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Abstract In this paper, we study necessary optimality conditions for nonsmooth
mathematical programs with equilibrium constraints. We first show that, unlike the
smooth case, the mathematical program with equilibrium constraints linear indepen-
dent constraint qualification is not a constraint qualification for the strong stationary
condition when the objective function is nonsmooth. We then focus on the study of
the enhanced version of the Mordukhovich stationary condition, which is a weaker
optimality condition than the strong stationary condition. We introduce the quasi-
normality and several other new constraint qualifications and show that the enhanced
Mordukhovich stationary condition holds under them. Finally, we prove that quasi-
normality with regularity implies the existence of a local error bound.
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1 Introduction

In this paper, we study first order necessary optimality conditions for the nonsmooth
Mathematical Program with Equilibrium Constraints (MPEC). MPECs form a class
of very important problems, since they arise frequently in applications; see [1-3].
MPECs are known to be a difficult class of optimization problems due to the fact that
usual constraint qualifications, such as the Linear Independence Constraint Qualifica-
tion (LICQ) and the Mangasarian—Fromovitz Constraint Qualification (MFCQ), are
violated at any feasible point (see [4, Proposition 1.1]). Thus, the classical Karush—
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Kuhn-Tucker (KKT) conditions is not always a necessary optimality condition for a
MPEC.

Since there are several different approaches to reformulate MPECs, various sta-
tionarity concepts such as Strong, Mordukhovich and Clarke (S, M and C) station-
arity arise (see [5-8] for detailed discussions). The S-stationary condition, which
is now well known to be equivalent to the classical KKT conditions (see [9]), is the
strongest among all stationary concepts for MPECs. For an MPEC with smooth prob-
lem data, it is shown that MPEC-LICQ is a constraint qualification for S-stationarity
(see [1, 10]). Moreover, MPEC-LICQ is a generic property [11], and hence it is not
too stringent and can be satisfied for many smooth MPECs. It is tempting to assume
that MPEC-LICQ is also a constraint qualification for MPECs, where the objective
function is local Lipschitz but nonsmooth. In this paper, we show through example
that MPEC-LICQ is not a constraint qualification for MPECs, where the objective
function is nonsmooth.

Recently, Kanzow and Schwartz [12] studied the enhanced KKT conditions for a
smooth MPEC. In particular, they introduced the MPEC generalized quasi-normality
and pseudo-normality and showed that they are constraint qualifications for the en-
hanced M-stationary condition. In this paper, we extend Kanzow and Schwartz’s re-
sults to the nonsmooth case. We show that if the equality functions and the comple-
mentarity functions are affine, the inequality function is concave and the abstract con-
straint set is polyhedral, then the MPEC generalized pseudo-normality holds at each
feasible point. In [12], it was shown that the MPEC generalized pseudo-normality is
a sufficient condition for the existence of a local error bound for a smooth MPEC. In
this paper, we improve this result by showing that the MPEC quasi-normality implies
the existence of a local error bound under some reasonable conditions.

Recently, constraint qualifications such as quasi-normality (see [13]), Constant
Positive Linear Dependance (CPLD) (see [14]) and Relaxed Constant Positive Linear
Dependence (RCPLD) (see [15]) have all been shown to provide weaker constraint
qualifications than MFCQ. In this paper we introduce a weaker version of the MPEC-
CPLD and show that it is a stronger condition than the MPEC generalized quasi-
normality. Consequently this weaker version of the MPEC-CPLD is also a constraint
qualification for the enhanced M-stationary condition and a sufficient condition for
the existence of a local error bound.

The organization of the paper is as follows. In Sect. 2, we show that MPEC-LICQ
is not a constraint qualification if the objective function is nonsmooth. We derive
the enhanced M-stationary condition and introduce the corresponding new MPEC
constraint qualifications. Finally we prove the error bound results in Sect. 3 and give
conclusions in Sect. 4.

2 Enhanced Stationary Conditions
The MPEC considered in this paper is formulated as follows:
(MPEC) min f(x)
xeX
st. hi(x)=0, i=1,...,p, gj(x)=<0, j=1,....q,
Gi(x) =0, Hi(x)=0, Gix)H(x)=0, Vi=1,....,m,
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where f,h; (i=1,...,p),g; (j=1,...,9) : R" = R are Lipschitz continuous
around the point of interest, G;, H; (I = 1,...,m) : R" — R are continuously dif-
ferentiable, and X" is a closed subset of R”. Let x* be a feasible point of problem
(MPEC). We define the following index sets:

A(x*) =
Iy := I()()(x*) =
I()+ = I()J,_()C*) =

1+() = I+()(.x*) =
Recall that the MPEC-LICQ holds at a feasible point x* if the gradient vectors

{Vhi(x*)li=1,....p}, {Vgi(x")jeA(x")}, {VGi(x*)Il € IooU Io4},
{VHl(x*)ﬂ € lpp U I+()}

are linearly independent (see [11]). The following example shows that MPEC-LICQ
may not be a constraint qualification for S-stationary condition if the objective func-
tion is not differentiable.

Example 2.1 Consider the MPEC: min —y + |x — y| subjecttox >0,y >0, xy =0.
It is easy to see that (0, 0) is a minimizer and MPEC-LICQ holds at every point of
the feasible region. The S-stationary condition is the existence of u > 0, v > 0 such

| (6)=(r" )+ () +(5) (M)

with 8 € [—1, 1] being an element in the subdifferential of the convex function | - | at
the origin. However, (1) never holds and hence (0, 0) is not an S-stationary point.

Remark 2.1 We may construct a class of MPECs with nonsmooth objectives that have
local minimizers satisfying MPEC-LICQ but not S-stationarity. Indeed, consider an
MPEC with affine complementarity constraints: min f(x) s.t. 0 < G(x) LH (x) > 0,
where a_Lb means that the vectors a and b are perpendicular. Since G(x) and H (x)
are affine, a local optimal solution to the above MPEC is also a local optimal solution
to the penalized problem

min[f(x)—i—M(HG(x) —yH + HH(x) —zH)] st. 0<ylz=>0

for some M > 0, where || - || denotes the Euclidean norm. For the penalized prob-
lem above, MPEC-LICQ holds at each feasible point but the objective function is
nonsmooth. However, a local optimal solution is not always an S-stationary point for
the penalized problem since otherwise it would also be an S-stationary point for the
original problem as well, which may not be true.
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We now extend Kanzow and Schwartz’s result [12] to the nonsmooth MPEC. In
the rest of this paper, we denote by df (x) the limiting subdifferential of function f
at x and My (x) the limiting normal cone of set X at x € X. For detailed information
on variational analysis, the reader is referred to [16—18].

Theorem 2.1 Let x* be a local minimizer of problem (MPEC). Then, there are mul-
tipliers o, A, i, y, v such that

(i) 0 € adf (x*) + X dhihi) (x*) + Z(;:l wjogi(x*) = > mVGI(x*) +
v VH (x*)] + N (x*);
(i) a >0,u >0, ¥y =0,Vl € I.o(x*), vy =0,VI € Iy.(x*), and either y; > 0,
v > 0oryvy =0,VI € Ipo(x*);
(i) «, A, i, y, v are not all equal to zero;
@v) If A, u, y,v are not all equal to zero, then there exists a sequence {xk }Cc X
converging to x* such that for all k,

FEF) < ().
if i #0, then Aihi(x¥) >0, if u; >0, then pu;g;(x*) >0,
ify 20, then y;Gl(xk) <0, ifv#0, then le(xk) <0.

Proof The results can be proved by combining the techniques and the results in [12,
Theorem 3.1] and [13, Theorem 1]. O

Based on the result above, we define the following enhanced M-stationary condi-
tions.

Definition 2.1 (Enhanced M-Stationary Conditions) Let x* be a feasible point of
problem (MPEC). We say the enhanced M-stationary condition holds at x* iff there
are multipliers XA, i, y, v such that

@) 0 € af (™) + X 00uh)(x*) + Y0, 1dg; (") — XL InVGI(x™) +
v VH (x*)] + Ny (x*);
) w=>0,y,=0,VIe lo(x*), vy =0,V € Ip(x*), and either y; > 0, v; > 0 or
yivi =0, V1 € Ipo(x™);
(iii) If A, , y, v are not all equal to zero, then there exists a sequence {x¥} ¢ X
converging to x* such that for all k,

if A; #0, then A;h; (x*) > 0,
if 11 >0, then w;g;(x*) >0,
if y1 #0, then y,G;(x*) <0,

if vy # 0, then le(xk) < 0.

We call the multipliers A, , y, v the MPEC quasi-normal multipliers corresponding
to x*.
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Motivated by Theorem 2.1 and the related discussion in [13], we now introduce
some MPEC-variant CQs. Note that although Definition 2.2(d) is weaker than the
MPEC-CPLD introduced in [19, 20], where all functions involved are continuously
differentiable and X = R", for convenience we still refer to it as MPEC-CPLD. The
MPEC-RCPLD was first introduced in [21] and has been proven to be a sufficient
condition for M-stationarity in [22].

Definition 2.2 Let x™ be a feasible solution of problem (MPEC).

(a) x* is said to satisfy MPEC-NNAMCAQ iff there is no nonzero vector (A, i, y, v)
such that
(i) 0e X a(hihi)(x*) +Z(,’-:1 jdg; (x*) =3 L [ VGI(x*) + vV H (x™)]
+ N (x%);
(i) >0,y =0,V € Liox*); vy =0, VI € In4(x*), and either y; >0, v; >0
or yyv; =0,V € Ing(x™).
(b) x* is said to satisfy MPEC generalized pseudo-normality iff there is no nonzero
vector (A, u, ¥, v) such that
() 0 Y a0k )+ X, 1dg; (") — X1 [V Gi(x*) + vV Hy (x*)]
+ N (x*);
(i) >0,y =0,Vle I o(x*); vy =0,VI € Ip;(x*), and either y; > 0, v; > 0
or yjv; =0,VI € Ing(x™*);
(iii) There exists a sequence {x¥} C X’ converging to x* such that for all k,

p q m
Zkihi(xk)+ZMjgj Zysz ) + v Hy (x*)] > 0.
i=1 =1

(c) x* is said to satisfy MPEC generalized quasi-normality iff there is no nonzero
vector (A, u, ¥, v) such that

(i) 0edXi_, 8(/\ihi)(X*)+2721 g (x*) =3 /L VG (x*)+ v VH (x*)]
+ Ny (x*);
(i) =0,y =0,Vle Lo(x*); vy =0,V] € Ip;(x*), and either y; > 0, v; >0
or yyv; =0,VI € Ino(x™*);
(iii) If A, u, y, v are not all equal to zero, then there exists a sequence {xk} cX
converging to x* such that, for all &,

if A; #0, then A;h; (x¥) > 0,
if 1 > 0, then gj(xk) >0,
if 1 #0, then y,G;(x*) <0,

if v #0, then v H (x*) <0.

(d) In addition to the basic assumptions for the problem (MPEC), suppose that
h, g are continuously differentiable at x* and X = R". x* is said to satisfy
MPEC-CPLD iff for any indices set In C B :={1,2,..., p}, Jo T A(x™), Lg C
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(e)

To+ (x™) U Ipg(x*) and L(If C I40(x™) U Ipo(x*), whenever there exist A;, uj >0
for all j € Jo, y; and v; not all zero, such that

0=> MVhi(x*)+ > u;jVe;(x*) = Y nVGi(x*) = > wVH|(x

i€l Jj€do leL§ leLl

and either vy =0or y; > 0, v; > 0, VI € Iyo(x*), there is a neighborhood U (x*)
of x* such that, for any x € U (x™*),

({Vhi(x)li € I}, {Vg;j)lj € o} {VGix)l e LT} {VH (x)|l € LY })

are linearly dependent.

In addition to the basic assumptions for the problem (MPEC), suppose that %, g

are continuously differentiable at x* and X = R". Let Iy C P8 be such that

{Vh;i(x*)}ici, is a basis for span {Vh;(x*)};ep. x* is said to satisty MPEC-

RCPLD iff there is a neighborhood U (x*) of x* such that

(i) {Vhi(x)};ep has the same rank for every x € U (x*);

(ii) Forevery Jy C A(x*), Lg C o+ (x*)U Ipo(x*) and Lgl C Lo(x™)UTpo(x™),
whenever there exist A;, u; > 0 forall j € Joy, y; and v; not all zero such that

0=> MVhi(x*)+ > u;jVe;(x*) = Y VG (x*) = > wVH(x*),

ielp Jj€do leL§ leLl
and either y;v; =0 or y; > 0, v; > 0, VI € Ipp(x™); then the vectors
({Vhi(x)li € I}, {Vg;0)lj € o} {VGi()|l e LS} {VH (x)|l € L })
are linearly dependent for any x € U (x*).
It is easy to see that

MPEC-NNAMCQ = MPEC generalized pseudo-normality

—> MPEC generalized quasi-normality.

For the standard nonsmooth nonlinear program where the equality functions are

linear, inequality functions are concave and there is no abstract constraint, Ye and
Zhang [13, Proposition 3] showed that the pseudo-normality holds automatically at
any feasible point. In what follows, we extend this result to MPEC.

Theorem 2.2 Suppose that h; are linear, g; are concave, Gy, H; are all linear and

X

is polyhedral. Then any feasible point of problem (MPEC) is MPEC generalized

pseudo-normal.

Proof We omit the abstract set X since it can be represented by several linear in-
equalities. We prove the theorem by contradiction. To the contrary, suppose that there
is a feasible point x* that is not MPEC generalized pseudo-normal. Then there exists
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nonzero vector (A, i, y,v) € R? x R? x R™ x R™ and infeasible sequence {xk} cX
converging to x* such that

m
0e ZA Vhi( —l—Zujag] Z VG (x*) + v VH (x*)], (@)
=1

where 1 > 0, u; =0,Vj ¢ A(x*), yy =0,V € Iio(x*), vy =0,V € Ipy (x*) and
either yyv; =0or y; > 0, v; > 0, VI € Ipp(x™). Furthermore, for each &,

ixihi(xk) + iujg,- () = i[nal(xk) + v H(x)] > 0. 3
i=1 j=1 =1

By the linearity of 4;, G;, H; and concavity of g;, we have that, for all x € R",
hi(x) = hi(x*) + VR () (x —x%), i=1,...,p,
Gi(x) = Gi(x*) + VG (x*) (x — x*
Hi(x) = H(x*) + VH (x*)" (x — x*),
gj(x) < gj(x*) + &l (x —x*). VEjedg;(x). j=1.....q.

By multiplying these four relations with A;, y;, v; and u; and by adding over i,/ and
Jj respectively, we obtain that, for all x e R” and all §; € 3g; (x*), j=1,...,q,

14 q m
Y b () + > wigi(x) = Y (nGix) + v Hy(x))
= j= =1

m

= i)‘ihi(X*) + iﬂjgj (X*) - Z(VIGI(X*) + VIHI(X*))

=1

+ [Zp:xi +Zu,g, Z (MVGi(x*) +leH1(x*))] (x — x¥)

|:Zk Vhi( +Z/LJ§'J Z 1VG;(x*)+v;VH1(x*)):| (x —x%),

=1
where the last equality holds because we have

q
Aihi(x*)=0 foralli and Y u;g;(x*)=0,
j=1

m m
ZVsz( =0 ZVIHZ =
=1

=1
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By (2), there exists éj’? €dg;(x*), j=1,...,q such that

Z)‘ Vh +ZM/$ —Z y;VGl(x*) +v1VHz(x*)] =0.
=1

Hence it follows that forall x € R", Y7, Ak (x) + Z?:] wigi(x)—=Y 1 nGi(x)
+ vy H;(x)] <0, which contradicts (3). The proof is complete. O

The CPLD was introduced by Qi and Wei in [14] and was used to analyze SQP al-
gorithms. Andreani et al. [23] showed that for smooth nonlinear programs, the CPLD
condition implies the quasi-normality and hence is a constraint qualification as well.
In what follows, we show that the MPEC-CPLD introduced in this paper implies
MPEC generalized quasi-normality. We first recall the following lemma, a proof of
which may be found in [15, Lemma 1].

Lemma 2.1 Ifx = Z +]p a;v; with v; € R" for every i, {v;}i_| is linearly indepen-
dent and a; # 0 for everyi =m +1,...,m + p, then there exist J C {m +1,...,
m + p} and scalars a; for everyi € {1,...,m}U J such that

b xZZlEl ..... mUJalV”
e «;ja; >0 foreveryiel,
o {Vilieli,...myus is linearly independent.

Theorem 2.3 Let x be a feasible solution of problem (MPEC) where h, g are con-
tinuously differentiable such that MPEC-CPLD holds. Then x is MPEC generalized
quasi-normal.

Proof For brevity, we drop the equality and the inequality constraint in the proof,
since the main difficulties are induced by the complementarity constraints. As-
sume that x is feasible and the MPEC-CPLD condition holds at x. If x satisfies
MPEC-NNAMCQ, we are done. Suppose MPEC-NNAMCQ does not hold. Then,
there exists a nonzero vector (y, v) € R” x R™ such that 0 = — >/ [,V G;(x) +
wVHx)], yy =0,V € I1o(x), vy =0,V € Iy (x) and either yjv; =0 or y; > 0,
vy > 0, VI € Iyp(x). Define the index sets:

LE(x) :={l € loy )y > 0}, LE(x) :={l € Ip1-(x)ly1 < 0},

L) :={lelio@)v>0}, LYx):={leliox)lvu<0},

IghT ) == {l € Ioo®) |y > 0, v > 0}, I (x) := {1 € Ipo(x¥) |1 > 0, v =0},

Iog () :={l € Ioo()lyr < 0, v =0}, Igp (x) :={I € Ioo(x)ly1 =0, v > 0},

Igy (x) :={l € Ioo(x)|y1 = 0,1, < 0}.
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Since (y, v) is a nonzero vector, the union of the above sets must be nonempty and
we may write

——[ PRALOEDY nvcxx)}

1eL§ (x) 1eL8(x)
—[ S ouvH®+ Y VIVHl(x)]
leL (x) leL® (x)

- Y [MVGIx) + v VH(x)] - [ PERALCICI T Wsz]

lelgyt (x) 1elg (x) lelp(x)
—[ S ouvH@+ Y UZVHI()C)].
leIf () lelfy ()

Assume first that Lﬁ(x) is nonempty. Let /] € LJGr(x). Then,

_J/ZIVGII(X)=|: > VG + Y VIVGI(X):|

1eLS o\l 1eLS (x)

+[ Y uVH@+ Y v,VH,(x)]

leLH (x) leLH (x)

+ Y [VGI(x) + v VH (x)]

lels (o)

+[ > o nVGn+ Y VIVGz(x)}

el lel’(x)

+[ Y. uVHM+ ) wvmm]

eIl (0 eIl ()

If VG;, (x) =0, the single-element set {VG;, (x)} is linearly dependent. By MPEC-
CPLD, the set {VG;,(y)} must be linearly dependent for all y in some neighbor-
hood of x. Therefore, VG;,(y) =0 for all y in an open neighborhood of x. Since
G, (x) =0, this implies that G;, (y) = 0 for all y in that neighborhood. Hence for any

sequence xk > x, G, xky=0 always holds. That is, there is no sequence x* — x

such that A;, G, (x*) > 0.
Assume now that VG, (x) # 0. Then, by Lemma 2.1, there exist index sets

LY@ c LS\ i1}, LEwcLéw), LiwcLfw, LEfxcLfx)
ISt It @), I I, I () C I (x), I (x) C 15 (%),
I_(())(;(x) C I&; (x)
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such that the vectors

{VGI(X)}zeiﬁ(x)’ {VGl(x)}zeLE(x)’ {VHl(x)}leLIZ(x)’ {VHI(X)}IeLE(x)’
{VGZ(X)}Iei(;[)+(x)’ {VHI(X)}zei(F(x)’ {VGI(X)}IGI_JBO()C)’ {VGZ(X)}IGI_&)O(X)’
{VHl(x)}zdg;(x)* {VHl(x)}lei&;<x)

are linearly independent and

_VhVGll(x):[ Z nVGi(x)+ Z fIVGl(x)i|

1€LS (x) 1eL8(x)

+[ Y wvH@+ Y ﬁIVHz(X)]
l1eLH (x) leLH (x)

+ Y [nVGI®) +uVH ()]
lelfit (x)

+[ Y AvGm+ Y. )71VG1(X)]
1l ) lels(x)

+|: Z v VH(x)+ Z DIVHI(X)]
1eld () 1elfy 0

with
7>0, YeLS(x), m<0, VieLS(x), >0, Viel?(&),
<0, Yiel? ), >0, w>0, Vieli (), n>0 Vellw,
%<0, Vlely®), >0, Vlielyx), ¥ <0, Viely x).
By the linear independence of the vectors and continuity arguments, the vectors
{VGl(y)}zezﬁ(x)’ {VGl(y)}zeLS(xy {VHI(Y)}zer(x)’ {VHI(X)}zeZE(x)’
{VGl(y)}leI_(;[)+(x)’ {VHl(y)}zeigé*(x)’ {VGl(y)}leigoo(x)’ {VGl(y)}leI_&)O(x)’

are linearly independent for all y in a neighborhood of x. However, by the MPEC-
CPLD assumption, the vectors

V;1VG11(Y), {VGI()’)}IELE(X), {VGl(y)}leLE(x)s {VHl(y)}[eif(x),

{VHIO) e 0 {VGI(Y)}zei(;ﬁ(x)’ {VHl(y)}zdg(;*(xy {VGl(y)}leI_&)O(x)’
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{VG[(y)}lei&)o(x), {VHI()’)}IEi&;r(x)’ {VHl(y)}lei&,’(x)

are linearly dependent for all y in a neighborhood of x. Therefore, A;, VG;, (y) must
be a linear combination of the vectors for all y in a neighborhood of x.

By [23, Lemma 3.2], there exists a smooth function ¢ defined in a neighborhood
of (0, ..., 0) such that, for all y in a neighborhood of x,

=i Giy (y) = (p({Gl(y)}leig(x)’ {Gl(y)}leig(x)’ {Hl(y)}leif(x)’ {Hl(y)}leif(x)’
{Gl(y)}zd&)*(x)v {Hl(y)}lei(;[)+(x)’ {Gl(y)}zeigoo(x)’ {Gl(y)}leio;ﬁ(x)’
{Hl (y)}zeigg(x)’ {Hl(y)}zdgg(x))f
Ve(,...,0) = ({?}leifoc)’ P heio ) {ﬁ}leifu)’ Whert () {f}zdgmx)v
{D}zei(;f(x)’ {)7}161_660()6)’ {7}161'(;(,%)’ {‘_’}Zeigg(x)’ {D}leig(;(x))'
Now suppose that {x¥} is an infeasible sequence that converges to x and such that

Gi(x*) >0, VieLS(x), Gi(x*)<0, VIeLfw),
H(x*)>0, viellf(), H((x*) <0, VieLSw),
G[(xk) <0, Hl(xk) <0, Vie I_(I)Jr(x),

Gi(x*) <0, VIelfx), Gi(x")>0, Viellw),
H(x*) <0, Wlely (). H(x*)>0, Vel .

By virtue of Taylor’s expansion of ¢ at (0, ...,0), for k large enough, we must
have —A;, G;, (x*) > 0. Again, there is no sequence x* — x such that A;, G;, (x*) > 0.
The proofs for the other cases are entirely analogous to the proof for this case.
Therefore, MPEC-CPLD implies MPEC generalized quasi-normality. g

The following result follows immediately from Theorem 2.3 and the definitions of
the three constraint qualifications.

Corollary 2.1 Let x* be a local minimizer of problem (MPEC). If x* satisfies MPEC-
CPLD, or is MPEC generalized pseudo-normal, or MPEC generalized quasi-normal,
then x™* is an enhanced M-stationary point.

3 Error Bound

As one of their main results, Kanzow and Schwartz proved in [12] that the MPEC
generalized pseudo-normality implies the existence of a local error bound for smooth
MPECs. Combining the proof techniques of [13, Theorem 4] and [12, Theorem 4.5],
we can extend [12, Theorem 4.5] to the nonsmooth MPEC. The MPEC generalized
quasi-normality is weaker than the MPEC generalized pseudo-normality. It is desir-
able to find conditions under which the existence of a local error bound holds under
the MPEC generalized quasi-normality. We will answer this question in Theorem 3.1.
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Before we can do so, we need to prove some preliminary results, which will facilitate
the proof of Theorem 3.1.

Lemma 3.1 If a feasible point x* is MPEC generalized quasi-normal, then all feasi-
ble points in a neighborhood of x* are MPEC generalized quasi-normal.

Proof For simplicity, we drop the equality and the inequality constraints in the proof.
Assume that the claim is not true. Then we can find a sequence {xk } such that xk #x*
for all k, x¥ — x* and x* is not quasi-normal for all k. This implies, for each k, the
existence of scalars {y*, v¥} not zero and a sequence {x*’} C X such that

(1) 0€ = Y7L [y VGI*) + vf VH ()] + Na (),

2) ylk =0,Vl € Io(x5), vlk =0,Vl € Ip;(x*) and either ylkvlk = 0or ylk > 0,
vf >0, VI € Ioo(xb),

(3) {x*!} converges to x* as t+ — oo, and for each r, —ylkGl(xk’t) > 0,
VI e Gk, —vFH (%) > 0,V1 € H*, where GF = {l|y} # 0} and H* =
{I|vF #0}.

k

— Vk f)k — vk

kv TR
generality, that ()7", kY — (y*, v*). Dividing both sides of (1) above by ||(yk, Ay
and taking the limit, we have

(1) 0e =YL [y VGi(x™) + v VH (x")] + Nx (x*),

@) v =0,Vl € I o(x™), v =0,V € Ip+(x*) and either y;*v) = Oory* > 0,
v >0,VI € Ipp(x*),

(3) {c¥} converges to x* as k — oo, and for each I, —yl*Gl(gk) > 0,
Vieg, —vl*Hl(gk) > 0,Vl e H, where G = {l|y;* # 0}, H = {l|v] #0}.

For each k, denote )7" :

Assume, without any loss of

Indeed, for indices [ € Ipo(x*), for each k,

7l =0, 7 free, ifle Lo(x"),
pl free, 0 =0, iflelos(xb),
either 75 =0 or 7/>0, 0f>0, iflelp(x"),
and hence that either yl*vl* =0or yl* >0, vl* > 0,VI € Ipo(x™*). The existence of

scalars {y*, v*} and sequence {c¥} violates the MPEC quasi-normality of x*, thus
completing the proof. g

Recall that for a closed subset 2 C R" and x € £2, the proximal normal cone to
£2 at x and the Fréchet (regular) normal cone to §2 at x are the convex cones

2(X) =16 eR"Fo > 0s.t. (£,x — %) <ollx —F|* VrxeR},

NE (@) = {f € R"| limsup €x—x) 50},
x—>X,xeR lx — x|l
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respectively, and Ng (%) := limsup, ,; N5 (X) = limsup,_, ; N3(¥), where
limsup,_, ; @(x) denotes the Kuratowski—Painlevé upper (outer) limit. In the fol-
lowing result, we obtain a specific representation of the limiting normal cone to the
constraint region in terms of the set of MPEC quasi-normal multipliers.

Proposition 3.1 If x is MPEC generalized quasi-normal for C, then

m

p q
Ne(®) C 1Y 00k (®) + ) 1jdgi(@) = D [nVGi(X) + vV H )]

i=1 j=1 =1
+Nx @), 1, y,v) € Mo(¥) ¢,

where M g (x) denotes the set of quasi-normal multipliers corresponding to x.

Proof For simplicity, we omit the equality and the inequality constraints in the proof.
Let v be an element of set N¢(x). By definition, there are sequences x — X and
v! > v with v! e NF (x') and ¥’ €C.

Step 1. By Lemma 3.1, for [ sufficiently large, x’ is MPEC generalized quasi-
normal. By [18, Theorem 6.11], for each /, there exists a smooth function ¢’ that
achieves a strict global minimum over C at x! with —V(pl(xl ) = vl. Since x! is a
MPEC generalized quasi-normal vector of C, by Theorem 2.1, enhanced M stationary
condition holds for problem min gal (x) s.t. x € C. That is, there exists a vector (yl, vh)
such that

m
v' e =Y [¥/ VG (x') + v VH, (x')] + Nx (%), 4)

t=1

with y/ = 0,¥t € Lio(x!), v/ =0,V € Ip4(x') and either y/v/ = 0ory! > 0,
vf > 0, VI € Ipo(x"). Moreover, let G/ = {l|ytl £0}, H = {tlvll # 0}. Then there exists
a sequence {x¥} converging to x' as k — oo such that for all k, —y,lG,(xl’k) >0,
vt e G, —vlH (x"*) > 0,V e H'.

Step 2. We show that the sequence {y, v’} is bounded. To the contrary, sup-

pose that the sequence {yl, vl} is unbounded. For every [, denote 37[ = TG0

ol Assume, without any loss of generality, that (5, 7') — (y*, v*). Di-

— v
TGO
viding both sides of (4) by || (!, v and taking the limit; similarly to the proof of
Lemma 3.1, we obtain:

(1) 0e =Y/ [y VGi(X) + v VH; ()] + Nx (%),

) v =0,Vt € I10(x), v =0,Vt € Ip;-(x) and either y v} = Oory* > 0,
v,* >0, Vt € Ipp(x),

(3) {¢} converges to ¥ as [ — oo, and for each I, — ,*G,(gl) > 0,Vt € G,
—v H,(¢") > 0,Vt € H, where G = {t|y;* # 0}, H = {t|v} #0}.

However, this is impossible since x is assumed to be MPEC quasi-normal, and
hence the sequence {y*, v/} must be bounded.
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Step 3. By virtue of Step 2, without any loss of generality, we assume that {y!, v’}
converges to {y, v} as | — oo. Taking the limit in (4) as [ — oo, we have

ve =Y [nVGIE) + v VHE)]+ Ny &)
=1

with y; = 0,Vr € I, o(x), vy = 0,Vt € Iy (x) and either y,v; = Oory; > 0,
vy > 0,Vt € Ipo(x). Similarly to Step 2, we can find a subsequence {gl} that con-
verges to x as [ — 0o, and for each /,

—y,G,(gl) >0, Vted, —v,H,(gl) >0, VteH,
where G = {t]y; # 0}, H = {t|v; #0}. O

Taking into account the previous two results, we are now able to obtain a local
error bound result for MPECs under the MPEC quasi-normality. For a function g :
R" — R, we let g*(x) := max{0, g(x)} and, if it is vector-valued, then the maximum
is taken component-wise.

Theorem 3.1 Let x* € C, the feasible region of problem (MPEC). Assume that h;
are C', gj(x) are subdifferentially regular around x* in the sense of [17, Defini-
tion 1.91(1)] (automatically holds when g; are convex or C U around x*), X is a
nonempty, closed and regular in the sense that Ny (x) =N ; (x) forall x € 2. If x*
is MPEC generalized quasi-normal and the strict complementarity condition holds
at x*, then there are 8, ¢ > 0 such that

diste (x) < C(Hh(x) I+ let @], + D diste(Gi(x), H) (x))),

=1
xeB(x*,8/2)NX, ®)

where §2 :={(a,b) e Rla > 0,b > 0,ab = 0}, distp (x) is the distance from x to set
2 and || - |1 denotes the 1\ -norm.

Proof For simplicity, we omit the equality constraints in the proof. By assumption
we can find 8 > 0 such that g;(x) are subdifterentially regular for all x € B(x*, 8p),
the open ball centered at x* with radius &g. Since the required assertion is always
true if x* is in the interior of set C, we only need to consider the case when x* is
in the boundary of C. In this case, (5) can be violated only for x ¢ C. Let us take
some sequences {x*} and {x¥} such that x* — x*, z* € X'\ C, and x¥ = [1c (%), the
projection of x* onto the set C. Note that x¥ — x*, since ||x¥ — || < ||x* — x*||. For
simplicity, we may assume both {xk} and {xX} belong to B(x*, §o) N X.

Since #¥ —xk e NZ x5 c NCF(xk), we have nf = ﬁ € Ng(xk). Since x* is
quasi-normal, it follows from Lemma 3.1 that the point x* is also quasi-normal for all
sufficiently large k and, without any loss of generality, we may assume that all x* are
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quasi-normal. Then, employing Proposition 3.1, there exists a sequence {u*, y*, vk}
such that

n ez,ujag] ) = > [V VG (x*) + vf VH (xF) ] + N (). (©6)
=1

wk >0, u’j =0,Vj ¢ AF), yF =0,VI € Lio(x5), vF = 0,VI € o1 (x*) and either
y/‘vlk =0 or ylk > 0, vlk > 0,VI € Ipo(x¥), and there exists a sequence {x**} C X
such that xk* k as s — oo and for all s, ngj(xk 5y > 0 for j € J* and
—yFGi(xF) > 0,V € GF, —vFH (x%%) > 0,1 € ’H" where J* = {j|u§ > 0} and
Gk = {llylk # 0}, Hr = {l|vl # 0}. As in the proof of Step 2 in Proposition 3.1,
we can show that the quasi-normality of x* implies that the sequence {u*, y*, vk}
is bounded. Therefore, without any loss of generality, we may assume {u*, y*, vk}
converges to some vector {u*, y*, v*}. Then there exists a number My > 0 such that
for all k, ||(u*, y*, v%)|| < Mo. Without any loss of generality, we may assume that
7 e B(x*, %)\ C and x¥ € B(x*, 8y) for all k. Setting (¥, 7, ) = 2(uk, yX, v%),
then from (6), for each k, there exist ,o;? €0gj (x5, ¥vj=1,...,q and o* € Ny (x5)
such that

— X

k k k k

T = Ty T A = VG ) + oV ()] 4 of.
j=1 =1

‘We obtain from the discussion above that

k k
T R A
|k —x ||—<”Xk_xk”,>z x>
xk—xk q
:<||xk—xk|| >+Z“k”§”k_x>
j=1

m
— Z(flkVGl (xk) + f;lkVHl(xk), 2 — xk> + (a)k, = — xk>
=1

m
< (ﬁ];,O,, Z 7EVG(x*) + vf v H (xY), 7 —xk)
j=1 =1

2 +o( [l = +]))

IA
[]=
=i
<
—_
[0,<)
~.
A~
X
N
N—
_l’_
Q
fam
X
j
I Ms
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[é iy, G () + v} Hy (= ))}

=1

q

m
Z +Zyl +Zv, +1lo

(1 =)

4q m
1
fz[ZM?gf(ﬂ">—Z(ﬁcz(xk)wm(xk))} I
Jj=1

=1

where the first inequality comes from the fact that & is regular, the second comes
from the subdifferential regularity assumption of g;(x) in B(x*, 8¢), and the last one
is valid because, without any loss of generality, we may assume for k sufficiently

1 . . .
large, o(JI7F — x| < WHX" — x¥| since #¥ — x¥ — 0 as k tends to infinity.
This means that

dise() = [ — 2] < 4o (igmk) +o(G(). H<xk)>),

i=1

= imax{—Gl(xk), —Hy ("), Gi(2*) — Hi(x), min{[G, ("), H (<) }}.

Thus, for any sequence {x*} C X converging to x* there exists a number ¢ > 0 such
that

diste (%) < c(||g+(ﬂ’<) |+ diste(Gi (<), H) (%‘))), Vk=1,2,....
=1

This further implies the error bound property at x*. Indeed, suppose the contrary.
Then there exists a sequence ¥ — x* such that % € X' \ C and

diste (') > c<’|g+(§<k) I, + idistg (Gi(7), Hy (&k)))

forall k =1, 2, ..., which is a contradiction. O

4 Conclusions

We have shown that the MPEC-LICQ is not a constraint qualification for the
S-stationary condition if the objective function is not differentiable. Moreover, we
have derived the enhanced M-stationary condition and introduced the associated gen-
eralized pseudo-normality and quasi-normality conditions for nonsmooth MPECs.
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We have also introduced a weaker version of the MPEC-CPLD and shown that it
implies the MPEC quasi-normality. Finally we have shown the existence of a local
error bound under either the MPEC generalized pseudo-normality or quasi-normality
under the subdifferential regularity condition.
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