30], iMAML [4], RHG, and T-RHG.
As shown in Table 4, BDA compared well to these methods
and achieved the highest classification accuracy except in the

Omniglot dataset MinilmageNet dataset
14 T T T 1.6 T v .
- T-RHG T-RHG
—RHG 15 —RHG
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Fig. 7. lllustrating the validation loss (i.e., UL objectives F'(x,y)) for three
bi-level based methods on few-shot classification task.
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Fig. 8. Evaluating the orthogonality under different constraints (i.e., with
Max-norm regularization and Spectral Normalization (SN for short)) on
few-shot application.

5-way task. Further, with more complex problems (such as 20-
way, 30-way and 40-way), BDA shows significant advantages
over other methods. Besides, we evaluate the performance
of BDA and bi-level based methods (i.e., RHG and T-RHG)
on the more challenging MinilmageNet data set and the
corresponding results are listed in Table 5. As shown in the
second column of Table 5 that the developed BDA perform
better than RHG and T-RHG. The rightmost two columns
demonstrate that BDA needed the fewest iterations to achieve
almost the same accuracy (= 44%). The corresponding
validation loss on Omniglot and MinilmageNet about 5-way
1-shot are shown in Figure 7.

Moreover, to evaluate the effectiveness of the projection
operator, we conduct an experiment evaluating orthogonal
features of the network with two different strategies (i.e.,
max-norm regularization and spectral normalization). Note
that we compute the orthogonality following [43]. As shown
in Figure 8, BDA with both Max and SN training schemes
show the lower orthogonal sum. This experiment implies
that the projection operator can help obtain a better network.
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6 CONCLUSION

This work established a flexible descent aggregation frame-
work with task-tailored iteration dynamics modules to solve
bi-level tasks by formulating BLO in Egs. (1)-(2) from the
viewpoint of optimistic bi-level. Embedded with a specific
gradient-aggregation-based iterative module, the developed
method is applicable to capture a variety of learning tasks.
Then, this work strictly proved the convergence of the devel-
oped framework without the LLS assumption and the strong
convexity in the UL objective. Furthermore, we provided
an one-stage technique to accelerate the back-propagation
calculation. We constructed a counter-example to illustrate
the advance of our method and explicitly indicates the
importance of the LLS condition for existing gradient-based
bi-level methods. Finally, extensive experiments justified our
theoretical results and demonstrated the superiority of the
proposed algorithm for hyper-parameter optimization and
meta-learning.
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