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Abstract. The paper proposes and justifies a new algorithm of the proximal Newton type to solve a broad
class of nonsmooth composite convex optimization problems without strong convexity assumptions. Based
on advanced notions and techniques of variational analysis, we establish implementable results on the global
convergence of the proposed algorithm as well as its local convergence with superlinear and quadratic rates.
For certain structural problems, the obtained local convergence conditions do not require the local Lipschitz
continuity of the corresponding Hessian mappings that is a crucial assumption used in the literature to
ensure a superlinear convergence of other algorithms of the proximal Newton type. The conducted numerical
experiments of solving the [; regularized logistic regression model illustrate the possibility of applying the
proposed algorithm to deal with practically important problems.
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1 Introduction

In this paper we consider a class of optimization problems of the following type:

min F(z) = f(z) +g(z), (1)
where both functions f,g: R® — R := (—o0, 0o] are proper, convex, and lower semicontinuous (l.s.c.), while
being structurally different from each other. Namely, f is assumed to be twice continuously differentiable
with the Lipschitz continuous gradient V f on its domain. On the other hand, g is merely continuous on its
domain; see Assumption 1.1 for the precise formulations. It has been well recognized that model (1), known

as a composite convex optimization problem, frequently appears in a variety of applications including, e.g.,
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machine learning, signal processing, and statistics, where f is a loss function and g is a regularizer; we keep
this terminology here. Note that problem (1) contains in fact implicit constraints written as x € Q := dom g.

It is typical in applications that problems of type (1) have a large size, which makes attractive to compute
their solutions by employing first-order algorithms such as the prozimal gradient method (PGM). Given each

k+1

iteration ¥, the PGM constructs a new iteration x by solving the following optimization subproblem,

which approximates the smooth function f in (1) by the linear model:
min I4(z) = f@*) + VN @ - 2*) + g(o), 2)
where T indicates the matrix transposition. As well known, the PGM applied to (1) generates a sequence of
iterates that converges at least sublinearly of rate O(1/k) (see, e.g., [3, 28]) and linearly with respect to the
sequence of cost function values—provided that f is strongly convex; see e.g., [34]. Refined results on linear
convergence of the PGM are derived under various error bound conditions as in [22, 23, 27, 36, 37].
When f is a twice continuously differentiable function, it is natural to expect algorithms having faster
convergence rates by exploiting the Hessian V2f(2*) of f at each iteration 2* and constructing the next

iteration z**! as a solution to the following quadratic subproblem:
. , 1
min qi(x) = f(z%) + V(@) (@ = 2") + S (@ = ") He(w = ") + g(a), (3)

where Hj, is an appropriate approximation of the Hessian V2 f(z*). Methods of this type to solve composite
optimization problems (1) are unified under the name of prozimal Newton-type methods; see, e.g., [20]. To
the best of our knowledge, the origin of such methods to solve nonsmooth composite optimization problems
given in form (1) can be traced back to the generalized proximal point method developed by Fukushima and
Mine [12] who in turn considered it as an extension of Rockafellar’s proximal point method [31] to find zeros
of maximal monotone operators and subgradient inclusions associated with convex functions. On the other
hand, the general scheme of successive quadratic approximations to solve optimization-related problems is a
common idea of Newton-type and quasi-Newton methods; see the books [10, 16] with their bibliographies.
For particular subclasses of composite problems (1), the quadratic approximation scheme (3) contains special
versions of the proximal Newton-type methods known as GLMNET [13], newGLMNET [38], QUIC [15], the
Newton-LASSO method [29], the projected Newton-type algorithms [34, 35], etc.

Observe further that, due to the convexity of both functions f and g with f being smooth, problem (1)

can be equivalently written as the generalized equation
0€ Vf(x)+ dg(x) (4)

in the sense of Robinson [30], where dg(z) is the subdifferential of g at . Then subproblem (3) for con-

k41 in the proximal Newton method for (4) reduces to solving the following

k.

structing the new iteration x

partially linearized generalized equation at the given iteration z
0€ Vf(xh) + Hy(z — 2%) + dg(x). (5)

Various results on the local superlinear and quadratic convergence of iterative sequences {z*} for (5) are
obtained in the literature in the framework of quasi-Newton methods for generalized equations under different
kinds of regularity conditions imposed on OF from (1); see, e.g., the books [7, 10, 16] with the references

and discussions therein. In particular, Fischer [11] proposes an iterative procedure to solve generalized



equations and proves local superlinear and quadratic convergence of iterates under certain Lipschitz stability
property of the corresponding perturbed solution map. More specifically, paper [11] develops a quasi-Newton
algorithm to solve (1) in the framework of (5) that exhibits a local superlinear/quadratic convergence in the
setting where ¢ is the indicator function of a box constraint, and where Hy, in (3) is taken as the regularized
Hessian Hy, := V2f(2*) + ajI with {a;} being a positive vanishing sequence satisfying certain conditions.
The main assumptions of [11] include the local Lipschitz continuity of the Hessian V2f(z) and the upper
Lipschitz continuity/calmness of the perturbed solution map (1) at the points in question.

However, how to build a reasonable globalization of the local scheme given by (3) has not been completely
resolved yet. Various globalizations of the proximal Newton method can be found in the literature, see, e.g.,
[4, 20, 19, 33]. Unfortunately, all these works require f to be strongly convex. In particular, paper by Byrd et
al. [4], which addresses the special case of problem (1) with g := A||z||; and A > 0, proposes implementable
inexactness conditions and backtracking line search procedures to design a globally convergent proximal
Newton method, but the local superlinear and quadratic convergence results therein are established under
the strong convexity assumption on f. Quite recently [39], the inexactness conditions and backtracking
line search procedures of [4] is applied to develop a proximal Newton method for (1) with proving its local
convergence of superlinear and quadratic rates by using the Luo-Tseng error bound condition [23] instead
of the strong convexity assumption in [4]. However, the convergence results in [39] have a crucial flaw. To
achieve a local quadratic convergence rate, the authors of [39] require that parameters of their method satisfy
a certain condition involving the constant in the error bound, which is extremely challenging to estimate.

In this paper we design a new globally convergent proximal Newton-type algorithm to solve composite
convex optimization problems of class (1) under the following standing assumptions on the given data without

requiring the strong convexity of the loss function f:
Assumption 1.1. Impose the following properties of the loss function and the regularizer in (1):
(i) Both functions f,g: R™ — (—o0, 00| are proper, l.s.c., and convet.

(ii) The domain of the loss function dom f := {z | f(x) < oo} is open, and f(x) is twice continuously
differentiable on a closed set Q@ O (dom f) N (domg).

(iii) The regularizer g(x) is continuous on its domain.
(iv) The gradient V f(x) is Lipschitz continuous on a closed set 2 from (1) with Lipschitz constant Ly > 0.
(v) Problem (1) has a nonempty solution set denoted by X := arg mingegn F () with the optimal value F*.

Our main contributions can be summarized as follows:

(1) We develop a globally convergent proximal Newton-type algorithm to solve (1) with an implementable
inezact condition for subproblem (3) and a new reasonable backtracking line search strategy. Our line
search procedure does not require any restrictive assumptions. It is shown in this way that if the
subgradient mapping OF is metrically subregular at any limiting point of the iterative sequence, the
backtracking line search procedure accepts a unit step size when the iterates are closed to the solution.
Furthermore, we prove that the proposed proximal Newton-type algorithm exhibits a local convergence
with the quadratic convergence rate. Numerical experiments are performed to solve the Iy regularized
logistic regression problem that illustrate the efficiency of the proposed algorithm.



(2) We establish novel local convergence results for the proposed algorithm under the metric g-subregularity
assumption imposed on the subgradient mapping OF for any positive number ¢. If ¢ € (0,1), the
obtained results require less restrictive assumptions in comparison with the case of metric subregularity
(¢ = 1) to ensure a superlinear convergence of iterates, while for ¢ > 1 we achieve a convergence rate
that is higher than quadratic.

(3) When the loss function f in (1) satisfies additional structural assumptions, we obtain a local superlinear
convergence rate of our proposed algorithm without imposing the Lipschitz continuity of the Hessian
matrix V2 f(x). The latter assumption is crucial for establishing a fast convergence of the previously

known algorithms of the proximal Newton type.

The rest of the paper is organized as follows. Section 2 briefly overviews the notions and results of
variational analysis needed for the subsequent material. In Section 3 we present our proximal Newton-
type algorithm and establish its global convergence. Section 4 contains results on the local superlinear and
quadratic convergence of the proposed algorithm under the metric subregularity assumption on the subgra-
dient mapping. In Section 5 we derive advanced local convergence results under the metric ¢g-subregularity
conditions imposed on 9F considering separately the cases where ¢ € (0,1) and where ¢ > 1. The next
Section 6 is devoted to problem (1) with a certain structure of the loss function f and establishes in this case
a superlinear convergence of the proposed algorithm without the Lipschitz continuity of the loss function
Hessian. Finally, Section 7 conducts and analyzes numerical experiments to solve the practically important

Iy regularized logistic regression problem by implementing the designed proximal Newton-type method.

2 Preliminaries from Variational Analysis

Here we recall and discuss some material from variational analysis that is broadly used in what follows. The
reader can find more details and references in the books [7, 24, 32].

Throughout the paper we use the standard notation. Recall that R™ signifies an n-dimensional Euclidean

space with the inner product (-,-) and the norm denoted by || - ||, while the 1-norm is signified by || - ||;.
For any matrix A € R™*" we have ||A|| := max,+¢ % with Gmin(A) standing for the smallest nonzero

singular value of A. The symbols B, (x) and B,(x) denote the open and the closed Euclidean norm ball
centered at x with radius » > 0, respectively, while we use B and B for the corresponding unit balls
around the origin. Given a nonempty subset 2 C R"™, denote by bd () its boundary and consider the
associated distance function dist(z;Q) := inf{[|z — y| |y € Q} and the indicator function do(x) equal 0
if z € Q and co otherwise. The graph of a set-valued mapping/multifunction ¥: R™ = R™ is given by
gph ¥ := {(z,v) € R" x R™ | v € ¥(x)}, and the inverse to ¥ is ¥"1(v) := {x € R" | v € ¥(z)}.

The following fundamental properties of set-valued mappings are employed in the paper to establish fast

local convergence results for the proposed proximal Newton-type algorithm.
Definition 2.1. Let U: R™ = R™ be a set-valued mapping, let (Z,0) € gph ¥, and let g > 0.

(i) We say that U is METRICALLY ¢-SUBREGULAR at (Z, D) with modulus > 0 if there is € > 0 such that

dist (2; U1 (0)) < rdist(v; \I/(x))q for all z € B.(Z). (6)

(ii) ¥ is said to be METRICALLY SUBREGULAR at (Z,0) if ¢ =1 in (6).



The metric subregularity property has been well recognized and applied in variational analysis and op-
timization numerical aspects. The reader can find more information and references in [7, 24] with the
commentaries and the bibliographies therein. In this paper we employ metric subregularity of subgradient
mappings, which form a remarkable class of multifunctions with special properties. Various sufficient condi-
tions and characterizations of this property of subgradient mappings are given in [1, 2, 9] in terms of certain
second-order growth conditions imposed on the function in question.

The metric g-subregularity of order ¢ € (0, 1), known also as Hélder metric subregularity, is much less
investigated, while some verifiable conditions for the fulfillment of this property can be found in, e.g.,
[14, 21, 40]. Note that the Holder metric subregularity is clearly a weaker assumption in comparison with
the standard metric subregularity property.

The case of higher-order metric subregularity with ¢ > 1 in (6) is largely open in the literature. One of
the reasons for this is that the corresponding metric q-reqularity property with ¢ > 1 does not make sense,
since it holds only for constant mappings. Nevertheless, it is shown in [25] that the higher-order metric
subregularity is a useful property in variational analysis and optimization. This property is characterized for
subgradient mappings in [25] via a higher-order growth condition, and its strong version is applied therein
to the convergence analysis of quasi-Newton methods for generalized equations.

Next we consider the prorimal mapping
1
Proxy(u) := argmin{g(x) + §||x —u)? ‘ x € R"}, ue R, (7)

associated with a proper function g: R” — R. A crucial role of proximal mappings has been well recognized
not only in proximal Newton-type algorithms (see, e.g., [4, 20]), but also in other second-order methods
of numerical optimization. In particular, we refer the reader to the very recent papers [17, 26], where the
proximal mappings are used for designing superlinearly convergent Newton-type algorithms to find tilt-stable
local minimizers of nonconvex extended-real-valued functions and to solve subgradient inclusions in a large
generality. If g is l.s.c. and convex, then the proximal mapping (7) is single-valued and nonexpansive on R",
i.e., Lipschitz continuous with constant one; see, e.g., [32, Theorem 12.12].

It is important to emphasize that in many practical models of type (1) arising, in particular, in machine
learning and statistics, the proximal mapping associated with the regularizer term g (e.g., when g is the
l1-norm, the group Lasso regularizer, etc.) can be easily computed. This is the case of the I regularized

logistic regression problem in our applications developed in Section 7.

Having (7), define further the proz-gradient mapping associated with (1) by
r(z) :=x — Proxy(z — Vf(z)), z€R", (8)

and present some properties of (8) used in what follows. The first proposition is a combination of Theorem 3.4
and Theorem 3.5 established in [8].

Proposition 2.1. Let V f be Lipschitz continuous with modulus Ly around T, and let the mapping V f(x) +
0g(x) be metrically subregular at (z,0), i.e., there exist numbers e,k > 0 such that

dist(x; X) < rdist(0; V f(z) + dg(x)) for all = € B.(Z).
Then whenever x € B.(T) we have the estimate

dist(z; X) < (1+ &)1 + L1)||r(2)]].



The next proposition give a reverse statement to Proposition 2.1 while providing an estimate of the norm
of (8) via the distance to the solution set of the convex composite problem (1).

Proposition 2.2. Let Vf be Lipschitz continuous with modulus L1 on R™. Then we have the estimate
lr(z)|| < (2+ Ly)dist(z; X) for all © € R™.

Proof. Observe first that the mapping r(x) is well-defined and single-valued for all z € R™ due to the
aforementioned result of [32]. It easily follows from Assumption 1.1 that the nonempty solution set X
is closed and convex; hence each point z € R™ has the unique projection 7, € X onto X. Note that
7y — Proxg(my — V f(mg)) = 0 for m, € X'. Thus we verify the claim of the proposition by

(o)l = o — Prox, & - V)|
= Hx — Proxy(z — Vf(z)) — (mp — Proxy(my — Vf(7s)) )H
< @ — ma|| 4 ||Proxg (z — V f(2)) — Proxg (me — V f (7)) |
< o =l + [[(z = Vf(2)) = (7o = V()]
< (24 Ly)|lx — 7], xe€R",

where the second inequality holds since the proximal mapping Prox, is nonexpansive. O

Finally, we obtain an extension of Proposition 2.1 to case where the subgradient mapping V f 4+ dg in (1)

satisfies the Holder subregularity property in the point in question.

Proposition 2.3. Let V[ be Lipschitz continuous with modulus Ly around T, and let the mapping V f(x) +
dg(x) be metrically q-subregular at (Z,0) with g € (0,1], i.e., there exist £1,k1 > 0 such that

dist(2; X) < k1dist(0; Vf(z) + dg(x))? for all z € B., (7).
Then we find constants €9, ko > 0 that ensure the estimate
dist(z; X) < kal|r(2)||? whenever x € B, (Z). (9)
Proof. By (8) we have the inclusions
r(z) € Vf(z) + dg(z — r(z)) and

r(z) + Vf(z —r(z)) —Vf(z) € Vf(z —r(z)) + dg(x — r(z))
for all x € R". When z € B.(Z), it follows from the imposed assumption that

dist(z — r(z); X) < wdist(0;7(z) + Vf(z —r(z)) — Vf(z))’

< k(14 L))
which lead us to the resulting estimates for such z:
dist(z; X) < dist(z — r(z); X) + [|r(2)||
< 1 r(L 4 La)?) max {r(@)], [Ir(2)]17}-



Applying now Proposition 2.2 tells us that, whenever dist(z; X') < 1/(2+ L1) and € R™, we get
lr(@)]| < (2+ Lp)dist(z; X) < 1.
Letting £2 := min{1/(2 + L1),&1} and remembering that ¢ < 1 bring us to the inequality
dist(a; X) < (1 + k(1 + L)Y ||r(z)]|? for all = € B, (Z),
which verifies (9) with kg := (1 + k(1 + L1)?) and thus completes the proof of the proposition. O

3 The New Algorithm and Its Global Convergence

In this section we describe the proposed proximal Newton-type algorithm to solve the class of composite
convex optimization problems (1) with justifying its global convergence under the standing assumptions.
Given a current iteration x* for each k = 0,1,..., we select a positive semidefinite matriz B, as an

arbitrary approximation of the Hessian V2 f(x*) satisfying the standing boundedness assumption:
there exists M >0 such that ||By|| < M whenever k=0,1,.... (10)

If the gradient mapping V f is uniformly Lipschitz continuous along the sequence of iterations with constant
Ly, then (10) holds for By = V2f(2*) with M = L;. In the general case of By, pick any constants ¢ > 0
and p € (0,1] and, using the prox-regular mapping (8), consider the positive number ay, := ¢||r(z*)||” and

define the quasi-Newton approzimation of the Hessian of f at z* by
Hy := By + ail forall k=0,1,..., (11)
which is a positive definite matrix. Then similarly to [4], but with the different approximation (11), denote
() := & — Prox, (z — Vf(2¥) fHk(acf:Ek)) (12)
and select ¥ as an approzimate minimizer of the quadratic subproblem for (1) given by

min gy(x) = (@) + V) @ - a¥) + 5 a8 Hile — o) + g(a) (13)

with the residual number ||74(#")|| measuring the approximate optimality of #* in (13). Observing that

|7 (2%)|| = 0 if and only if #* is an ezact solution to subproblem (13), we use the nonnegative number
P = min{||r;€(i"k)|\, dist (0; 3qk(£k))}

with 7 () taken from (12) as the optimality measure of #* in subproblem (13). Adapting the scheme of
[4] in our new setting, let us impose the following two estimates as inezact conditions for choosing 2% as an

approximate solution to subproblem (13):
min {[|rg (&°)][], dist (0; dgr (&*)) } < mieflr(a®)|| and gx(2*) < gi(a®) (14)

with the parameter 7y := v min{1, ||r(z*)||?} defined via (12) and some numbers v € [0,1/2) and ¢ > 0.

Using the above constructions and the line search procedure inspired by [5, 6], we are ready to propose

the proximal Newton-type algorithm designed as follows:



Algorithm 1 Proximal Newton-type method
1: Choose 2° € R", 0 < 6,0,7 <1, C > F(z2"), ¢ > 0, and p € (0, 1].
2: for k=0,1,... do

1. Update the approximation of the Hessian matrix By.

2. Form the quadratic model (3) with Hy := By, + axl and ay, := c||r(zF)|”.
3. Obtain an inexact solution Z* of (3) satisfying the conditions in (14).
4

. If k=0, let ¥ := r(2°) and go to Step 5. For k > 1, if |r(2%)|| < o0 and f(3F) < O, let t;, := 1,
Vpt1 := ||r(2%)]), and go to Step 6. Otherwise, let 541 := ¥4 and go to Step 5.

5. Perform a backtracking line search along the direction d* := #* — 2% by setting t; := y™*, where
my is the smallest nonnegative integer m such that
F(z* +4™d") < F(z*) — Gagy™||d*||%. (15)

6. Set a1 = 2k + ¢t1.dF.

3: end for

In the rest of this section we show that the proposed algorithm globally converges under the mild standing
assumptions, which are imposed above and will not be repeated. Let us start with the following lemma

providing a subgradient estimate for subproblem (13) at the approximate solution.
Lemma 3.1. Given an approzimate solution 2% to (13), there exists a vector e, € R"™ such that
er € Vf(a") + Hp(@" — 2*) +9g(2" —ex) and |lex|| < vmin {[lr(z®)], r(z")|"+e}. (16)
Proof. Let ey, := 1, (2%) = 2% — Prox, (2% — V f(2*) — H(2* — 2*)) and pick any ¢, € dgx(2*). Then we have
er € VI(aP) + Hy(i* — 2%) + 0g(2* — ex) and ¢, € Vf(2®) + Hyp (2" — %) + dg(a¥),

which follow from (7) and the subdifferential sum rule of convex analysis. Since the subgradient mapping

dg is monotone, this readily tells us that
(ex — Cks—ex) >0,
which in turn yields the estimates
2
llerl|™ < (Crrex) < llexll - lICkll-
Using finally the inexact conditions (14) for ¥, we arrive at the claim of the lemma. O
The next lemma provides elaborations on Step 5 of the proposed algorithm with the decreasing of the

cost function in (1) by the backtracking line search.

Lemma 3.2. Let ty be chosen by the backtracking line search in Step 5 of Algorithm 1 at iteration k. Then

we have the size estimate

1—
ty, > m (17)
Ly
with the cost function decrease satisfying
(1 — 0) (1—2v)ay 2
Fk+1_Fk<_7 kY12, 1
(@57) = F(a%) < =7 T+ )1+ M+ ap) [l ()] (18)



k

Proof. Since &° is an inexact solution to (3) obeying the conditions in (14), it follows that

N . 1. .
0> qu(@®) — qu(2®) = 1p (&%) — li(2®) + §(xk — M Hy (&% — 2),
where I is the linear part of ¢; defined in (2). This yields
1 1
I (2%) — 1,(2%) > §(ae’“ — 2" Hy (2% — 2*) > 5ol,€||yz’c — |2 (19)

By r(z*) = 2% — Proxy(z* — V f(2*)) we deduce from the stationary and subdifferential sum rules that
r(z*) € Vf(@¥) + 0g(z* — r(a")).

Furthermore, Lemma 3.1 gives us the condition e € Vf(x*) + Hy(2F — 2%) + dg(2* — ey,) for &% with ey,
satisfying the estimate ||eg|| < v||r(2¥)||. The monotonicity of the subgradient mapping dg ensures that

<r(mk) + Hp(i* — 2%) — ep, 2% — r(2®) — 2% + er) >0,
which therefore leads us to the inequality
(@) 1P +]ew] P4+ (2F =) T Hy(2F —2*) < (r(a¥), a* =25+ Hy (25 —2%) )+ (e, 2r(a¥) + (25 —2%)+ Hy, (25 —2F) ).
Using again the condition ||ex|| < v||r(x*)|| together with ||Bg|| < M from (10) results in
I < (14 0)(L+ M+ ag) (@) - 12 — 2] + 20l (@)1

Remembering the choice of v € [0, %), we estimate the prox-gradient mapping (8) at the iteration z* by

I+v)I+M+ag),.
12 — "]

k
<
(¥ < S

Next let us show that the backtracking line search along the direction d* = &

(20)
k _ 2% in Step 5 is well-
defined and the proposed step size ensures a sufficient decrease in the cost function F. It follows from the
Lipschitz continuity of V f that
L
f(z® +7d*) < f(a®) + 7V ") Tdx + 717'2Hdk|\2 for any 7 >0,
and thus we deduce from the definition of I in (2) that

L
a2

F(z®) — F(2® + 7d") > I, (2%) — lp(aF + 7d*) - 5

This implies by the convexity of g that
lk(l‘k) — lk(ﬂfk + Tdk) > T(lk(l‘k) — lk(l‘k + dk))
Combining the latter with (19) and using the choice of € (0,1) yield the relationships

HakT

F(z®) — F(2® + 7d*) — ——||d"||?

L 0
> I(2*) = I (2" + 7d*) — 71T2||dk||2 akTHdkHQ
L 9a T
2 (@) = b(a* +d%) = S P - =) )
AL L
> (1= 0y [ld|* = 2t

= IIdeI (1= 0)ar — Ly7).



This tells us that the backtracking line search criterion (15) fulfills when 0 < 7 < %, and thus the step

size tj, satisfies the claimed condition (17). Substituting now 7 := ¢ > 'Y(lzif)a" into (21) and employing the

estimate of ||r(2*)||? from (20), we arrive at the inequalities

Ot
F(a*) = F(a* + ud) = 2575 |2
2
v0(1 — 0)a2 (1-2v)
> . ()%,
2L, (1+v)(1+ M+ ayp)
which verify the decreasing condition (18) and thus completes the proof of the lemma. O

Now we are ready to prove the global convergence of Algorithm 1. Define the sets
K = {0, 1,... } and Ko := {0} U {k +1e K | Step 5 is not applied at iteration k:} (22)

Theorem 3.1. Let {z*} be the sequence of iterates generated by Algorithm 1 with an arbitrarily chosen
stating point z° € R™ under the standing assumptions made, and let the set K is defined in (22). Then Ky

is infinite and we have the residual condition
lim inf ||r(z*)|| = 0 (23)
k—o0

along the prox-gradient mapping (8). Furthermore, the boundedness of {x*} yields the convergence to the

optimal value klim F(z%) = F* and ensures that any limiting point of {x*} is a global minimizer in (1).
—00

Proof. First we verify that the set Ky is infinite. Arguing by contraposition, suppose that K is finite and

denote k := maxpcg, k. It follows from Lemma 3.2 that for any k > k we get

' ¥0(1—0) (1—2v)oy ’ 2
Pt - Pty < 000 (B e

which tells us therefore that

— 10(1 - 0) (1-2v)oy 2 ) ] *
Z o <(1+V)(1+M+ak)> Ir(@*)|? < F@a®) — F* <.

The latter implies in turn that

_A6(1—6) (1—2v)ay 2 -
i 2 (o o ra) eI =

Remembering the choice of oy, = c||r(z*)||” with ¢, p > 0 ensures that

lim ||r(3:k)|\ =0,
k—oo

and hence there exists k > k such that k& € Kp; a contradiction showing that the set K is infinite.
Thus we can reorganize K in such a way that 0 = kg < k1 < ko < .... It follows from Step 4 of
Algorithm 1 that the estimate

|r(zF+1)|| < o||r(z*)|| whenever ¢=0,1,...

10



holds with the chosen number o € (0, 1) in the algorithm, and therefore we get

0 < limsup ||r(z)[| < lim of|jr(z*)| =0,
=00 £—00
which clearly yields (23). The continuity of r(-) ensures that ||r(Z)|| = 0 for a limiting point Z of the sequence
{*}rex,, and thus # € X. Consider now any limiting point Z of the entire sequence of iterates {z*}rex. If
there exists k such that k € K, for all k > k, it is easy to see that Z is a global minimizer of (1). Otherwise,
for any k ¢ Ky denote by ky € Ky the largest number satisfying ky, < k and hence get

F* < F(2") < F(aF 1) < ... < F(a*).

Since the sequence {z*}1ex, is bounded, and since any limiting point of {z*}.ck, is a global minimizer in
(1) as already shown, it follows that elim F(z*t) = F*. This readily verifies by the constructions above that
— 00

klirn F(z%) = F*, and thus any limiting point of {z*} e provides a global minimum to (1). O
—00

We conclude this section with a consequence of Theorem 3.1 giving an easily verifiable condition for the
boundedness of the sequence of iterates in Algorithm 1. Recall that a function ¢: R® — R is coercive if
o(z) = oo provided that ||z| — oo.

Corollary 3.2. In addition to the standing assumptions imposed above, suppose that the cost function F in

(1) is coercive. Then we have klim F(zF) = F* for the sequence of iterates {x*} generated by Algorithm 1,
— 00

and any limiting point of {x*} is a global minimizer in (1).

Proof. According to Steps 4 and 5 of Algorithm 1, the sequence {z*} generated by the algorithm satisfies
the condition F(z*) < C for all k. Then the coercivity of F' implies that the sequence {z*} is bounded.
Thus we deduce the conclusions of the corollary from Theorem 3.1. O

4 Quadratic Local Convergence under Metric Subregularity

This section provides a detailed study of the local convergence of Algorithm 1 under the metric regularity
assumption on the subgradient mapping in (1); see Section 2 for the discussion of this property. The main
result here establishes superlinear local convergence rates depending on the selected exponent p € (0, 1] in
the algorithm, which gives us the quadratic convergence in the case where p = 1. Our analysis partly follows
the scheme of [11] for a Newtonian algorithm to solve generalized equations with nonisolated solutions under
certain Lipschitzian properties of perturbed solution sets. Note that the imposed metric subregularity allows
us to avoid limitations of the line search procedure (needed for establishing the global convergence of our

algorithm in Section 2 that is not addressed in [11]) to achieve now the fast local convergence.

Let us start with the following lemma giving us a norm estimate of directions d* in Algorithm 1.

Lemma 4.1. Let {x*} be the sequence generated by Algorithm 1 under the standing assumptions, and let
T € X be any limiting point of {x*}. If the Hessian V2f is locally Lipschitzian around T, then there exist

numbers €, Ly > 0 such that we have the estimate
1 /L
¥ < — (Fidist(a*; )2 + | By — V2F ()] dist(a; X) + 2apdist("s 2) + (1+ M + a)v|r(ah)]|+*)
Qg
for the directions d* := 2% — x* | provided that 2% € B.(z).

11



Proof. Remembering that #* is an inexact solution to (3) satisfying conditions (14), we apply Lemma 3.1
and find a vector e such that the relationships in (16) hold. Denoting by ¥ the (unique) projection of x*
onto the solution map X, we get by basic convex analysis that 0 € V f(7%) + dg(7¥) and thus

Vi(®) - Vfrk) + Hy(nk — 2%) € Vf(aF) + Hip(7F — 2%) + ag(=h).
Since the mapping V f(2*) + Hy(- — 2¥) + dg(+) is strongly monotone on R”™ with constant ay, we have
(VF(a®) = V) + Hy(zl —2%) —ep + Hpep, 7% — 2% +ep) > ap|nk — 2% 4 )2 (24)
Combining the above with the algorithm constructions gives us the estimates
Ik = 8%+ eul) < [VF(*) - V() + Halrk = ¥) - e + Huea

< — (IVFa") + V2f (") (5 = 2®) = V)l + | (Hi = V2 f(2%)) (w5 — 2%) | + [lex, — Hyex|))

1
Qk

IN

a* — |

aik(nvf(xk) + v2f(xk)(7r]; _ xk) _ Vf(ﬂ'];)H + By — V2f(xk)|| y
+ oyl — |+ (1 + M)||ek||>

< O%(”Vf(xk) F V2 f(aR) (rk — 2R) = V)| + | Be — V2 f(aF)]| dist(z*; )

Fagdist(s5: ) + (14 Mwr(ah) 142,

where the third inequality follows from the choice of Hy = By + a4 I while the fourth inequality is implied by
llex|l < v|jr(z*)||*Te. Since the Hessian mapping V?2f is locally Lipschitzian around Z, there exist positive
numbers € and Ly such that for any z,y € B.(Z) we get

IV5() + V21 @)y — ) ~ V@) < 2~y
Furthermore, it follows from z* € B.(Z) and 7% € B.(z) that
Ik — 3%+ euf) < - (SRdis(a¥ X2 + 1B — V()] dist(as X) + andist(a5.0) + (14 M) ).
Finally, we employ the relationships
|l = 12" — a¥|| < [lmg — & + exll + [lm5 — 2| + llex|l and [lex]| < vllr(a*)]' (25)
to justify the claimed estimate of the lemma. O

Now we are ready to derive the main result of this section about fast local convergence of Algorithm 1
under the metric subregularity of the subdifferential.

Theorem 4.1. Let {z*} be the sequence of iterates generated by Algorithm 1 with oy, = c||r(z*)|?, p € (0,1],
and 0 > p, and let T € X be any limiting point of the sequence {x*}rex,, where Ko is defined in (22). In
addition to the standing assumptions, suppose that the subgradient mapping V f(x) + 0g(x) is metrically
subregular at (z,0), that V2f is locally Lipschitzian around Z, and that | By — V2f(z*)| = O(||[r(z")]).
Then there exists a natural number ky such that we have

tr =1 for all k> ko,
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and that the sequence {z*} converges to the point . Furthermore, this convergence is superlinear with the

rate 1 + p, i.e., there exist a positive number Cy and a natural number ko for which
dist (21, X) < Co dist(z®; X)1 P whenever k > ko. (26)
In particular, for p = 1 we have the quadratic convergence of x* — T with the exponent 1+ p =2 in (26).

Proof. Observe first that the assumed metric subregularity of the mapping V f(z) + dg(z) at (z,0) gives us
a positive number €; and a natural number x; such that for all p near 0 € R™ we have the inclusion

S(p) NB., (Z) C X + kyp|B with X(p) := {z € R" | p € Vf(x) + dg(x)}. (27)
Employing Proposition 2.1 allows us to find k2 > 1 ensuring the estimate
dist(x; X) < ko|lr(z)|| whenever z € B, (Z). (28)
Since || By — V2f(2%)|| = O(||r(z*)]|), we deduce from Proposition 2.2 that there exists C; > 0 such that
| Br — V2f(z*)|| < Oy dist(z; X).
Since V2f is locally Lipschitzian around Z, there exist numbers Lo, 5 > 0 such that
1Y) + V21 @)y — ) = VF@) < Ll —yl> for any 2,y € Bey (7). (29)
Applying Lemma 4.1, we can select £, € (0,1) to be so small that when ¥ € B, (z), ||[r(z*)| < 1 and

1 (L
¥l < o (F2dist(a*; )2 + | By — V2F(a)|[dist (a; X) + 2apdist("s X) + (1+ M + an)v|r(ah)|+)

1 (kAL
<= (Mdist(xk; X)2P + kECdist(z%; X)2 7P + 2dist (27 X) + (2 4+ M)veh(2 4 L) edist(zF; ;v)1+9—ﬂ> ,

2
where the second inequality follows from Proposition 2.2 and the estimates
| By — V2f(z")|| < 1 dist(2¥; X) and ay = ¢|jr(z®)||? > cdist(z; X)?/k5.
Remembering that p € (0,1] and ¢ > p, we find ¢; > 0 such that
|d¥|| < eydist(2z®; X) for all z* € B, (z). (30)

k

Since " is an inexact solution of (3) satisfying (14), Lemma 3.1 gives us a vector e for which the conditions

in (16) hold. By setting #* := & — e}, we have the inclusion
er — Hrep € Vf(xk) + Hk(.fk — .%‘k) + ag(.’i‘k),
which implies therefore the following one

Ry (2% 2) == Vf(i%) = Vf(2*) — Hp (3" — o) + ex — Hyer, € V(%) + 0g(z). (31)
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The latter reads, by the above definition of the perturbed solution map X(p), that 7% € S(Ry(zF z*)).
Without loss of generality, let ; be so small that e; < e5/(3 +¢1 + L1) and then get || — z|| < ||z — z|| +
ld*| + llexll < (14 ec1 + 2+ Ly)||z* — Z|| < e2. This leads us to the relationships

IRK(@* %) = |V f(3*5) — VF(2*) — He(3" — 2%) + e, — Hyex
= |V f(@*) = V(") — (B + arD)(@* —a*) + ex — Hyex|
<[IVF(EY) = VAEF) = V2F(@R) @ — 2| + |Br — V2 (")]] - |35 = %) + axll3* — 2¥|
+ (14 M)|exl]

Ly, . . - -
< SE* = aF|? + Crdist(a®; X)||EF — a¥ | + ellr (@) — 2] + (1 + M) e,

where the second inequality follows from (29), ||Br — V2f(z®)|| < Cydist(a®; X), a = c||r(z*)||?, and
llex|l < v||r(z®)||*+e. Using now |lex|| < v|r(z*)|| < v(2 + Ly) dist(z¥; &) and (30), we obtain

8% — a¥]) < [l2 — 2]+ k| = ¥ + llexll < (e1 +v(2+ L)) dist(a®; X) for all o* € B, (2).
Then Proposition 2.2 and the assumption of ¢ > p give us a constant ¢y > 0 such that
[Re(E*, 27| < codist(z®; X)1HP for all z* € B, (7). (32)
Taking further 0 < 3 < £1/(3 + ¢1 + L1) with 2% € B_, (%), we have
12% = z|| < fla* — ]| + [|d"]| + llexll < (L + 1+ 2+ L) [la* — 2| <ei,

and thus 7% € B., (7). It follows from the metric subregularity assumption (27) that #* € Y(Ry(z*, z%)),
which yields for 2% € B., () the estimates

dist(2%; X) < k1| R (8", 2%)|| < kico dist(zF; X)) and

dist(2%; &) < dist(7%; X) + |lex|| < mica dist(xF; X)1HP + vfr(aF)||1He

33
< (kicg +v(2 + Ly) o) dist(ak; X)1Hr. (33)

Since p > 0, this allows us to find 0 < ¢ < €3 such that
dist(z%; X) < dist(z*; X) for 2% € B, (%). (34)

(2+L1)

Remembering that C' > F (xo) > F, and that F is continuous on dom F', we select €y to be so small that

sup F(x) < C. (35)
z€B., (Z)Ndom F
Next we introduce the positive constants
o 1—-06
0= —————<1 and €:= 5
(24 L1)ka 1+ 0

and show that if 2% € Bz(Z) with some ko € K, then for any k > ko we have

k€ Ko, tp, =1, 2" = 2% and 2" € B, (2). (36)
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To verify (36), set first k := ko and deduce from z* € Bz(z) that
2% = 2| < ll2* = @[l + [ldill < llz* = 2[| + e1 dist(a™; X) < (1 + er)l|2” — 2| < 0.
It follows from (28), (34), Proposition 2.2, and k¢ € Ky that

(&%) < (2 + Ly)dist(2%; X) < (2+ Ly) dist(z*; X)

7
(2 + Ll)lﬁg
< ollr(#)|| = o0

Observe also that (35) obviously yields F(#%) < C. Then by Step 4 of Algorithm 1 we get k + 1 € K,
tr =1, 2" = 3% 9y = r(z**), and 2%+ € B, (z). To justify further (36) for any k > ko, proceed by
induction and suppose that for all k — 1 > ¢ > kg we have

(+1€ Ky, tp=1, 21 =3 9, =r(="), 27 € B, (%), and hence dist(z*"!; X) < & dist(z%; X).

Then we readily arrive at the estimates

k k k
—x < < cp dist(x”; < c1o0 1st(x™; < C~1stx; _Lxﬁ%,
gh—gho|| < d'| < dist(z*; X) < 54 dist (4705 X) < —— di ’“02(<11 ko
t=ko t=ko =ko 9 B
(37)
where the second inequality follows from (30). This tells us that
k- . _ 1+c
4% - 2ll < 3% — 2¥) + ¥ - 7]l < —-2e <.

Arguing as above, we get that ||r(2¥)|| < o¥;, and F(&*) < O, which ensures that (36) holds for k + 1 and
thus verifies these conditions in the general case.

Now we prove the claimed convergence z* — & as k — oo with the convergence rate (26), where Z is the
designated limiting point Z of the sequence {z*}1cr,. Using conditions in (36) and arguments similarly to
(37), we are able to show that, for any k € K, with k > ko,

C1

2 — z|| < |2F — Z|| + |=* — z|| whenever k> k. (38)

1—0
This shows that the sequence {*} is bounded. Picking any limiting point  of {*} and passing to the limit
as k — oo in (38) lead us to estimate

C1

12 — 2| < l=* = 2| + [|=* — 2.

1—-0

Recalling that Z is a limiting point of {z¥},cr,, we pass to the limit as k — 0o in the estimate above and
get | — || = 0, which implies that {z*} converges to Z. Finally, employing (33) gives us numbers Cy, kg > 0
such that the claimed condition (26) holds. This completes the proof of the theorem. O

5 Fast Local Convergence under Metric g-Subregularity

In this section we study the local convergence of Algorithm 1 under the metric g-subregularity of the sub-
gradient mapping in (1) in both cases where ¢ € (0,1] and ¢ > 1. In the first case, referred to as the

Hélder metric subregularity, we do not consider any ¢ € (0, 1], but precisely specify the lower bound of ¢
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and respectively modify some parameters of our algorithm. The imposed metric g-subregularity assumptions
is weaker for ¢ < 1 than the metric subregularity one required in Theorem 4.1, but nevertheless allows us
to achieve a local superlinear (while not quadratic) convergence of the algorithm. In the other case where

q > 1, we achieve a higher than quadratic rate of local convergence of the proposed algorithm.

Starting with the Holder metric subregularity, we first provide the following direction estimate.
Lemma 5.1. Let {2*} be the sequence generated by Algorithm 1 with oy, = c||r(2*)||? where p € (0,1] and
0>1, and let T € X be any limiting point of {x*}. In addition to the standing assumptions, suppose that the

subgradient mapping V f(x) + dg(x) is metrically q-subregular at (Z,0) for some q € (0,1], that the Hessian

V2f is locally Lipschitzian around T, and that the estimate ||By — V2f(z%)| < Cydist(z¥; X) holds with

some constant C7 > 0. Then there exist positive numbers € and c1 such that for dF .= 3*F — 2% we have

al|d¥|| < ey dist(z®; X)) and ||d¥|| < ¢y max {dist(xk;X)Qfg,dist(xkgé\,’)} as x € B.(Z). (39)
Proof. Similarly to the proof of Lemma 4.1, observe that there exist £y, Ly > 0 such that
1 /L
¥ < — (5 dist(a*; ) + | By — V2f(a")|[dist(a; ) + 2apdist("s 2) + (1+ M + a)v|r(ah)]|+*)
k

provided that z* € B (Z). Since ||r(z*)| < (2 + Ly)dist(z*; X) by Proposition 2.2, and since ||By —
V2f(x®)|| < Cy dist(2*; X) by the imposed assumption, we have for such z* that

ag|d¥|| < (L; + Cl> dist(z"; X)? + 2ap dist(2*; X) + (1 + M + o )v(2 + L)' Fedist(a; X) e
The assumed metric g-subregularity of V f(z) 4+ Og gives us by Proposition 2.3 numbers 1, k1 > 0 with
dist(z; X) < k1|jr(2)||? for all = € B, (Z).
Remembering that oy, = c||r(z*)||? with p € (0,1] implies that
o = c|lr(z®)]|]” > c&fgdist(x;/'\’)g as z¥ € B., (). (40)

Since p € 0,1] and p > 1, we deduce from the latter the existence of a positive number ¢; ensuring the
fulfillment of both estimates claimed in the lemma. O

Having Lemma 5.1 and some previous estimates in hand, next we derive the following superlinear con-
vergence result for Algorithm 1 with a particular choice of parameters under the assumed Holder metric
subregularity with an appropriate factor q. Observe that neither the assumptions nor the conclusions of
Theorem 5.1 reduce to those in Theorem 4.1 even the case where ¢ = 1 in the theorem below. Its proof

follows the lines in the proof of Theorem 4.1 with more involved estimates.

Theorem 5.1. Let {z*} be the sequence generated by Algorithm 1 with ay = c|r(z®)|?, p = ‘/52_1, and

0> 1, and let T € X be any limiting point of the sequence {x*}1ck,, where Ky is defined in (22). In
addition to the standing assumptions, suppose that the subgradient mapping V f(x) + 0g(x) is metrically
g-subregular at (z,0) with q € (@, 1], that the Hessian mapping V2 f is locally Lipschitzian around Z, and
that || B, — V2f(z%)|| = O(||r(«*)||). Then there exist a natural number ko such that t;, = 1 for all k > ko,

and that the sequence {x*} superlinearly converges to T on the sense that

dist(z*+1; ) = o(dist(:ck; X)) whenever k> k. (41)
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Proof. Tt follows from the metric g-subregularity (6) of Vf(x) 4+ dg(x) at (Z,0) that there exist €1,k; > 0
such that for any p near the origin of R™ we have

Y(p) NBe, () C X + ra|lp]|B (42)

for the solution map ¥(p) of the perturbed generalized equation defined in the proof of Theorem 4.1. Propo-

sition 2.3 gives us a constant ko > 1 for which
dist(z; X) < ko|lr(z)||? whenever x € B, (Z). (43)
Since || B — V2f(x*)|| = O(||r(«*)]|), we deduce from Proposition 2.2 the existence of C; > 0 with
| Bx — V2f(z*)|| < Oy dist(2; X). (44)
Recalling that #* is an inexact solution of (3) satisfying (14) and using Lemma 3.1 give us
e € VF(aP) + Hy(i* — 2%) 4+ 0g(2% — er) with |lex]| < v|lr(z®)| Fe.

Arguing as in the proof of Theorem 4.1, we get &% € X(R (2%, 2¥)), where ¥ := 2% — ¢; and Ry (Z*, 2%) is
defined in (31), and obtain (29) with some Lg,e5 > 0. Then choose by Lemma 5.1 a small £; > 0 such that

[d*|| < e max {dist(z"; X)2~ 4, dist(z¥; X)} for all 2* € B., (z) (45)
with some ¢; > 0. Letting 1 < min{1,e5} and following the proof of Theorem 4.1, we arrive at the estimate
IRy (2" 2*)|| < %lli”k —aP|? + Oy dist (2 X) [ 7° — || + a|F° — 2P| + (1 + M)pr(ah)|Pre (46)
if z¥ € B., (7). Since |lex|| < v||r(z*)| < v(2 + Ly)dist(x*; X) for this choice of z*, it follows that
7% — || < |&% —a® (| 4 ")) = d¥ ]| + llexl < [ld*]| + (2 + Ly)dist(z"; X),
which being combined with (46), Proposition 2.2 and by taking into account that o > 1 gives us ¢ > 0 with
| Ri (&% %) || < eal|d¥||? + co dist(2¥; X)? + g (|d¥|| + (2 + Ly)dist(2"; X)) for all a* € B, ().

Then the direction estimate (45) together with the one of ay = c||r(2*)||? < ¢(2 + L1)? dist(x*; X)?, which

comes from Proposition 2.2, ensures the existence of a constant c3 > 0 providing the condition
[Re(2F 2*)|| < 3 max {dist(z"; X424 dist (2" X)) for all 2 € B., (7).

Since ||zF — z|| < ||z* — 2|| + ||d¥|| + |lex|| with [|d¥|| — 0 and |lex| — 0 when z¥ — Z as k — oo, we find
0 < e3 < &1 such that ¥ € B, (Z) whenever z* € B.,(Z). Recalling that #* € ©(Ry(i*2¥)) and then
employing the metric g-subregularity condition (42) tell us that

dist(3%; X) < k1| Ri(3%, 2%) (|7 < w1c3 max {dist(2¥; X)172° dist(a®; X)) if 2% € B (7).
Combining the latter with dist(2%; X) < dist(Z%; X) + |lex|| and |lex|| < v|jr(z*)||1T¢ as o > 1, we have

dist(%; X) < (k1e3 + v(2 4 Ly) o) dist (2F; x)min{da=20.040)0.2} when 2% € B, (z).
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The choice of the Holder metric subregularity parameter ¢ > p = ’1%\/5 yields 4¢g—2p > 1 and (1+p)q > 1,
and therefore it gives us the estimate

dist(2"; X) = o(dist(z*; X)) when z* € B.,(z). (47)
This ensures that for any & € (0,1) there exists 0 < g9 < 3 such that
dist(2%; &) < g dist(2¥; &) if 2" € B, (z).

It follows from (29) that whenever z* € B, (%) we have

1 L
F@*) = J(@*) = V)T = (@) TV ) ()] < d)
Using the definition of [;, in (2) and the above estimates brings us to the relationships

Hak Oayy,

F(a*) ~ P@5) — P52 2 1) — 6) - 3 (@792 1)) — 22 kP - 2ot

9&k

> LT () — 5 (@) R - 2~ O

E%Q;%WW+;wﬂm—meNM—7ww

Oék(l —(9) C . L2
> Ik - 5 dist(at; )42 - 22 ¥

1 .
> §||dk||2 ((1 — Oy — CdlSt(l‘k; X) — L2||dk||) ,

where the second inequality follows from (19) while the fourth inequality is a consequence of (44). By the
estimates on dj, in (39) and «ay, in (40) established in Lemma 5.1 and by the imposed condition ¢ > p, we
can choose €9 > 0 to be sufficiently small that

Hak

F(z®) — F(2%) — —==||d*||> > 0 when z* € B, ().

Consider further the positive number

- . [eo €0 (1—&2—P/q€>2_+/q 1-5_
‘=min< —, —, ( ——— -
27 2¢;’ 4me; 0 4oy

and show that for any k > ko we have t, = 1, z¥*! = #¥ and 2**! € B, (z) whenever 2% € B:(7). Indeed,
letting k := ko and remembering that z* € Bz(7) tell us that

125 — z[| < [l2* — & + |1di|
< ||z* — Z|| + ¢1 max {dist(xk;X)Qfg,dist(a:k;X)}

< [la* = @l + ey max {[l2* — 275, [l«* — 2|} < <0,

where the second inequality follows from (45). In this case we have ¢ = 1 from the Step 4 of Algorithm 1
provided that ||r(2%)|| < 0¥ and f(2*) < C. Otherwise, it follows from x* € B., () that

Hak
—-lla* |2,
and so t, = 1 by Step 5 of the algorithm. Thus in both settings with k = ko we have zFT! = 2% € B, (Z).
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In the remaining case where k > kg, we proceed by induction similarly to the proof of Theorem 4.1 and
assume that t, = 1, 2%t = 2%, and 2**! € B, (Z) for all k — 1 > £ > ko. This implies that dist(z‘*1; X) <

& dist(2*; &), and therefore we get the estimates

k k
&% — 2ol < D7 )l < ) e max {dist(a; X)*7 4, dist (2" )}

L=ko {=ko
k
P
<) ea(dist(a X)* 7 + dist(a; X))
t=ko
k (48)
< Y e (PR digt(ato; X)2 0/ 4 5 Rodist (aF; X))
t=ko
a 3 k 2—p/ C1 . k
< - 0. p/q A 0.
=1 _ 527p/qd15t<95 ; X) + 1 &dlst(a: ; X)
A ke an2-p/a L G0 ko A €o
S Togamprg ™ — TP 4 =™ — 2l < =,

where the second inequality follows from (45) while the fifth one is due to 2 — p/q > 1. Then
2% — 2|l < [l2* — 2| + [la* — 2 < e,

which allows us to justify that ¢, = 1, 2**? = 2%, and zF*+! € B.,(Z) by using the arguments that are similar
to the case of k = ko furnished above.

To verify now the superlinear convergence statement (41) of the theorem, take the chosen limiting point
7 of the sequence {z*} and find ko > 0 such that x*0 € B:(Z). Then, as shown above, for any k > ko we have
tr = 1, 28T = 3% and 2%+ € B, (7). Proceeding similarly to the proof of (48) leads us to the inequality

¥ — 7] < —
1

~ . ~ )
Tl alP T ek —all et - E| forany k> k2ko. (49)

Denote by # an arbitrary limiting point of {*} and fix any k> ko in (49). The passage to the limit in (49)

as k — oo gives us the estimate

- c1 Foog2efay CU gk - .
Call<c Lk pla _ —zll.
I~ 7 <~ — 179 4+ e — 3] 4 e — )
Then passing to the limit therein as k — oo, we arrive at || — Z|| = 0, which readily justifies that {2}
converges to Z. Using finally (47) brings us to (41) and thus completes the proof of the theorem. O

The final result of this section concerns the other kind of metric g-subregularity of the subgradient map-
ping in (1) in the case where ¢ > 1. As discussed in Section 2, this type of higher-order metric subregularity
is rather new in the literature, and it has never been used in applications to numerical optimization. The fol-
lowing theorem shows that the higher-order subregularity assumption imposed on the subgradient mapping
OF at the point in question allows us to derive an extension of Theorem 4.1 with establishing the convergence

rate, which may be higher than quadratic.

Theorem 5.2. Let {z*} be the sequence generated by Algorithm 1 with ay, = c||r(z*)|? as p € (0,1], and let
T € X be any limiting point of {x*}rex,, where the set Ky is taken from (22). In addition to the standing
assumptions, suppose that the mapping V f(x) 4+ 0g(x) is metrically q-subregular at (Z,0) with ¢ > 1, that the
Hessian V2 f is locally Lipschitzian around Z, that || By — V2 f(z%)| = O(||r(z*)||), and that o0 > q(1+p) — 1
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in (14). Then there exists an index ko such that t;, = 1 for all k > ko and that the sequence {x*} converges
to the point T with the convergence rate q(1 + p). The latter means that for some ko, Co > 0 we have

dist (zF+1; &) < Cp dist(2F; X))+ whenever k> k. (50)
Proof. 1t follows from the imposed metric ¢g-subregularity condition with a fixed degree ¢ > 1 that
E(p)NB., (Z) C X + k1]|p||"B for some e1,k1 >0 (51)

whenever p € R" is sufficiently close to the origin. Following the proof of Theorem 4.1, we arrive at the
estimate of ||Ry(z¥,z%)| in (32) with some constant c; > 0, where 7% := 2% — ¢, while Ry (2F,2%), 2¥,
and ey, are defined and analyzed similarly to the case of Theorem 4.1. Then there exists €3 > 0 such that
i € B.,(z) when z* € B.,(%). Since % € X(Rx(Z* %)), we combine this with (51) and get the estimates

dist (&%; X) < k1| Ry (2%, 27) |9 < w1 cddist(z¥; X)10) and

dist(2%; X) < dist(7%; X) + |Jex|| < ricidist(zF; X)9ATP) 4| (2F)||P e

52
< (k1cg + v(2 + Ly)'Fo)dist(aF; X)90+P) whenever 2* € B, (Z). (52)

Employing the induction arguments as in the proof of Theorem 4.1 yields the existence of a natural number
ko such that we have t, = 1, z*+! = 3% 2**+1 € B, (%) when k > ko, and that the sequence {z*} converges to
Z as k — co. Hence the second estimate in (52) gives a positive number Cy and a natural number ko, which

ensure the fulfillment the claimed convergence rate (50) and thus complete the proof of the theorem. O

6 Superlinear Local Convergence with Non-Lipschitzian Hessians

As seen in Sections 4 and 5, the imposed local Lipschitz continuity of the Hessian maping V2 f plays a crucial
role in the justifications of the local convergence results obtained therein. In this section we show that the
latter assumption can be dropped with preserving a local superlinear convergence of Algorithm 1 for a rather
broad class of loss functions f that naturally appear in many practical models arising in machine learning

and statistics, which includes, e.g., linear regression, logistic regression, and Poisson regression.

The class of loss functions f of our consideration in this section satisfies the following structural properties.

Assumption 6.1. The loss function f: R"™ — R of (1) is represented in the form
f(z) == h(Az) + (b, z), (53)
where A is an m x n matriz, b € R, and h: R™ — R is a proper, convex, and Ls.c. function such that:

(i) h is strongly conver on any compact and convex subset of the domain dom h.

(il) h is continuously differentiable on the set dom h, which is assumed to be open, and the gradient mapping
Vh is Lipschitz continuous on any compact subset Q C dom h.

Due to the strong convexity of h, the linear mapping * — Az in (53) is invariant over the solution set X
to (1). This is the contents of the following result taken from [23, Lemma 2.1].

Lemma 6.1. Under the fulfillment of Assumption 6.1 there exists § € R™ such that Ax =gy for allx € X.
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The next lemma is a counterpart of Lemma 4.1 without imposition the local Lipschitz continuity of the
Hessian V2f. By furnishing a similar while somewhat different scheme in comparison with Lemma 4.1, we
establish new direction estimates of Algorithm 1 used in what follows. Note that we do not exploit in the

lemma the structural conditions on f listed in Assumption 6.1.

Lemma 6.2. Let {z*} be the sequence generated by Algorithm 1 with oy = c||r(2*)||? and p € (0,1), and
let Z € X be any limiting point of {x*}. In addition to Assumption 1.1 and (10), suppose that the Hessian
mapping V2f is continuous at T € X, that |By, — V2f(z¥)| — 0 as k — oo, and that the subgradient
mapping V f(x) + dg(x) is metrically subregular ot (T,0). Then given an arbitrary quantity 6 > 0, there exist

a positive number € and a natural number ko such that for d¥ := &% — z* we have the estimates

ag|ld¥|| < 6dist(z®; X) and ||d¥| < & dist(z®; X)1 7P when ¥ € Bo(Z) and k > ko. (54)

Proof. Since &*

is an inexact solution to subproblem (3) satisfying (14), we get by Lemma 3.1 that there
exists ey, for which both conditions in (16) hold. Taking the projection 7% of z¥ onto the solution set X and
arguing as in the proof of Lemma 3.1 bring us to the inequality in (24), which together with (54) and the

direction estimate in (25) ensures that

ag||d”| S<||Vf(xk) + V2 f (@) (= 2*) = V()| + | Br = V2 f ()| dist («*; &) (55)
+ 200, dist(z%; X) + (1+ M + ak)l/||r(xk)||1+g).

It follows from the mean value theorem and the choice of 7% as the projection of ¥ onto X that

IVf(a*) + V2 f(ab) (rh — aF) = V()| = (V2 (@) = V2 F(ER)) (xk — 2|
< IV2f (k) — V2 £(€R)||dist(z; X),

where &% := \FzF 4+ (1 — A*)7F for some A\¥ € (0,1), and hence ¢* — 7 when 2 — Z as k — oo. Then passing
to the limit as k — oo and using the assumed continuity of V2f at Z show that |[V2f(x*) — V2f(&¥)|| — 0.
Since a = c||r(z*)||? — 0 and ||r(z*)|| < (2+Ly)dist(z*; &) by Proposition 2.2, and since || By —V?2 f(z*)| —
0 as k — oo, for any § > 0 we find a positive number ¢ and a natural number kg such that

ai]|d¥|| < & dist(z¥; &) when zF € B.(Z) and k > ko,

which justifies the first estimate in (54). To verify finally the second one in (54), employ Proposition 2.1 and

the above expression of ay to find positive numbers €1 and ¢; ensuring the inequality
ay > ¢y dist(zF; X)?P for all z € B, ().

Combining the latter with the first estimate in (54) tells us that for the fixed number § > 0 there exist € > 0
and k > ko such that the second estimate in (54) is also satisfied, and thus the proof is complete. O

Now we are ready to derive the promised result showing that the sequence of iterates, which are generated
by Algorithm 1 for the structural problem (1) considered in this section, converges superlinearly to a given
optimal solution Z € X without the local Lipschitz continuity assumption on the Hessian mapping V2 f.

Theorem 6.1. Let {z*} be the sequence of iterates generated by Algorithm 1 with ay = |r(z*)|? and
p € (0,1), and let T € X be any limiting point of the sequence {x*}recr, with the set Ko defined in (22).
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Suppose in addition to the assumptions of Lemma 6.2 that the loss function f is given in the structural form
(53) under the fulfillment of Assumption 6.1, and that at each iteration step k the matriz By is represented
in the form By = AT DA, where A is taken from (53) while Dy € R™*™ is some positive semidefinite
matriz. Then there exists a natural number ko such that t, = 1 for all k > ko, and that the sequence {xk}

converges to T with the superlinear convergence rate, i.e., there is k1 for which we have
dist(z"1; X) = o(dist(z"; X)) whenever k > k. (56)

Proof. Proceeding similarly to the proof of Theorem 4.1, at each iteration step k we have the vector
Ry (2%, 2%) defined in (31) with #* := #* — e;, where #* is an inexact solution of (3) satisfying (14),
and where e, is taken from (16). These relationships and the mean value theorem applied to the gradient
mapping Vf on [z¥, 2] give us a vector £¥ := A\zF + (1 — A\¥)ZF with some A* € (0,1) such that
[Ri(@"2®)| = IV f(3*) = Vf(a*) = Hy(2" — 2) + e, — Hyey|
= |V f(&*) = Vf(zF) — (Bk + ap)(Z% — %) + ex, — Hyep|
< |IVf@E*) = Vf@*) = V2 (") (@ = 2" + 1By — V2 ()] - 128 — 2|
+ay |2 — ¥ + (1 +M)||€kH
< [I(V2F(EF) = V2 F (@)@ — a®)[| + (B — V2 (")) (& — 2")]|
+ agl|d || + (1 + M)v||r(®) | +e.
Let 7% and 7% be the projections of #* and x* onto X, respectively. Then it follows from Lemma 6.1 that
A7k = Azk. By Assumption 6.1 we have V2 f(x) = ATV2h(z)A, and thus
(V2F(EF) = V2f (M) (3" = a®) = (V2F(E") = V2f (")) (@ — 75 + 7 — 2b).
Using the assumed representation By = AT Dy A of the matrix By, we similarly get that
(Br = V2f(a") (@ — 2*) = (By = V2f(a")) (@ — 7} + 7y — ab).
Plugging the obtained expressions into the above estimate of ||R|| gives us

IRy (@* &®) | < [(V2F(E¥) = V2 (™)@ = 75 + 7k — ") + By = V2 f (@) (@ — 75 + pif — b))
+ag|[d®]| + (1+ M)v|r(z")|| e
< ||V2F(E") = V2 £ ()| (dist(E*; &) + dist(*; X)
+||Br — V2 £ (2F)|| (dist (2%; X) + dist(z"; X)) + ag||d™|| + (1 + M)v(2 + Ly)edist(z; X)'Fe.

It follows from the second estimate of Lemma 6.2 that [|d*|| — 0 as k — oo and 2% — 7. Since z¥ — =
implies that #¥ — Z as k — oco. Then the assumed continuity of V2f at Z and the above construction of ék
tell us that | V2f () — V2f(z*)|| — 0 as k — oo and ¥ — Z. Now the first estimate of Lemma 6.2 ensures
that ay||d¥|| = o(dist(x*; X)) as k — oo and z*¥ — #. Combining this with || By — V2f(z*)|| = 0 as k — oo

allows us to conclude that for any § > 0 there exist a positive number € and a natural number kg such that
[Re(zF,2%)| < 6 (dist(z*; X) + dist(z"; X)) whenever 2" € B.(z) and k > ko. (57)

It follows from the metric subregularity assumption of the theorem that we have inclusion (27) with the

perturbed solution map Y(p) therein. Since % € X (R4 (2*, 2%)) as shown above, there exists x; > 0 with

dist (2"; X) < k1| Re(2F, 2%)|| < K10 (dist(:ﬁk; X) + dist(xk;)()) for all z* € B.(Z) and k > ko,
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which implies that dist(7*; X) = o(dist(z*; X)) as k — co. Recalling the estimates
dist(2%; ) < dist(2%; X) + lex| and [lex]| < v[r(@®)|'Te < v(2+ L) Fedist(xF; X) T2 = o(dist(2¥; X)),
we readily get, for all the numbers §, €, ko, k taken from (57), the conditions

dist(2"; X) = o(dist(z"; X)) and dist(&"%; X) < 0 dist(z"; X), (58)
which ensure therefore the existence of positive numbers ¢y and ko such that

dist(z*; x) < dist(z"; X) whenever z* € B. (%) and k > ko. (59)

g
(2 + L1)/€2
Employing Lemma 6.2, suppose without loss of generality that there exists ¢; > 0 with
|d¥|| < ey dist(z®; X)17° for all zF € B, (%) and k > ko. (60)

Since C' > F(2°) > F, in our algorithm, and since F is continuous on dom F, let pick g9 > 0 to be so small

that condition (35) holds. Defining the positive numbers

~ o - . €o 1-— 0"41 P Tip
= <1 d = —, (7 ) 61
g = (2 1) ) ana & mln{ B 201 €0 ( )

and invoking the set K, from (22), we intend to show that if 2% € Bz(Z) with k; > ko and k; € Ko, then
kE4+1€ Ky, tp =1, 2" = 3% and 2FT' € B, (%) whenever k > k. (62)

To prove it by induction, observe first that for k := k; all the conditions in (62) can be verified similarly
to the proof of (49) in Theorem 4.1 with the replacement of kg by k1 therein. Considering now the general
case where k > k; in (62), suppose that the latter holds for any k — 1 > ¢ > ki, which clearly yields
dist(x“*1; X') < & dist(z; X). Then the above estimates and the choice of the parameters in (61) ensure that

k k
Il3F =2 < > < Y eadist(at X))

E:k‘l fzkl
b c (63)
< 1=k digt (b )P < ———dist(aF1; X)) P
_zzkclo' 1 (l’ ) ) —1_5—1—/)1 ($ ’ )
—R1
€1 ki _ zil-p
< 7zl -2

where the second inequality follows from (60). Thus by (61) and (63) we have

N _ “ _ C
8% — 2l < la* — b + o — 2] < —22

ﬁ”ﬂﬂkl —z|'F + [z — 2| < e,

which readily implies, similarly to the case where k = ky, the fulfillment of (62) for any k& > k;. Furthermore,
remembering that 7 is a limiting point of {*},cx, and using (62) together with (63) allow us to check that
for any ke Ko with k > k1 we have

lo* — 2 < DU zF — 7' + ||aF — F|| whenever & > .

—ogl=p
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Further, let # be any limiting point of the original iterative sequence {*}. Then the passage to the limit in

the above inequality as k — oo gives us

- _ C1
— < -
&~ 2 < 7=

L2k =z ||2F =z for all k> k.
ol-r

Passing finally the limit as & — oo in the latter inequality and recalling that Z is a limiting point of {2*}rek,
tell us that ||Z — Z|| = 0, which verifies therefore that {z*} converges to # as k — co. The claimed estimate

(56) of the convergence rate follows now from (58), and this completes the proof of the theorem. O

To conclude this section, observe that the standard choice of By = V2f(x*) in Algorithm 1 clearly
implies that the assumed representation By, = AT D, A and the condition ||By — V2f(z%)|| — 0 as k —
oo hold automatically due to V2 f(z*) = ATV2h(Az*)A and the positive semidefiniteness of the Hessian
V2h(Az"*) under Assumption 6.1 on the loss function f imposed here. Furthermore, observe from the proof
of Theorem 6.1 in comparison with those of Theorems 5.1 and 5.2 that the corresponding counterparts of
the latter results can be derived for structural problems of the type considered in this section under the
metric g-subregularity property of the subgradient mapping V f(z) + dg(x) at (Z,0) combined with the other
assumptions of Theorem 6.1 while without the local Lipschitz continuity of the Hessian mapping V2 f.

7 Numerical Experiments for Regularized Logistic Regression

In the last section of the paper we conduct numerical experiments on solving the [; regularized logistic
regression problem to support our theoretical results and compare them with the numerical algorithm from
[39] applicable to this problem. All the numerical experiments are implemented on a laptop with Intel(R)
Core(TM) i7-9750H CPU@ 2.60GHz and 32.00 GB memory. All the codes are written in MATLAB 2019b.

Supposing we are given some training data pairs (a;,b;) € R* x {—1,1} asi =1,..., N, the optimization

problem for [y regularized logistic regression is defined by

N
min % S log(1 + exp(—bia” a;)) + Allz], (64)

i=1
where the regularization term ||x|; promotes sparse structures on solutions, and where A > 0 is the reg-
ularization parameter balancing sparsity and fitting error. Problem (64) is a special case of (1) with
f(@) =+ vazl log(1+exp(—b;zTa;)) and g(x) := A||z||1. In all the experiments, the matrix By, in our prox-
imal Newton-type Algorithm 1 is chosen as the Hessian matrix of f at the iteration 2%, i.e., By, := V2 f(z").
We set v := 0.45 and p := 2 in the inexact conditions (14) for determining an inexact solution #* to sub-
problem (3). We also set 6 := 0.25, o := 0.95, v := 0.25, C := 2F(2°), p := 2 in Algorithm 1. As shown in
[37, Theorem 8], the subgradient mapping V f(x) 4+ dg(x) is metrically subregular at (z,0) for any Z € X.
Then it can be easily verified that all the assumptions required by Theorem 4.1 are satisfied, and hence the
sequence generated by the proposed algorithm for the tested problem (64) locally converges to the prescribed

optimal solution with a quadratic convergence rate.

We test here two real datasets “colon-cancer” and “rcvl_train” downloaded from the SVMLib repository®.
For the colon-cancer dataset, the dimension of the data matrix is 2,000 x 62 and is sparse with 124,000
nonzero elements. For the rcvl_train dataset, the dimension of the data matrix is 47,236 x 20,242 and is

sparse with 1,498,952 nonzero elements. Both of these two real datasets have more columns than rows, the

Thttp://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/.
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the loss function f in the corresponding problem (64) is not strongly convex. Since the IRPN proposed in [39]
does not require f in (64) to be strongly convex and problem (64) satisfies all the assumptions required by
the IRPN, we are going to compare our proposed proximal Newton-type Algorithm 1 with the IRPN. Note
that the IRPN code is collected from https://github.com/ZiruiZhou/IRPN. We set § = p := 0.25, ¢ := 04
and 7 := 0.5 in the IRPN as suggested in [39]. Since our interest here is in the local quadratic convergence,
we set ¢ := 1 in the IRPN. It should be noticed that in such a setting both our Algorithm 1 and the IRPN
require solving subproblem (3) with Hy := V2f(2*) + ¢|r(2*)||? at each iteration. This subproblem will
be solved by the coordinate gradient descent method, which is implemented in MATLAB as a C source
MEX-file.?2 We will test the numerical experiments with different values of the parameter ¢ to investigate its
impact on the performances of both algorithms.

The initial points in all the experiments are set to be the zero vector. Our Algorithm 1 is terminated
at the iteration z* if the accuracy TOL is reached by |r(z*)|| < TOL with the residual ||r(z*)| defined
via the prox-gradient mapping (8). The maximum number of outer iterations in both algorithms is 50, and
the maximum number of iterations for the coordinate gradient descent method to solve the corresponding
subproblems is 10000.

The achieved numerical results are presented in Tables 1 and 2. We employ the three values {1075 x
10=%,1075} of the penalty parameter A and the six values {1072,1073,107%,1075,1075,10~7} of the pa-
rameter ¢ in the algorithms with reporting the number of outer iterations and the CPU time. Observe from
Tables 1 and 2 that our proposed proximal Newton-type Algorithm 1 always achieves the desired accuracy
within the preset maximum outer iteration number. The number of iterations and the time taken are al-
most the same for all the different test values of ¢. As seen however, the IRPN cannot achieve the required
accuracy within the preset maximum outer iteration number for some cases. We plot the corresponding
values of the residual ||r(z*)|| and the step size versus the outer iteration number in Figures 1 and 2 for the
some cases where the IRPN fails to achieve the required accuracy. As seen from Figures 1 and 2, when the
iteration x* approaches the optimal solution, the step size of our proposed Algorithm 1 is always 1 and the
sequence {z¥} exhibit a quadratic convergence rate, while the step size of the IRPN becomes close to 0 and
the convergence speed of the sequence {x*} becomes very slow. In fact, when the sequence {z*} generated
by the IRPN is close to the optimal solution, the line search strategy in the IRPN rejects the unit step size,
and only a small step size is accepted. The poor performance of the IRPN caused by such a small step size
can be observed in Figures 1 and 2. In [39, Theorem 1], the authors present a sufficient condition on the
value of ¢ to meet a unit step size and hence to guarantee a local quadratic convergence. The validity of this
condition relies heavily on the Luo-Tseng error bound radius and the Lipschitz continuity constant of the
Hessian V2 f. Unfortunately, the calculation of these parameters of the IRPN are challenging. Theoretically,
it is too ambitious to find appropriate values of ¢. This theoretical limitation agrees with the failures of the
IRPN listed in Tables 1 and 2. We can see from both Tables 1 and 2 as well as from Figures 1 and 2 that
the proposed Algorithm 1 is stable with respect to the values of c. Furthermore, the line search strategy in
Algorithm 1 always accepts a unit step size, and thus the sequence of iterates {x*} generated by Algorithm 1
achieves a fast local convergence rate.

2The code is downloaded from https://github.com/ZiruiZhou/IRPN.
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Table 1: Numerical comparison on colon-cancer dataset with TOL = 1016

c=10"2 c=10"3 c=10"* c=10"° c=10"6 c=10"7
Solver ours IRPN | ours IRPN | ours IRPN | ours IRPN | ours IRPN | ours IRPN

A= Outer Tterations || 14 = 13 13 13 13 13 - 13 13

104 Time(s) 0.8 - 0.7 0.8 0.8 0.8 0.8 - 0.8 0.8
= Outer Iterations 16 15 15 14 15 15 15 15 17 15
5x107% | Time(s) 1.1 1.0 1.0 1.0 1.0 1.1 1.1 1.0 6.0 1.0
= Outer Iterations 16 - 16 16 16 16 16 16 - 16
10-5 Time(s) 1.9 - 1.5 1.5 1.6 1.6 14 1.5 - 1.5

* — indicates the method can not achieve required accuracy TOL with 50 outer iterations.

Table 2: Numerical comparison on rcvl_train dataset with TOL = 10712

c=10"2 c=10"° c=10"* c=10"° c=10"6 c=10"7
Solver ours IRPN | ours IRPN | ours IRPN | ours IRPN | ours IRPN | ours IRPN

A= Outer Iterations 10 10 8 * 8 - 8 - 8 8 8
10~4 Time(s) 8.9 9.0 7.5 7.1 - 6.8 - 7.0 7.0 6.8

= Outer Iterations 11 11 9 9 9 9 9 9 9 9 9 9
51075 | Time(s) 14.7 14.6 134 13.6 13.2 14.8 | 13.1 144 | 126 166 | 129 129

= Outer Iterations 15 - 11 11 - 11 - 11 - 11
105 Time(s) 116.7 116.4 190.3 40.3 40.0 39.6

* — indicates the method can not achieve required accuracy TOL with 50 outer iterations.
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