
Kinetic and Related Models doi:10.3934/krm.2012.5.51
c©American Institute of Mathematical Sciences
Volume 5, Number 1, March 2012 pp. 51–95

ON A CHEMOTAXIS MODEL WITH SATURATED

CHEMOTACTIC FLUX

Alina Chertock

Department of Mathematics
North Carolina State University

Raleigh, NC 27695, USA

Alexander Kurganov

Mathematics Department, Tulane University

New Orleans, LA 70118, USA

and
Institute of Mathematics, University of Mainz

Staudingerweg 9, 55099 Mainz, Germany

Xuefeng Wang

Mathematics Department, Tulane University

New Orleans, LA 70118, USA

Yaping Wu

Department of Mathematics, Capital Normal University

Beijing 100048, China

(Communicated by Anne Nouri)

Abstract. We propose a PDE chemotaxis model, which can be viewed as

a regularization of the Patlak-Keller-Segel (PKS) system. Our modification is

based on a fundamental physical property of the chemotactic flux function—its
boundedness. This means that the cell velocity is proportional to the magni-

tude of the chemoattractant gradient only when the latter is small, while when

the chemoattractant gradient tends to infinity the cell velocity saturates. Un-
like the original PKS system, the solutions of the modified model do not blow

up in either finite or infinite time in any number of spatial dimensions, thus
making it possible to use bounded spiky steady states to model cell aggre-

gation. After obtaining local and global existence results, we use the local

and global bifurcation theories to show the existence of one-dimensional spiky
steady states; we also study the stability of bifurcating steady states. Finally,
we numerically verify these analytical results, and then demonstrate that solu-

tions of the two-dimensional model with nonlinear saturated chemotactic flux
function typically develop very complicated spiky structures.
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1. Introduction. Chemotaxis is a phenomenon of collective movement of microor-
ganisms in the direction of increasing chemical concentration. The simplest and
classical PDE model of chemotaxis was introduced in [30] and [22, 23]. In this
model, which we will refer to as the Patlak-Keller-Segel (PKS) model, the cell
density ρ(x, t) and the chemoattractant concentration c(x, t) are governed by the
following system of convection-diffusion-reaction equations:{

ρt + χ∇ · (ρ∇c) = ν∆ρ,

ct = ∆c− γcc+ γρρ.
(1)

Here, x = (x1, . . . , xd)
T is a d-dimensional spatial variable, t is time, γc, γρ and ν are

positive constants, and χ is a nonnegative chemosensitivity constant (by rescaling
the spatial variable x one can assume, without loss of generality, that the diffusion
coefficient of c is equal to 1).

The most important phenomenon in chemotaxis is the aggregation of cells, namely,
the concentration of ρ as t increases. The biological phenomenon behind this is that
even when the cells are initially distributed almost evenly over the habitat Ω, later
on they, being chemotactic to a chemical released by themselves, start to aggregate
in a number of “centers” ( [1, 5–7, 10, 34, 39]). In the literature, two ways of math-
ematically modelling cell aggregation have been proposed: (i) solutions of (1) blow
up in finite time and at the blowup time, ρ is a linear combination of several δ-
functions, plus a regular part—see [9,15,27]; (ii) time-dependent solutions converge
to bounded but spiky steady states—see [26, 28, 37, 38] for such results on several
modifications (regularizations) of (1). See also the survey papers [19,20].

While the blowup and the formation of the δ-function are not an unreasonable
modelling of the cell aggregation phenomenon, they create enormous, and also un-
necessary, challenges to numerics and analysis (be it formal or rigorous). Thus
we prefer chemotaxis models that only have bounded, global-in-time solutions that
approach spiky steady states as time increases. Such models may be obtained by
regularizing the PKS system. A variety of regularizations has been proposed over
the past decades, see the review papers [18–20], the monograph [33] and references
therein.

In this paper, we consider a regularization of the PKS model, which is based on a
fundamental biological property of the chemotactic flux function—its boundedness
(this feature is almost always lost in weakly nonlinear, small gradients expansions,
underlying the derivation of most continuum models). To derive the modified system
we replace the linear chemotactic flux χρ∇c by a nonlinear saturated one, χρQ(∇c),
which is proportional to the magnitude of the chemoattractant gradient only when
the latter is small and is bounded when the chemoattractant gradient tends to
infinity. The regularized model then reads:{

ρt + χ∇ · (ρQ (∇c)) = ν∆ρ,

ct = ∆c− γcc+ γρρ,
(2)

where a smooth bounded chemotactic flux function Q(u) = (Q1(u), . . . , Qd(u)),
u = (u1, . . . , ud)

T , satisfies the following properties:

Q(0) = 0, |Qi| ≤ Ci,
∂Qi
∂ui

> 0 ∀u, ∀i = 1, . . . , d, (3)

where Ci are constants. Without loss of generality, one may assume that max
1≤i≤d

Ci = 1.
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The synthesized form of the saturated flux is a Pade approximate which connects
universal features present at both very small and very large gradients. There is a
certain arbitrariness in the choice of the chemotactic flux function Q. A typical
example of such function, which is used in all of our numerical experiments, is

Q(∇c) =


∇c, if |∇c| ≤ s∗,(

|∇c| − s∗√
1 + (|∇c| − s∗)2

+ s∗
)
∇c
|∇c| , otherwise,

(4)

where s∗ is a switching parameter, which defines a small gradient values, for which
the system (2) reduces to the original PKS system (1) so that the effect of saturated
chemotactic flux function is felt at large gradient regimes only. Note that when
s∗ = 0, the flux (4) becomes a mean curvature type function:

Q(∇c) =
∇c√

1 + |∇c|2
. (5)

The chemotaxis system (2) studied here is similar to the regularization (M7)
from [18], where a specific form of the bounded function Q was considered (see also
[2, 29, 35]). In [17], a more general type of the cell density equation was considered
and an a-priori L∞-bound on its solutions was established. The result from [17]
also applies to the ρ-equation in (2). In §3, we give an alternative proof of the L∞

bounds on both ρ and c, which also applies to the time independent version of the
system (2). We then proceed in §4 with the proof of the local existence result for a
more general chemotaxis system (19). This result directly applies to the system (2)
and together with the a-priori bounds obtained in §3 leads to the global existence
of the solution of (2). This result is supported by our numerical experiments, in
which we compare the blowing up solutions of the PKS system (1) with the spiky,
but bounded solutions of (2), (4).

Our proof of the local existence for the system (19) starts with a notion of weak
solutions (see (23)) that allows one to use the semigroup theory to obtain weak
solutions, which are then proved to be classical using the Schauder theory. We note
that a local existence of the solution in the space C([0, τ0],W s

p (Ω))∩C2,1(Ω×(0, τ0])
with 1 + d/p < s < 2 was obtained in [4, Theorem 16.1] for general quasilinear
parabolic systems of the form

ut = A(u, ∂u)u + F (x,u, ∂u), x ∈ Ω, t > 0,

subject to the initial value u0 ∈ W s
p (Ω), which satisfies the prescribed boundary

condition. Our assumptions on the initial data are however less restrictive: we only
need ρ0 ∈ C(Ω) if the chemotactic flux P in (19) is linear in ρ, or ρ0 ∈W 1

p (Ω) with
p > d for general P . Moreover, we only need the L∞ bounds of local solutions to
guarantee the global existence, while the general result in [4] requires boundedness of
the solution in a Sobolev space to establish the global existence. Our proof is based
on a new idea of changing the order of the divergence operator and the semigroup
in (23). We would also like to mention that in [21], where the chemotactic flux is in
the form of χf(ρ)∇c, the action of the semigroup on the divergence of Lp-functions
was defined so that the changing the order of the semigroup and the divergence
operator could be avoided. However, the method proposed in [21] does not seem to
work for the general system (19).

In §5, we study one-dimensional (1-D) steady-state solutions and use both the
local [11] and global [32,36] bifurcation theories to investigate existence of nontrivial
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steady states. We then show that when the chemotaxis coefficient χ is large, the ρ
component of the steady state is spiky, while the c component is close to a bounded
function given explicitly; we also use [12] to study the stability of bifurcating steady
states. To the best of our knowledge, [26, 28, 37, 38] are the only works where the
existence of spiky steady states of chemotaxis systems is proved. The systems stud-
ied in [26, 28, 37] can be reduced to single equations so that the variational/energy
approaches can be taken. However, our system (2) cannot be reduced to a single
equation. We therefore use the method developed in [38]: we first use the global
bifurcation theory to prove the existence of monotone steady states for all large
χ, then we apply Helly’s compactness theorem to extract a pointwise (except at a
boundary point) convergent subsequence of ρ as χ → ∞, and finally we show that
the limiting function is a δ-function. Our extensive numerical experiments support
the analytical findings. Two-dimensional (2-D) steady states are considered in §6,
where formation and stability of the spiky solutions are illustrated numerically.

All of the numerical results reported in this paper have been obtained using a
second-order positivity preserving central-upwind scheme developed in [8]. A brief
description of the 2-D version of the scheme is presented in Appendix A.

2. Several basic definitions and results. In this section, we provide the reader
with a briefly review of several basic definitions and results, which will be used
afterward.

We begin with Young’s inequality, which states that for all positive real numbers
a, b, p and q, such that 1/p+ 1/q = 1,

ab ≤ ap

p
+
bq

q
. (6)

This inequality also gives rise to the so-called Young’s inequality with ε (valid for
any ε > 0),

ab ≤ εa2

2
+
b2

2ε
(7)

We will use the following Sobolev and Hölder spaces:

Definition 2.1 (Sobolev and Hölder Spaces).
• For p ≥ 1, the Sobolev space W k

p (Ω) consists of functions in Lp(Ω) whose weak
derivatives up to order k exist and are in Lp(Ω); this Sobolev space is often written
as H1(Ω) when p = 2 and k = 1; if k is positive and non-integer, then W k

p (Ω) is
the fractional Sobolev space.
• For finite T > 1 and α ∈ (0, 1), the anisotropic Hölder space Cα,α/2(Ω× [0, T ])

consists of functions defined on Ω × [0, T ] that are Hölder continuous in x and t
with exponents α and α/2, respectively;
• C2+α,1+α/2(Ω× [0, T ]) is the space of functions whose partial derivatives up to

order 2 in x, order 1 in t are continuous on Ω × [0, T ] with the highest derivatives
in Cα,α/2(Ω× [0, T ]).

We will use notation such as Cα,α/2(Ω× (0, T ]), by which we mean the functions
belonging to Cα,α/2(Ω× [ε, T ]) for every small ε > 0.

Lemma 2.2 (Gagliardo-Ladyženskaja-Nirenberg Inequality). [24, p. 63]
Let Ω be a bounded domain in Rd with a smooth boundary. Then for any u ∈ H1(Ω)

‖u− ū‖2L2(Ω) ≤M‖∇u‖2aL2(Ω)‖u‖
2(1−a)
L1(Ω) , (8)
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where ū = 1
|Ω|
∫

Ω
u dx, a = d/(d+ 2), and M is a constant depending only on d and

Ω.

Corollary 1. Let Ω be a bounded domain in Rd with a smooth boundary. Then for
any u ∈ H1(Ω) and any ε > 0

‖u‖2L2(Ω) ≤ ε‖∇u‖2L2(Ω) +K
(

1 + ε−
d
2

)
‖u‖2L1(Ω), (9)

where K ≥ 1 depends only on d and Ω.

Proof. The result immediately follows from the Gagliardo-Ladyženskaja-Nirenberg
inequality (8) and Young’s inequality (6) with p = 1/a and q = 1/(1− a).

3. A priori estimates. Consider the following initial-boundary value problem
(IBVP): 

ρt + χ∇ · (ρQ (∇c)) = ν∆ρ, x ∈ Ω, t > 0,

ct = ∆c− γcc+ γρρ, x ∈ Ω, t > 0,

ρ(x, 0) = ρ0(x), c(x, 0) = c0(x), x ∈ Ω,

∂ρ

∂n
=
∂c

∂n
= 0, x ∈ ∂Ω, t > 0,

(10)

where Ω is a bounded domain in Rd with a smooth boundary ∂Ω and n is the outer
normal vector field on ∂Ω.

We first prove that positive solutions of the above IBVP remain bounded for all
times.

Theorem 3.1. Let (ρ(x, t), c(x, t)) be a positive classical solution of the IBVP (10)
with bounded nonnegative initial data. Then, for all x ∈ Ω̄ and t ≥ 0,

ρ(x, t) ≤ C
(

1 +
χ

ν

)d
max

{
‖ρ0‖L∞(Ω), ‖ρ0‖L1(Ω)

}
, (11)

c(x, t) ≤ ‖c0‖L∞(Ω) +
γρ
γc
C
(

1 +
χ

ν

)d
max

{
‖ρ0‖L∞(Ω), ‖ρ0‖L1(Ω)

}
, (12)

where C = C(d,Ω) is a constant, which depends on d and Ω only.

Proof. We begin by multiplying the first equation in (10) by ρs−1 (s ≥ 2) and
integrating over Ω. Then, integrating by parts, applying the chain rule, using the
boundedness of |Qi| ≤ Ci from (3), the fact that max

1≤i≤d
Ci = 1, and the inequality

(7) with ε =
2ν

sχ
yields

1

s

d

dt

∫
Ω

ρs dx = −ν
∫
Ω

∇ρ · ∇
(
ρs−1

)
dx + χ

∫
Ω

ρQ(∇c) · ∇
(
ρs−1

)
dx

≤ −4ν(s− 1)

s2

∫
Ω

∣∣∇ (ρ s2 )∣∣2 dx +
2χ(s− 1)

s

∫
Ω

ρ
s
2

∣∣∇ (ρ s2 )∣∣ dx
≤ −4ν(s− 1)

s2

∫
Ω

∣∣∇ (ρ s2 )∣∣2 dx +
χ(s− 1)

s

∫
Ω

(2ν

sχ

∣∣∇ (ρ s2 )∣∣2 +
sχ

2ν
ρs
)
dx

≤ −2ν(s− 1)

s2

∫
Ω

∣∣∇ (ρ s2 )∣∣2 dx +
χ2(s− 1)

2ν

∫
Ω

ρs dx.

(13)
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The last term in (13) is estimated using the inequality (9) with u = ρ
s
2 and ε such

that

χ2(s− 1)

2ν
=

2ν(s− 1)

s2ε
− χ2(s− 1)

2ν
⇐⇒ ε = 2

(
ν

sχ

)2

.

This results in

χ2(s− 1)

2ν

∫
Ω

ρs dx ≤ 2ν(s− 1)

s2ε

∫
Ω

ρs dx− χ2(s− 1)

2ν

∫
Ω

ρs dx

≤ 2ν(s− 1)

s2

∥∥∇ (ρ s2 )∥∥2

L2(Ω)
+

2ν(s− 1)K(1 + ε−
d
2 )

s2ε

∥∥ρ s2 ∥∥2

L1(Ω)

− χ2(s− 1)

2ν

∫
Ω

ρs dx.

(14)

Substituting (14) into (13), we obtain

d

dt

∫
Ω

ρs dx ≤ −χ
2s(s− 1)

2ν

∫
Ω

ρs dx +
χ2s(s− 1)K

(
1 +

(
sχ√
2ν

)d )
ν

(∫
Ω

ρ
s
2 dx

)2

.

We then fix T ∈ (0,∞), multiply both sides of the last inequality by the integrating
factor eκt, where κ := χ2s(s− 1)/(2ν), and integrate over the time interval [0, t] for
t ∈ [0, T ] to obtain

∫
Ω

ρs dx ≤ e−κt
∫
Ω

ρs0(x) dx+
χ2s(s− 1)K

(
1 +

(
sχ√
2ν

)d )
ν

t∫
0

eκ(τ−t)
(∫

Ω

ρ
s
2 dx

)2

dτ,

which, in turn, yields the following estimate:

∫
Ω

ρs(x, t) dx ≤
∫
Ω

ρs0(x) dx + 2K
(

1 +
sχ

ν

)d
sup

0≤t≤T

(∫
Ω

ρ
s
2 (x, t) dx

)2

. (15)

Let us now define the function

M(s) := max

{
‖ρ0‖L∞(Ω), sup

0≤t≤T

(∫
Ω

ρs dx

) 1
s

}
, (16)

which satisfies (from (15)):

M(s) ≤
(
K̃
(

1 +
sχ

ν

)d) 1
s

M(s/2), ∀s ≥ 2,
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where the constant K̃ depends on d and Ω only. Taking s = 2k, k = 1, 2, . . ., we
obtain

M(2k) ≤ K̃2−k
(

1 +
2kχ

ν

)2−kd

M(2k−1)

≤ K̃2−k+2−(k−1)

(
1 +

2kχ

ν

)2−kd(
1 +

2k−1χ

ν

)2−(k−1)d

M(2k−2) ≤ . . .

≤ K̃2−k+···+2−1

(
1 +

2kχ

ν

)2−kd

. . .

(
1 +

2χ

ν

)2−1d

M(1)

≤ K̃2−k+···+2−1

(
2k +

2kχ

ν

)2−kd

. . .

(
2 +

2χ

ν

)2−1d

M(1)

≤ K̃
(

1 +
χ

ν

)(2−k+···+2−1)d

2(k2−k+···+2−1)dM(1) ≤ C
(

1 +
χ

ν

)d
M(1),

where C is a constant, which depends only on d and Ω. Sending k → ∞, we
conclude that

‖ρ(·, t)‖L∞(Ω) ≤ C
(

1 +
χ

ν

)d
M(1), ∀t ≥ 0. (17)

Finally, we note the total mass of the cells remains constant in time (this can be
verified by integrating the first equation in (10) over Ω), and therefore

M(1) = max
{
‖ρ0‖L∞(Ω), ‖ρ0‖L1(Ω)

}
, (18)

and the estimate (11) for the cell density ρ(x, t) follows from (17), (18).
To obtain a bound on chemoattractant concentration c(x, t), we compare it with

the solution of the following initial value problem (IVP):
dw

dt
= −γcw + γρC

(
1 +

χ

ν

)d
M(1),

w(0) = ‖c0‖L∞(Ω),

which can be easily calculated. The comparison principle then yields

0 ≤ c(x, t) ≤ w(t) = e−γct‖c0‖L∞(Ω) +
(
1− e−γct

) γρ
γc
C
(

1 +
χ

ν

)d
M(1)

≤ ‖c0‖L∞(Ω) +
γρ
γc
C
(

1 +
χ

ν

)d
max

{
‖ρ0‖L∞(Ω)‖ρ0‖L1(Ω)

}
,

and the proof of Theorem 3.1 is now complete.

Remark 1. It is simpler to show that a positive steady state solution (ρ(x), c(x))
of the system (10) satisfies

ρ(x) ≤ C(d,Ω)
(

1 +
χ

ν

)d
‖ρ‖L1(Ω),

c(x) ≤ γρ
γc
C(d,Ω)

(
1 +

χ

ν

)d
‖ρ‖L1(Ω),

for all x ∈ Ω̄.

Remark 2. By using the L∞-bounds established in Theorem 3.1, parabolic bound-
ary Lp-estimates and Schauder estimates (see, e.g., [24]), one can obtain that ρt, ct
and all spatial partial derivatives of ρ and c up to order two are bounded on
Ω̄× [0,∞).
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4. Existence results. In this section, we consider the IBVP for a more general
chemotaxis system,

ρt + ∇ · (P (ρ, c,∇c)) = ν∆ρ+R(ρ, c), x ∈ Ω, t > 0,

ct = ∆c+ S(ρ, c), x ∈ Ω, t > 0,

ρ(x, 0) = ρ0(x), c(x, 0) = c0(x), x ∈ Ω,

∂ρ

∂n
=
∂c

∂n
= 0, x ∈ ∂Ω, t > 0,

(19)

for which we shall establish a local existence result. This result together with the
a-priori estimates proved in §3 will lead to a global existence result for the IBVP
(10).

We will use the semigroup theory, for which [14] and [31] are good references.

4.1. Notations, definitions, introductory results. Let X1 = C(Ω) and X2 =
Lp(Ω). We define the linear operator A1 = −∆ + I in X1 with the domain

D(A1) =
{
u ∈W 2

q (Ω), ∀ q > d
∣∣∣ ∆u ∈ C(Ω), ∂u

∂n

∣∣
∂Ω

= 0
}

and the linear opera-

tors A2 = −∆ + I in X2 with the domain D(A2) =
{
u ∈W 2

p (Ω)
∣∣∣ ∂u

∂n

∣∣
∂Ω

= 0
}

.

Then, if the boundary ∂Ω is C2+ω smooth for some ω > 0, Ai generates analytic
semigroups denoted by e−Ait in Xi, i = 1, 2.

Since the smallest eigenvalue of both A1 and A2 is 1 and the operators are the
generators of the analytic semigroups, we can define their fractional powers Aai for
a ≥ 0, with domain D(Aai ) and target space Xi. The basic facts are:
(i) The larger a is, the smaller the domain D(Aai ) is, with D(A0

i ) = Xi;

(ii) AaiA
b
i = Aa+b

i on D(Aa+b
i ) for any b ≥ 0;

(iii) For any u0 ∈ Xi and t > 0, e−Aitu0 is in D(Aai ) and Aai e−Ait = e−AitAai on
D(Aai );
(iv) D(Aai ) equipped with the norm

‖u‖D(Aai ) = ‖Aai u‖Xi

is a Banach space.
We shall repeatedly use the following facts:

• D(Aa2) is continuously embedded into C1+α(Ω)

∀ 0 ≤ α < 2a− 1− d

p
, a >

1

2
(1 +

d

p
),

• D(Ab1) is continuously embedded into Cα(Ω) ∀ 0 ≤ α < 2b, b ∈ (0, 1),

(20)

and that for i = 1, 2

‖Aai e−Ait‖Xi→Xi ≤
C∗a
ta

e−σt, ∀ t > 0, a ≥ 0, (21)

‖(e−Ait − I)u‖Xi ≤
Ca
a
ta e−σt‖u‖D(Aai ), ∀ t > 0, 0 < a ≤ 1, u ∈ D(Aai ), (22)

where Ca, C∗a and σ ∈ (0, 1) are constants.
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We now formally convert the IBVP (19) into the following system of integral
equations:

ρ(·, t) = e−νA1tρ0 −
t∫

0

∇ · e−νA1(t−s) (P (ρ(·, s), c(·, s),∇c(·, s))) ds

+

t∫
0

e−νA1(t−s) (νρ(·, s) +R(ρ(·, s), c(·, s))) ds,

c(·, t) = e−A2tc0 +

t∫
0

e−A2(t−s) (c(·, s) + S(ρ(·, s), c(·, s))) ds.

(23)

Note that for technical reasons, in the first integral of the ρ-equation, we write
the product of the operator e−νA1(t−s) and the divergence operator in the reversed
order. These two operators commute only if everything else in that integral is
smooth enough; thus at this moment, (19) and (23) are only formally equivalent.
Nonetheless, in this paper we call a solution of (23) a weak solution of (19).

4.2. Local existence. We shall first prove that for each fixed ρ0 ∈ C(Ω), c0 ∈
D(Aa2) the system (23) has a unique local solution (Lemma 4.1), then show that
this local solution is smooth (Lemmas 4.2) and under some additional assumptions
we can prove that it is also a classical solution of the IBVP (19) (Lemma 4.3).

Lemma 4.1. Let ∂Ω ∈ C2+ω, ω > 0, P ∈ C2(R × R × Rd,Rd) and R and S be
locally Lipschitz continuous in (ρ, c). For each fixed ρ0 ∈ C(Ω), c0 ∈ D(Aa2) with
1
2 (1 + d

p ) < a < 1 for some p > d, there exists a small τ0 > 0 such that the system

(23) has a unique solution (ρ(x, t), c(x, t)) ∈ C([0, τ0], C(Ω))× C([0, τ0],D(Aa2)).

Proof. For any τ0 ∈ (0, 1), we define the following space:

T =
{

(ρ(·, t), c(·, t)) ∈ C([0, τ0], C(Ω))× C([0, τ0],D(Aa2))
}
,

and for each fixed (ρ0, c0) ∈ C(Ω)×D(Aa2), we define its subset S by

S (24)

=
{

(ρ(·, t), c(·, t)) ∈ T
∣∣∣ ‖ρ(·, t)− ρ0‖C(Ω) + ‖c(·, t)− c0‖D(Aa2 ) ≤ 1, 0 ≤ t ≤ τ0

}
.

We also define the operator T1 by

T1

(
ρ

c

)
=

(
ϕ(·, t)
ψ(·, t)

)
with the right-hand side (RHS) equal to the RHS of (23).

We shall first verify that there exists a small τ0 > 0 such that T1 : S → S . To
this end, we establish several bounds.

For any (ρ(·, t), c(·, t)) ∈ S , (20) and (24) imply that there exists a constant K0

depending only on ‖ρ0‖C(Ω) and ‖c0‖D(Aa2 ), such that for any t ∈ [0, τ0]

‖ρ(·, t)‖C(Ω) ≤ K0, ‖c(·, t)‖C1(Ω) ≤ K0, ‖P (ρ(·, t), c(·, t),∇c(·, t))‖C(Ω) ≤ K0,

‖νρ(·, t) +R(ρ(·, t), c(·, t))‖C(Ω) ≤ K0, ‖c(·, t) + S(ρ(·, t), c(·, t))‖C(Ω) ≤ K0.
(25)
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Thus, for any t ∈ [0, τ0] and a fixed b ∈ ( 1
2 , 1), we use (20), (21) and (25) to obtain

‖ϕ− ρ0‖C(Ω) ≤ ‖e−νA1tρ0 − ρ0‖C(Ω)

+ C

t∫
0

‖Ab1e−νA1(t−s)P (ρ(·, s), c(·, s),∇c(·, s)) ‖C(Ω) ds

+

t∫
0

‖e−νA1(t−s) (νρ(·, s) +R(ρ(·, s), c(·, s))) ‖C(Ω) ds

≤ ‖e−νA1tρ0 − ρ0‖C(Ω) + C

t∫
0

(
C∗b e−νσ(t−s)

(t− s)b K0 + C∗0K0e−νσ(t−s)
)
ds

≤ ‖e−νA1tρ0 − ρ0‖C(Ω) + C1t
1−b,

(26)

and

‖ψ−c0‖D(Aa2 ) ≤ ‖(e−A2t − I)c0‖D(Aa2 )

+

t∫
0

‖Aa2e−A2(t−s) (c(·, s) + S(ρ(·, s), c(·, s))) ‖Lp(Ω) ds

≤ ‖(e−A2t − I)Aa2c0‖Lp(Ω) + C

t∫
0

(t− s)−ae−σ(t−s) ds

≤ ‖(e−A2t − I)Aa2c0‖Lp(Ω) + C2t
1−a,

(27)

where C1 and C2 are constants independent of t and τ0.
Using the fact that lim

t→0+
e−νA1tρ0 = ρ0 in C(Ω) and lim

t→0+
e−A2tAa2c0 = Aa2c0 in

Lp(Ω), it follows from (26) and (27) that there exists a small τ0 (depending only on
ρ0 and c0) such that (ϕ,ψ) ∈ T and

‖ϕ− ρ0‖C(Ω) + ‖ψ − c0‖D(Aa2 ) ≤ 1, ∀ 0 ≤ t ≤ τ0,

and therefore (ϕ,ψ) ∈ S =⇒ T1 : S → S .
In the following we shall prove that for a sufficiently small τ0, the operator T1

is a contracting mapping from S to S . To this end, we first note that for any
(ρ1, c1), (ρ2, c2) ∈ S , we have

‖P (ρ1, c1,∇c1)− P (ρ2, c2,∇c2)‖C(Ω) ≤ K∗
(
‖ρ1 − ρ2‖C(Ω) + ‖c1 − c2‖D(Aa2 )

)
,

‖ρ1 − ρ2 +R(ρ1, c1)−R(ρ2, c2)‖C(Ω) ≤ K∗
(
‖ρ1 − ρ2‖C(Ω) + ‖c1 − c2‖D(Aa2 )

)
,

‖c1 − c2 + S(ρ1, c1)− S(ρ2, c2)‖C(Ω) ≤ K∗
(
‖ρ1 − ρ2‖C(Ω) + ‖c1 − c2‖D(Aa2 )

)
,

where K∗ is a constant depending only on ‖ρ0‖C(Ω) and ‖c0‖D(Aa2 ).
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Similarly to (26) and (27), one can prove that for any t ∈ [0, τ0] with a sufficiently
small τ0 > 0 and b ∈ (1/2, 1), the following estimate holds:

‖ϕ1(·, t)− ϕ2(·, t)‖C(Ω) + ‖ψ1(·, t)− ψ2(·, t)‖D(Aa2 )

≤ C

 t∫
0

e−νσ(t−s)

(t− s)b ds+

t∫
0

e−νσ(t−s) ds+

t∫
0

e−σ(t−s)

(t− s)a ds


·
(
‖ρ1 − ρ2‖C(Ω) + ‖c1 − c2‖D(Aa2 )

)
≤ C∗

[
τ1−b
0 + τ0 + τ1−a

0

] (
‖ρ1 − ρ2‖C(Ω) + ‖c1 − c2‖D(Aa2 )

)
≤ 1

2

(
‖ρ1 − ρ2‖C(Ω) + ‖c1 − c2‖D(Aa2 )

)
.

We then use the contracting mapping theorem to conclude that there exists a unique
local solution of the system (23) in C([0, τ0], C(Ω))× C([0, τ0],D(Aa2)).

Lemma 4.2. Under the assumption of Lemma 4.1, let

(ρ(·, t), c(·, t)) ∈ C([0, T ], C(Ω))× C([0, T ],D(Aa2))

be the unique solution of (23) defined on some finite time interval [0, T ]. Then:

(i) For any δ0 ∈ (0, 1/2), ρ(x, t) ∈ C2δ0,δ0(Ω× (0, T ]), and there exists a constant
Cδ0 such that

‖ρ(x, s)‖C2δ0,δ0 (Ω×[t,T ]) ≤ Cδ0(1 + t−2δ0), ∀ t ∈ (0, T ); (28)

(ii) There exists a small δ > 0 depending only on a, p and d, such that

c(x, t) ∈ C1+2δ,δ(Ω× [0, T ]) ∩ C2+2δ,1+δ(Ω× (0, T ]), (29)

and there exists a constant Cδ such that

‖D2
xc(x, s)‖C2δ,δ(Ω×[t,T ]) ≤ Cδ(1 + t−2δ), ∀ t ∈ (0, T ). (30)

Proof. For any β > 0, δ > 0 satisfying β + δ < 1/2, and for each sufficiently small
h > 0 and any t ∈ (0, T − h], we use (20)–(23) and (25) to obtain

‖ρ(·, t+ h)− ρ(·, t)‖D(Aβ1 ) ≤ ‖(e−νA1h − I)Aβ1 e−νA1tρ0‖C(Ω)

+

t∫
0

‖(e−νA1h − I)Aβ1

(
∇ · e−νA1(t−s)(−P (ρ, c,∇c))

+e−νA1(t−s)(νρ+R(ρ, c))
)
‖C(Ω) ds

+

t+h∫
t

‖ −Aβ1∇ · e−νA1(t+h−s)P (ρ, c,∇c) +Aβ1 e−νA1(t+h−s)(νρ+R(ρ, c))‖C(Ω) ds

≤ C

δ

hδ

tδ+β
‖ρ0‖C(Ω) +

CK0

δ
hδ

t∫
0

(
1

(t− s)β+δ+ 1
2 +ε

+
1

(t− s)β+δ

)
ds

+ CK0

t+h∫
t

(
1

(t+ h− s)β+ 1
2 +ε

+
1

(t+ h− s)β
)
ds

≤ Cδhδ
(
t−(δ+β) + t1/2−δ−β−ε + t1−δ−β

)
+ Cδ

(
h

1
2−β−ε + h1−β

)
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≤ C∗hδ
(
t−(δ+β) + 1

)
,

which is true for sufficiently small ε > 0 satisfying β + δ + ε < 1/2, where constant
C∗ depends only on δ, β, K0 and T . Thus we have

‖ρ(·, s)‖Cδ([t,T ],D(Aβ1 )) ≤ C∗
(
t−(δ+β) + 1

)
, ∀ t ∈ (0, T ) (31)

which together with (20) implies that the estimate (28) holds for any δ0 ∈ (0, 1/2).
This completes the proof of (i).

For each fixed a ∈ (1/2, 1) satisfying a > 1
2 (1 + d/p), choose γ ∈ (1/2, a) such

that γ > 1
2 (1 + d/p). For small enough h > 0 and any t ∈ [0, T − h], we use once

again (20)–(23) and (25) to obtain the following estimate:

‖c(·, t+ h)− c(·, t)‖D(Aγ2 ) ≤ ‖(e−A2h − I)Aγ2e−A2tc0‖Lp(Ω)

+

t∫
0

‖(e−A2h − I)Aγ2e−A2(t−s) (c(·, s) + S(ρ(·, s), c(·, s))) ‖Lp(Ω) ds

+

t+h∫
t

‖Aγ2e−A2(t+h−s) (c(·, s) + S(ρ(·, s), c(·, s))) ‖Lp(Ω)ds

≤ Ca−γ
a− γ h

a−γ‖c0‖D(Aa2 ) + Ca−γC
∗
aK0h

a−γ
t∫

0

ds

(t− s)a + C∗γK0

∫ t+h

t

ds

(t+ h− s)γ

≤ C1h
a−γ (1 + t1−a

)
+ C1h

1−γ ≤ C2h
δ, with δ = min{a− γ, 1− γ},

where the constant C2 depends only on a, γ, K0 and T , which also implies that for
sufficiently small δ > 0

c(x, t) ∈ C1+2δ,δ(Ω× [0, T ]). (32)

In virtue of (25), by applying standard arguments based on analytic semigroup
theories (see [14, Theorem 3.2.2]) to the c-equation in (23), it follows that c(x, t) is
also the unique strong solution (c(x, t) ∈ C1((0, τ0], Lp(Ω)) ∩ C((0, τ0],D(A2))) of
the c-equation in (19) satisfying the corresponding boundary and initial conditions.
Using (28) and (32), we can further apply the intermediate parabolic Schauder
regularity theory (see [25, Theorem V.5.19]) to obtain c(x, t) ∈ C2+2δ,1+δ(Ω×(0, T ]),
which satisfies estimates (30) for small δ > 0. This completes the proof of (ii) and
thus of Lemma 4.2.

Lemma 4.3. (i) Under the assumptions of Lemma 4.1, let

(ρ(·, t), c(·, t)) ∈ C([0, T ], C(Ω))× C([0, T ],D(Aa2))

be the unique solution of (23) defined on some finite interval [0, T ]. If the chemo-
tactic flux P is linear in ρ, i.e.

P (ρ, c,∇c) = ρχ(c,∇c), (33)

then (ρ(·, t), c(·, t)) is a classical solution of (19) defined on [0, T ] satisfying ρ(x, t) ∈
C2,1(Ω× (0, T ]) and c(x, t) ∈ C2+2δ,1+δ(Ω× (0, T ]), for some small δ > 0.

(ii) If in additional to the assumptions of Lemma 4.1 ρ0 ∈ W 1
p (Ω), then there

exists a small τ0 > 0 such that the system (19) has a unique local classical solution
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(ρ(·, t), c(·, t)) defined on [0, τ0] satisfying

ρ(x, t) ∈ C([0, τ0],W 1
p (Ω)) ∩ C2+2δ,1+δ(Ω× (0, τ0]),

c(x, t) ∈ C1+2δ,δ(Ω× [0, τ0]) ∩ C2+2δ,1+δ(Ω× (0, τ0]).
(34)

for some small δ > 0.

Proof. (i) Taking into account the results established in Lemma 4.2, we only need
to prove that ρ(x, t) ∈ C2,1(Ω× (0, T ]). Note that

∇ · (P (ρ, c,∇c)) = χ(c,∇c) · ∇ρ+ ρ∇ ·χ(c,∇c) 4=
d∑
i=1

ai(x, t)ρxi +B(x, t)ρ. (35)

Consider the IBVP for the following linear equation:

ρt = −νA1ρ+

d∑
i=1

ai(x, t)ρxi + f(x, t), x ∈ Ω, t > 0,

f(x, t)
4
= νρ(x, t) +R(ρ(x, t), c(x, t)) +B(x, t)ρ(x, t),

∂ρ

∂n
= 0, x ∈ ∂Ω, t > 0,

ρ(x, 0) = ρ0(x), x ∈ Ω.

(36)

Using (28), (30), (32), (35) and (36), we obtain

ai(x, t) ∈ C2δ,δ(Ω× [0, T ]),

‖B(x, t)‖C2δ,δ(Ω×[t,T ]), ‖f(x, t)‖C2δ,δ(Ω×[t,T ]) ≤ C(1 + t−2δ), ∀ t ∈ (0, T ).
(37)

We now apply the Schauder theory ( [25, Theorem V.5.19]) to deduce that for each
fixed ρ0(x) ∈ C(Ω) the linear IBVP (36) has a unique classical solution ρ(x, t) ∈
C(Ω× [0, T ]) ∩ C2,1(Ω× (0, T ]). Thus, ρ(x, t) also satisfies

ρ(·, t) = e−νA1tρ0(·)−
t∫

0

∇ · e−νA1(t−s)P (ρ(·, s), c(·, s),∇c(·, s)) ds

+

t∫
0

e−νA1(t−s) (B(·, s)(ρ(·, s)− ρ(·, s)) + νρ(·, s) +R(ρ(·, s), c(·, s))) ds,

which, together with the equation of ρ, implies

ρ(·, t)− ρ(·, t) =

t∫
0

∇ · e−νA1(t−s)(ρ(·, s)− ρ(·, s))χ(c,∇c) ds

+

t∫
0

e−νA1(t−s)(B(·, s)(ρ(·, s)− ρ(·, s)) ds.
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Furthermore, using (29) and (37), we arrive at

‖ρ(·, t)− ρ(·, t)‖C(Ω) ≤ K1

t∫
0

(t− s)−β‖ρ(·, s)− ρ(·, s)‖C(Ω) ds

+K2

t∫
0

s−2δ‖ρ(·, s)− ρ(·, s)‖C(Ω) ds, for some β ∈ (1/2, 1), ∀ t ∈ (0, T ].

It now follows from the general Gronwall inequality ( [14, Lemma 7.1.1]) that
ρ(·, t) ≡ ρ(·, t) for 0 ≤ t ≤ T . This completes the proof of part (i) of the lemma.

(ii) Define the space T1 := C([0, τ0],W 1
p (Ω)) and its subset

S1 :=
{
ρ̂(·, t) ∈ T1

∣∣∣ ‖ρ̂(·, t)− ρ0‖W 1
p (Ω) ≤ 1, 0 ≤ t ≤ τ0

}
, (38)

and let

T2ρ̂ = e−νA2tρ0(·)−
t∫

0

e−νA2(t−s)∇ · P (ρ̂(·, s), c(·, s),∇c(·, s)) ds

+

t∫
0

e−νA2(t−s) (νρ(·, s) +R(ρ(·, s), c(·, s)) ds (39)

for any ρ̂ ∈ S1. Then, by the regularity of ρ and c already established, especially by
(25),(29) and (30), we can see that there exist constants K and small δ1 ∈ (0, 1/4)
such that for all t ∈ (0, τ0] and ρ̂ ∈ S1,

‖νρ(·, t) +R(ρ(·, t), c(·, t))‖Lp(Ω) ≤ K,
‖∇ · P (ρ̂, c,∇c)(·, t)‖Lp(Ω) ≤ K(1 + t−δ1).

(40)

We now take b ∈ (1/2, 1) and small δ1 ∈ (0, 1/4) such that b+ δ1 ∈ (1/2, 1). It then
follows from (21), (22) and (40) that

‖T2ρ̂− ρ0‖W 1
p
≤ ‖e−νA2tρ0 − ρ0‖W 1

p (Ω)

+ C

t∫
0

‖Ab2e−νA2(t−s)‖Lp(Ω)→Lp(Ω)‖∇ · P (ρ, c,∇c)‖Lp(Ω) ds

+ C

t∫
0

‖Ab2e−νA2(t−s)‖Lp(Ω)→Lp(Ω) ‖νρ(·, t) +R(ρ(·, s), c(·, s))‖Lp(Ω)→Lp(Ω) ds

≤ ‖e−νA2tρ0 − ρ0‖W 1
p (Ω) + C∗b

t∫
0

K(2 + s−δ1)

(t− s)b ds

≤ ‖e−νA2tρ0 − ρ0‖W 1
p (Ω) + C1t

1−b + C2t
1−b−δ1 , ∀t ∈ [0, τ0].

This together with the fact that lim
t→0+

‖e−νA2tρ0 − ρ0‖W 1
p (Ω) = 0 implies that for a

sufficiently small τ0, the operator T2 is a mapping from S1 to S1. Similarly, one
can prove that for a sufficiently small τ0, T2 is also a contracting mapping on S1.
Then, the contracting mapping theorem implies that there exists a small τ0 > 0
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such that there exists a unique ρ̂(x, t) ∈ S1 satisfying

ρ̂(·, t) = e−νA2ρ0(·)−
t∫

0

e−νA2(t−s)∇ · P (ρ̂(·, s), c(·, s),∇c(·, s)) ds

+

t∫
0

e−νA2(t−s) (νρ(·, s) +R(ρ(·, s), c(·, s))) ds, ∀t ∈ [0, τ0]. (41)

It is easy to see that ρ̂(x, t) also satisfies

ρ̂(·, t) = e−νA1tρ0(·)−
t∫

0

∇ ·
(

e−νA1(t−s)P (ρ̂(·, s), c(·, s),∇c(·, s))
)
ds

+

t∫
0

e−νA1(t−s) (νρ(·, s) +R(ρ(·, s), c(·, s)) ds. (42)

On the other hand, note that ρ(x, t) satisfies (42) as well; and if one defines another
operator acting on ρ̂ as the RHS of (42), one can show that this operator is also
a contracting mapping in the unit ball in the space C([0, τ0], C(Ω)) centered at ρ0

(the proof is similar to the one for T1). Therefore,

ρ̂(x, t) ≡ ρ(x, t) on Ω× [0, τ0],

and hence ρ(x, t) ∈ C([0, τ0],W 1
p (Ω)).

Notice that (40) implies that

τ0∫
0

‖∇ · (P (ρ(·, s), c(·, s),∇c(·, s))) ‖Lp(Ω) ds <∞,

so that we can use [14, Theorem 3.2.2] to infer that ρ is a strong solution (ρ ∈
C1((0, τ0], Lp(Ω)) ∩ C((0, τ0],W 2

p (Ω))) of the ρ-equation in (19) satisfying the cor-
responding boundary and initial conditions. By similar arguments as in the proof
of Lemma 4.2, we can further prove that there exist small δ > 0, b ∈ (1/2, 1) and
r ∈ (0, 1/2) with 2rp > d such that ρ(x, t) ∈ Cδ([0, τ0],D(Ar2))∩Cδ((0, τ0],D(Ab2)),
and thus

ρ(x, t) ∈ C2δ,δ(Ω× [0, τ0]) ∩ C1+2δ,δ(Ω× (0, τ0]), for small δ > 0,

which together with (28) and (30) implies, in turn, that

∇ · (P (ρ(x, s), c(x, s),∇c(x, s))) ∈ C2δ,δ(Ω× (0, τ0]).

Finally, we apply the parabolic Schauder regularity theory to conclude that ρ(x, t) ∈
C2+2δ,1+δ(Ω× (0, τ0]). This completes the proof of Lemma 4.3.

We are now ready to state and prove the following main results on the existence
of weak and classical maximal solutions for the more general IBVP (19).

Theorem 4.4. Let ∂Ω, P (ρ, c,∇c), R(ρ, c) and S(ρ, c) satisfy the assumptions of
Lemma 4.1.

(i) For any given ρ0 ∈ C(Ω) and c0 ∈ W 2a+ε
p (Ω) such that ∂c0

∂n

∣∣
∂Ω

= 0 (or more

generally, c0 ∈ D(Aa2)) with 1
2 (1 + d

p ) < a < 1, p > d and small ε > 0, there

exists a unique maximal solution (ρ(x, t), c(x, t)) of (23) on some maximal
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time interval J0 := [0, Tmax) with 0 < Tmax ≤ ∞. For any small δ > 0, this
solution satisfies

ρ ∈ C([0, Tmax), C(Ω)) ∩ C2δ,δ(Ω× (0, Tmax)),

c ∈ C([0, Tmax),D(Aa2)) ∩ C1+2δ,δ(Ω× [0, Tmax)) ∩ C2+2δ,1+δ(Ω× (0, Tmax)).
(43)

Furthermore, if Tmax <∞, then

lim sup
t→T−max

{
‖ρ(·, t)‖C(Ω) + ‖c(·, t)‖C(Ω)

}
=∞. (44)

(ii) If the chemotactic term P is linear in ρ, i.e., if (33) is satisfied, then the
unique solution (ρ(x, t), c(x, t)) obtained in (i) is also a classical maximal
solution of the IBVP (19) satisfying

(ρ(·, t), c(·, t)) ∈
(
C([0, Tmax), C(Ω))× C1+2δ,δ(Ω× [0, Tmax)

)⋂(
C2,1(Ω× (0, Tmax))× C2+2δ,1+δ(Ω× (0, Tmax))

)
for some small δ > 0.

(iii) If in addition to the conditions in (i), ρ0 ∈W 1
p (Ω) for p > d, then the solution

(ρ(x, t), c(x, t)) obtained in (i) is also a classical maximal solution of the IBVP
(19) satisfying

ρ ∈ C([0, Tmax),W 1
p (Ω)) ∩ C2δ,δ(Ω× [0, Tmax)) ∩ C2+2δ,1+δ(Ω× (0, Tmax)),

c ∈ C([0, Tmax),D(Aa2)) ∩ C1+2δ,δ(Ω× [0, Tmax)) ∩ C2+2δ,1+δ(Ω× (0, Tmax))
(45)

for some small δ > 0.

Proof. (i) The existence and uniqueness of the maximal solution of (23) satisfying
(43) follows directly from Lemmas 4.1 and 4.2 and from the standard extension
argument (see [14, Theorem 3.3.4]); the same extension argument also implies that
if Tmax <∞, then

lim sup
t→T−max

{
‖ρ(·, t)‖C(Ω) + ‖c(·, t)‖D(Aa2 )

}
=∞. (46)

In the following, we shall prove (by contradiction) that if (46) is true then (44)
holds. To this end, we assume that (46) is satisfied while (44) is not, that is, there
exists a constant C1 such that

‖ρ(·, t)‖C(Ω) + ‖c(·, t)‖C(Ω) ≤ C1, ∀t ∈ [0, Tmax). (47)

Using (47) and the estimates similar to those in (27), one can easily obtain that
there exists a constant C2 depending only on C1, Tmax and ‖c0‖D(Aa2 ) such that

‖c(·, t)‖D(Aa2 ) ≤ C2, ∀t ∈ [0, Tmax),

which, together with (47), contradicts (46). This completes the proof of part (i) of
Theorem 4.4.

(ii) directly follows from part (i) and Lemma 4.3.

(iii) It follows from Lemma 4.3 and its proof that if one can prove the non-
existence of τ1 ∈ (τ0, Tmax) such that

lim sup
t→τ−1

{‖ρ(·, t)‖W 1
p (Ω) + ‖c(·, t)‖D(Aa2 )} =∞, (48)

then we have the regularity stated in (45) on the maximal interval [0, Tmax).
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Suppose that such τ1 exists. We then have the regularity (45) on the interval
[0, τ1) and, in addition, (20) and (43) (which holds on J0) imply that there exist
constants K1 and K2 such that

‖ρ(·, t)‖C(Ω) + ‖c(·, t)‖C2(Ω) ≤ K1, ∀t ∈ [τ0, τ1] (49)

and

‖ρ(·, t) +R(ρ(·, t), c(·, t))‖C(Ω) ≤ K2, ∀t ∈ [τ0, τ1],

‖∇ · (P (ρ(·, t), c(·, t),∇c(·, t)))‖Lp(Ω) ≤ K2(1 + ‖ρ(·, t)‖W 1
p (Ω)), ∀t ∈ [τ0, τ1).

(50)

Using (41), (49) and (50), we obtain

‖ρ(·, t)‖W 1
p (Ω) ≤ ‖e−νA2(t−τ0)ρ(·, τ0)‖W 1

p (Ω)

+

t∫
τ0

‖Ab2e−νA2(t−s)‖Lp(Ω)→Lp(Ω) ‖∇ · (P (ρ̂, c,∇c))‖Lp(Ω) ds

+

t∫
τ0

‖Ab2e−νA2(t−s)‖Lp(Ω)→Lp(Ω) ‖ρ(·, s) +R(ρ(·, s), c(·, s))‖Lp(Ω) ds

≤ K0K1 +Kb

t∫
τ0

K2‖ρ(·, s)‖W 1
p (Ω)

(t− s)b ds+Kb

t∫
τ0

2K2

(t− s)b ds, ∀t ∈ [τ0, τ1)

(51)

with b ∈ (1/2, 1). Finally, we apply the general Gronwall inequality ( [14, Lemma
7.1.1]) to (51) and conclude that there exists a constant C depending only on K1,
K2, τ0 and τ1 such that

‖ρ(·, t)‖W 1
p (Ω) ≤ C, ∀t ∈ [τ0, τ1),

which, together with (49), contradicts (48). This completes the proof of (iii) and
of Theorem 4.4.

4.3. Global existence. In this section, we combine the local existence results
from §4.2 and the a-priori estimates established in §3 to obtain the existence of the
global classical solution of the chemotaxis system with a saturated chemotactic flux
function.

Theorem 4.5. Consider the IBVP (10) with initial data being nonnegative but not
identically equal to zero, and with a saturated chemotactic flux function that satisfies
(3). Let the conditions in part (i) of Theorem 4.4 be satisfied. Then, the IBVP (10)
admits a unique global uniformly bounded classical solution; both components of the
solution (ρ, c) are positive on Ω× (0,∞).

Proof. First, Theorem 4.4 implies that there exists a unique classical solution of
the IBVP (10) defined on some maximal existence interval [0, Tmax). At the same
time, Theorem 3.1 ensures that the solution is uniformly bounded there, hence
Tmax = ∞, which means that the classical solution is global. The positivity of
the solution follows from the strong maximum principle and Hopf boundary point
lemma.
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4.3.1. Numerical Examples. We now illustrate the existence of global solutions of
(2), (4) and their stability. In the numerical experiments below, we consider the
system (2), (4) subject to the initial condition

ρ(x, y, 0) = 100, c(x, y, 0) = 500e−500(x2+y2) (52)

in the domain Ω =
[
− 1

2 ,
1
2

]
×
[
− 1

2 ,
1
2

]
and take

γc = γρ = ν = 1, χ = 10.

The parameter s∗ in (4) varies in the range [0, 10] in different examples.
In Figures 1–3, we plot time snapshots of the cell density ρ, computed by the

numerical scheme, described in Appendix A. We use a uniform grid with ∆x =
∆y = 1/201 and set the values s∗ = 0, s∗ = 1 and s∗ = 10, respectively. As one
can see, in all the cases the numerical solutions develop a spike at the origin and, as
expected, the height of the spike depends on the values of the switching parameter
s∗ (note in the difference in the scale of the vertical axis). For larger values of s∗,
the solution stays longer in the regime of the linear chemotactic flux and therefore
more cell aggregate in a small neighborhood of the spike. We have performed a
careful mesh refinement study showing that the solution does not blow up for any
s∗ (even larger than 10).

Figure 1. Numerical solution (ρ) of (2), (4), (52) with s∗ = 0.

For comparison, we also computed the solution of the same IVP, but with the
linear chemotactic flux function, that is, Q(∇c) = ∇c. The results, plotted in
Figure 4, demonstrate the blowing up phenomenon inherent in the original PKS
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Figure 2. Numerical solution (ρ) of (2), (4), (52) with s∗ = 1.

model (1). Note that the time snapshots of the solution of the PKS system are
given at much smaller times than for the system with the saturated flux, since by
the last shown time (t = 10−6) the solution has already blown up. To numerically
verify this we have performed a mesh refinement study, which clearly shows that,
unlike the previous (saturated) case, the height of the spike increases by a factor
of 4 when the number of grid cells is doubled. This is consistent with the fact that
the magnitude of the “numerical” δ-function is proportional to 1/(∆x∆y).

5. One-dimensional steady-state solutions. In this section, we consider the
1-D version of the system (2) subject to the homogeneous Neumann boundary
conditions and seek its steady-state solutions satisfying the following boundary value
problem (BVP): 

χ(ρQ(c′))′ = νρ′′, x ∈ (0, L),

− c′′ + γcc− γρρ = 0, x ∈ (0, L),

ρ′(0) = ρ′(L) = c′(0) = c′(L) = 0,

(53)

where Q is a C2-smooth bounded increasing function satisfying (compare with (3))

Q(0) = 0, |Q| ≤ 1, Q′(u) > 0, ∀u. (54)

An example of such Q is (compare with (5))

Q(c′) =
c′√

1 + (c′)2
. (55)
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Figure 3. Numerical solution (ρ) of (2), (4), (52) with s∗ = 10.

Since in the time-dependent case the total mass of ρ is preserved, the value of

mρ :=
1

L

L∫
0

ρ(x) dx (56)

is prescribed and, as we will show below, given a mρ > 0, the system (53) has
positive solutions for a suitable range of χ.

We shall establish the existence of a solution of (53) by using the local bifurcation
theory from [11] and the global bifurcation theory for nonlinear Fredholm mappings
from [32,36]. To this end, we write (53), (56) in the abstract form

F(ρ, c, χ) = 0, (ρ, c, χ) ∈X ×X × R, (57)

where X = H2
N (0, L) =

{
f ∈ H2(0, L) | f ′(0) = f ′(L) = 0

}
, and

F(ρ, c, χ) =

−νρ
′′ + χ(ρQ(c′))′

−c′′ + γcc− γρρ∫ L
0
ρ(x) dx− Lmρ

 , (58)

and state several results that are basic for the bifurcation theory to apply.

Lemma 5.1. The operator F , defined in (58), satisfies the following properties:

(i): F(mρ,mc, χ) = 0, ∀χ ∈ R, mc =
γρmρ

γc
=

1

L

L∫
0

c(x) dx.
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Figure 4. Numerical solution (ρ) of (1), (52).

(ii): F : X ×X × R→ Y0 × Y × R, where Y = L2(0, L) and

Y0 =

{
f ∈ Y

∣∣∣ L∫
0

f(x) dx = 0

}
, is C1-smooth.

(iii): For any fixed (ρ0, c0) ∈X ×X , the Frechet derivative is given by

D(ρ,c)F(ρ0, c0, χ)(ρ, c) =

−νρ
′′ + χ (ρQ(c′0) + ρ0c

′Q′(c′0))
′

−c′′ + γcc− γρρ∫ L
0
ρ(x) dx

 . (59)

(iv): D(ρ,c)F(ρ0, c0, χ)(ρ, c) : X ×X → Y0 × Y × R is a Fredholm operator
with zero index.

Proof. Properties (i)–(iii) can be verified by straightforward calculations, which
are left to the reader.

Property (iv) can be proved as follows. We rewrite (59) as

D(ρ,c)F(ρ0, c0, χ)(ρ, c) = T3(ρ, c) + T4(ρ, c),

where

T3(ρ, c) =

−νρ
′′ + χ (ρQ(c′0) + ρ0c

′Q′(c′0))
′

−c′′ + γcc− γρρ
0

 and T4(ρ, c) =

 0

0∫ L
0
ρ(x) dx

 .
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Obviously, T4 : X ×X → Y0 × Y × R is linear and compact. On the other hand,
by Theorem 4.4 from [3] or Remark 2.5 (case 3) from [36], the differential system in
T3 is elliptic and satisfies “Agmon’s condition”. Then, by Theorem 3.3 and Remark
3.4 from [36], T3 : X ×X → Y ×Y ×{0} is a Fredholm operator with zero index,
and hence

Y × Y × {0} = R(T3)⊕W,
where R(T3) is the range of T3 and W is a closed subspace of Y × Y × {0} with
dimW = dimN (T3) <∞ (N (T3) is the null space of T3). Therefore,

Y × Y × R = R(T3)⊕W ⊕ span{(0, 0, 1)}.
Since the first component of T3(ρ, c) is in Y0, we have

Y0 × Y × R = R(T3)⊕W0 ⊕ span{(0, 0, 1)},

whereW0 =
{

(f, g, r) ∈W |
∫ L

0
f(x) dx = 0

}
. Also, sinceW = W0⊕span{(1, 0, 0)},

dimW = dimW0 + 1. Thus, the codimension of R(T3) in Y0 × Y × R is equal to
dimW = dimN (T3), hence T3 : X ×X → Y ×Y ×R is a Fredholm operator with
zero index. Finally, (iv) follows from the compactness of T4 and the well-known
fact that a compact perturbation does not change the Fredholmness and the index
of a Fredholm operator.

Equipped with Lemma 5.1, we proceed as follows. By property (i), (mρ,mc, χ) is
a constant (trivial) solution of (57) for all χ ∈ R. We seek now nontrivial solutions of
(57) bifurcating from these trivial solutions. The necessary condition for bifurcation
to occur at (mρ,mc, χ) is

N
(
D(ρ,c)F(mρ,mc, χ)

)
6= {0}. (60)

By (iii), the null space consists of solutions of
− νρ′′ + χmρQ

′(0)c′′ = 0, x ∈ (0, L),

− c′′ + γcc− γρρ = 0, x ∈ (0, L),

ρ′(0) = ρ′(L) = c′(0) = c′(L) = 0,∫ L
0
ρ(x) dx = 0.

(61)

From the first and the third equations, we have νρ− χmρQ
′(0)c = const on [0, L].

Integrating the second equation, we obtain
∫ L

0
ρ(x) dx =

∫ L
0
c(x) dx = 0. Thus,

ρ ≡ χmρQ
′(0)c

ν
on [0, L], from where we are led to − c

′′ =

(
γρχmρQ

′(0)

ν
− γc

)
c, x ∈ (0, L),

c′(0) = c′(L) = 0.

(62)

This BVP will have a nontrivial solution if and only if
γρχmρQ

′(0)

ν
− γc is one of

the Neumann eigenvalues for the interval (0, L), that is,
γρχmρQ

′(0)

ν
− γc =

k2π2

L2

for some nonnegative integer k. Then, c is the corresponding eigenfunction c̄k(x) =

cos
(
kπx
L

)
. Notice that the case k = 0 can be excluded because

∫ L
0
c(x) dx = 0.
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We have thus obtained that (60) is satisfied only for

χ̄k =

(
γc + k2π2

L2

)
ν

γρmρQ′(0)
, ρ̄k(x) =

χ̄kmρQ
′(0)

ν
c̄k(x), c̄k(x) = cos

(
kπx

L

)
, (63)

for which

N
(
D(ρ,c)F(mρ,mc, χ̄k)

)
= span {(ρ̄k, c̄k)} , k ∈ N.

Theorem 5.2. Assume that the function Q satisfies (54). Then, for each k ∈ N,
there exists an interval (−δ, δ) and continuous functions: s ∈ (−δ, δ) → χk(s) ∈
R, s ∈ (−δ, δ)→ (ρk(s), ck(s)) ∈X ×X , such that

χk(0) = χ̄k, (ρk(s, x), ck(s, x)) = (mρ,mc)+s

(
χ̄kmρQ

′(0)

ν
, 1

)
cos

(
kπx

L

)
+o(s),

and (ρk(s), ck(s), χk(s)) is a solution of (57) (and (53), (56)). Moreover, all non-
trivial solutions of (57) near the bifurcation point (mρ,mc, χ̄k) are on the curve
(ρk(s), ck(s), χk(s)).

Proof. Our proof is based on Theorem 1.7 from [11]. In the previous discussion,
we have checked all but the following “transversality condition” required by the
theorem:

d

dχ

(
D(ρ,c)F(mρ,mc, χ)

)
(ρ̄k, c̄k)

∣∣∣
χ=χ̄k

/∈ R
(
D(ρ,c)F(mρ,mc, χ̄k)

)
. (64)

If this condition fails, then the following BVP
− νρ′′ + χ̄kmρQ

′(0)c′′ = mρQ
′(0)c̄′′k , x ∈ (0, L),

− c′′ + γcc− γρρ = 0, x ∈ (0, L),

ρ′(0) = ρ′(L) = c′(0) = c′(L) = 0,∫ L
0
ρ(x) dx = 0.

(65)

has a solution (ρ, c). Similarly, as in the discussion for (61), we have

ρ(x) =
(χ̄kc(x)− c̄k)mρQ

′(0)

ν
, x ∈ (0, L),

which we then substitute into the second equation in (65) and obtain − c
′′ +

(
γc −

γρχ̄kmρQ
′(0)

ν

)
c =

γρmρQ
′(0)

ν
c̄k, x ∈ (0, L),

c′(0) = c′(L) = 0.

Since c̄k is a solution of the corresponding homogeneous BVP (62), we reach a
contradiction (to Fredholm Alternative). This completes the proof of (64) and
hence that of the theorem.

Remark 3. It should be observed that (ρ1(s, x), c1(s, x)) is a monotone solution of
(57) (and (53) with (56)), while (ρk(s, x), ck(s, x)), k ≥ 2 are nonmonotone ones.

Next, we wish to extend globally the local bifurcation curves in Theorem 5.2.
We shall do so for the first curve (k = 1) by using the global bifurcation theory;
for the existence of nonmonotone solutions, we prefer to use the reflection (in x)
argument and the monotone solutions (that stay on the first bifurcation branch).
The following result guarantees the existence of positive monotone solutions of (53)
with (56).
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Theorem 5.3. Assume that the function Q satisfies (54). Then, the set of solutions
of (57) (and (53) with (56)) contains a closed connected set P ⊂X ×X ×R such
that

(a): P contains (ρ1(s, x), c1(s, x), χ1(s)) , s ∈ (−δ, δ);
(b): ∀(ρ, c, χ) ∈ P, ρ and c are positive on [0, L];
(c): P = P+

⋃P−, where P± are closed connected subsets of P with P+
⋂P− =

{(mρ,mc, χ̄1)}; P+\ {(mρ,mc, χ̄1)} consists of (ρ, c, χ) with both ρ and c being
strictly decreasing on [0, L], while P−\ {(mρ,mc, χ̄1)} consists of (ρ, c, χ) with
both ρ and c being strictly increasing on [0, L];

(d): ∀χ > χ̄1, there exists (ρ, c, χ) ∈ P+; the same holds for P−.

The results of the theorem are schematically presented in Figure 5.

Figure 5. A bifurcation curve illustrating Theorem 5.3.

Proof. (a) follows from [36, Theorem 4.3]: P is a component (maximal connected
subset) of the closure of

S =
{

(ρ, c, χ) ∈X ×X × R
∣∣ F(ρ, c, χ) = 0, (ρ, c) 6= (mρ,mc)

}
,

containing (mρ,mc, χ̄1).
To prove (b), we define P1 =

{
(ρ, c) ∈X ×X

∣∣ ρ > 0, c > 0 on [0, L]
}

and shall
show that P ⊂ P1 × R. The part of P near (mρ,mc, χ̄1) is obviously contained in
P1×R. Since P is connected and P1 is open, one may conclude that if P 6⊂ P1×R,
then there exists (ρ, c, χ) ∈ P⋂ ∂(P1 × R) such that ρ, c ≥ 0 on [0, L], and either
ρ = 0 or c = 0 somewhere in [0, L]. In the latter case, applying the strong maximum
principle and Hopf’s boundary point lemma to{

− c′′ + γcc = γρρ ≥ 0 on [0, L],

c′(0) = c′(L) = 0,

we have c ≡ 0 on [0, L] that contradicts the fact that
∫ L

0
c(x) dx = Lmc. By a

similar argument, we obtain that ρ cannot be equal to zero anywhere in [0, L]. This
completes the proof of (b).

To show (c), let P+ be the component of P\
{

(ρ1(s, x), c1(s, x), χ1(s))
∣∣ s ∈ (−δ, 0)

}
containing

{
(ρ1(s, x), c1(s, x), χ1(s))

∣∣ 0 ≤ s < δ
}

, correspondingly P− is the com-

ponent of P\
{

(ρ1(s, x), c1(s, x), χ1(s))
∣∣ 0 < s < δ

}
containing{

(ρ1(s, x), c1(s, x), χ1(s))
∣∣ − δ < s ≤ 0

}
. Then P = P+

⋃P−.
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Let us introduce the following four subsets of P:

P+
0 := P+\ {(mρ,mc, χ̄1)} , P+

2 =
{

(ρ, c) ∈X ×X
∣∣ ρ′ > 0, c′ > 0 on (0, L)

}
,

P−0 := P−\ {(mρ,mc, χ̄1)} , P−2 =
{

(ρ, c) ∈X ×X
∣∣ ρ′ < 0, c′ < 0 on (0, L)

}
.

We now prove that P+
0 ⊂ P−2 ×R. Since P+

0 is a connected subset of X ×X ×R,
we need to show that P+

0

⋂
(P−2 ×R) is nonempty (which immediately follows from

Theorem 5.2) and is both open and closed with respect to the relative topology of
P+

0 .
To show the openness, assume that (ρ̃, c̃, χ̃) ∈ P+

0

⋂
(P−2 × R) and the sequence

{(ρ̃k, c̃k, χ̃k)}∞k=1 ∈ P+
0 converges to (ρ̃, c̃, χ̃) in the norm of X ×X ×R. The elliptic

regularity theory implies that this convergence occurs in the norm of C2([0, L]) ×
C2([0, L]) × R. We differentiate the second equation in (53) and since c̃′ < 0 and
ρ̃′ < 0 in (0, L), we obtain{

− (c̃′)′′ + γcc̃
′ = γρρ̃

′ < 0 on [0, L],

c̃′(0) = c̃′(L) = 0,
(66)

and thus, Hopf’s boundary point lemma gives

c̃′′(L) > 0 > c̃′′(0). (67)

Using the facts that

ρ̃′ ≡ χ̃ρ̃Q(c̃′)
ν

on [0, L] (68)

and χ̃ > 0, we conclude that

ρ̃′′(L) > 0 > ρ̃′′(0). (69)

Since c̃′ < 0 and ρ̃′ < 0 on (0, L), the same can be said about ρ̃′k and c̃′k on
subintervals that converge to (0, L). To show that ρ̃′k < 0 and c̃′k < 0 on (0, L) for
large k, we argue by contradiction and assume that one of these two inequalities
fails at some point xk; then xk converges to either 0 or L. Now using (67) and
(69) we reach a contradiction. Thus, (ρ̃k, c̃k, χ̃k) ∈ P−2 × R for large k, that is,
P+

0

⋂
(P−2 × R) is open in P+

0 .
To show that P+

0

⋂
(P−2 × R) is also closed in P+

0 , we now assume that the
sequence {(ρ̃k, c̃k, χ̃k)}∞k=1 ∈ P+

0

⋂
(P−2 ×R) converges to some (ρ̃, c̃, χ̃) ∈ P+

0 in the
norm of X ×X × R (hence, in the norm of C2([0, L]) × C2([0, L]) × R as well).
Then ρ̃′ ≤ 0 and c̃′ ≤ 0 on [0, L]. If c̃′ = 0 somewhere in (0, L), then applying the
strong maximum principle to{

− (c̃′)′′ + γcc̃
′ = γρρ̃

′ ≤ 0 on [0, L],

c̃′(0) = c̃′(L) = 0,
(70)

we obtain c̃′ ≡ 0, which, in turn, implies that ρ̃′ ≡ 0 on [0, L]. Then (ρ̃, c̃) ≡
(mρ,mc) and χ̃ is a bifurcation value. Thus, χ̃ is equal to χ̄m for some m ≥ 1.
The value m = 1 is impossible because (ρ̃, c̃, χ̃) 6= (mρ,mc, χ̄1). Any of the values
m ≥ 2 is also impossible since by Theorem 5.2, for large k, (ρ̃k, c̃k) must be some
(ρm(s, x), cm(s, x)), which is non-monotone in x. Hence,

c̃′ < 0 on (0, L). (71)

Since χ̃k > 0 ∀k, χ̃ ≥ 0. If χ̃ = 0, then ρ̃′ ≡ 0, which implies c̃′ ≡ 0 (by (70)), and
we again reach a contradiction. Therefore, χ̃ > 0 and by (68),

ρ̃′ < 0 on (0, L),
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which, together with (71) implies that P+
0

⋂
(P−2 × R) is closed in P+

0 .
We have thus shown that P+

0 ⊂ P−2 × R. Similarly, one can prove that P−0 ⊂
P+

2 × R. This completes the proof of (c).
Finally, we proceed with the proof of (d). By Theorem 4.4 of [36], each of P±

satisfies one of the following three alternatives:
(i) It is not compact in X ×X × R;
(ii) It contains a point (mρ,mc, χ∗) with χ∗ 6= χ̄1;
(iii) It contains a point (mρ + ρ̃,mc + c̃, χ), where 0 6= (ρ̃, c̃) ∈ Z with Z being

a closed complement of N
(
D(ρ,c)F(mρ,mc, χ̄1)

)
= span{(ρ̄1, c̄1)} in X ×X . We

take (see (63))

Z =

{
(ρ, c) ∈X ×X

∣∣∣ 0 =

L∫
0

[ρ̄1(x)ρ(x) + c̄1(x)c(x)] dx

=

L∫
0

[
χ̄1mρQ

′(0)

ν
ρ(x) + c(x)

]
cos
(πx
L

)
dx

}
.

(72)

If alternative (ii) occurs, then χ∗ is a bifurcation value, which is impossible (this
can be proved as in the proof of (c) above). If alternative (iii) occurs, then we
integrate by parts:

0 =

L∫
0

[
χ̄1mρQ

′(0)

ν
ρ̃(x) + c̃(x)

]
cos
(πx
L

)
dx

= −L
π

L∫
0

[
χ̄1mρQ

′(0)

ν
ρ̃′(x) + c̃′(x)

]
sin
(πx
L

)
dx > 0,

and reach a contradiction. Thus, according to alternative (i), P± are not compact
in X ×X ×R. This means that they are unbounded in X ×X ×R by the elliptic
regularity theory. By Remark 1, if χ is bounded, then (ρ, c) is also bounded. Thus,
the projection of each of P± on the χ-axis is unbounded. Since P± are connected,
the projection must be an interval of the form [a,∞) with a ≤ χ̄1. This completes
the proof of (d) and thus of Theorem 5.3.

5.1. Behavior of monotone solutions of (53), (56) as χ→∞. Let (ρ, c) be a
solution of (53), (56) satisfying ρ′ < 0 and c′ < 0 on (0, L). By Theorem 5.3, such
a solution is guaranteed to exist for χ > χ̄1.

Theorem 5.4. As χ→∞, ρ concentrates at x = 0, that is,

ρ(x)→ ρ∞(x) = Lmρδ(x) (73)

in the sense of distribution, and

c(x)→ c∞(x) =

√
γcmcL

e2
√
γcL − 1

(
e
√
γcx + e

√
γc(2L−x)

)
(74)

uniformly on [0, L].

Proof. Since ρ is decreasing and
∫ L

0
ρ(x) dx = Lmρ, then for any small ε > 0, ρ

is uniformly bounded on [ε, L] as χ → ∞. Then by Helly’s compactness theorem,
after passing to a subsequence of χ → ∞, ρ(x) converges to some function, which
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we denote by ρ∞(x), for all x ∈ (0, L]. If we show that ρ∞(x) = 0, ∀x ∈ (0, L],
then (73) holds without passing to a subsequence.

On the other hand, after integrating the second equation in (53), we have

c′(x) = −
L∫
x

[γcc(ξ)− γρρ(ξ)] dξ (75)

and since
∫ L

0
c(x) dx = Lmc, c(x) is bounded in C1[0, L] as χ → ∞. Therefore,

by the Arzela-Ascoli theorem, after passing to a subsequence of χ → ∞, c(x)
converges to some function, which we denote by c∞(x), uniformly on [0, L]. If we
show that c∞ is given by (74), then the convergence in (74) holds without passing
to a subsequence.

Next, we integrate the first equation in (53) and differentiate the second equation
in (53) to obtain  (c′)′′ +

(
γρχρQ(c′)

νc′
− γc

)
c′ = 0 on [0, L],

c′(0) = c′(L) = 0.

(76)

If there exists x0 ∈ (0, L] such that ρ∞(x0) 6= 0, then
(
γρχρQ(c′)

νc′ − γc
)
→ ∞ as

χ → ∞ uniformly on [0, x0]. Then, by the Sturm oscillation theorem applied to
(76), c′ changes sign on (0, x0) for large χ, which contradicts the monotonicity
assumption. We have thus shown that ρ∞ ≡ 0 on (0, 1].

Finally, we integrate (75) to obtain

c(x) = c(L) +

L∫
x

dη

L∫
η

[γcc(ξ)− γρρ(ξ)] dξ.

Taking the limit in this equation as χ → ∞ and using the Lebesque dominated
convergence theorem, we have

c∞(x) = c∞(L) +

L∫
x

dη

L∫
η

γcc∞(ξ) dξ, x ∈ (0, L].

Hence, {
c′′∞ − γcc∞ = 0 on [0, L],

c′∞(L) = 0.

This and the fact that
∫ L

0
c∞(x) dx = Lmc imply (74).

5.1.1. Numerical Examples. The purpose of this section is to illustrate the state-
ment of Theorem 5.4. To this end, we consider the 1-D version of the system (2),{

ρt + χ(ρQ(cx))x = νρxx,

ct = cxx − γcc+ γρρ,
(77)

with Q given by (55) and subject to the homogeneous Neumann boundary condi-
tions and the following initial data:

ρ(x, 0) = 1 + 0.05χ̄1 cos(πx), c(x, 0) = 1 + 0.05 cos(πx), (78)

prescribed on the interval [0, 1]. In the numerical experiments below, we choose
ν = γc = γρ = 1 (thus by formula (63), χ̄1 = 1 +π2), take either small (χ = 1.2χ̄1),
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intermediate (χ = 12χ̄1) or large (χ = 1200χ̄1) chemosensitivity constant, and
run the simulations until the computed solutions reach their steady states. The
resulting monotone steady-state solutions (both ρ- and c-components) are plotted
in Figure 6. These results clearly illustrate that the studied solutions converge to
the corresponding analytical steady states, and as χ→∞, ρ concentrates at x = 0
and blows up there, while c remains bounded.
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Figure 6. Monotone steady states.

5.2. Stability of bifurcating solutions near (mρ,mc, χ̄1). We shall now show
that the bifurcating solutions of (53), (56) (mentioned in Theorem 5.2) are asymp-
totically stable provided the coefficient γc is not too large. Before doing so, we need
to determine the direction in which the bifurcation curve turns.

By Theorem 1.7 from [11],

(ρ1(s, x), c1(s, x))− (mρ,mc)− s
(
χ̄1mρQ

′(0)

ν
, 1

)
cos
(πx
L

)
∈ Z ∀s ∈ (−δ, δ),

where Z is defined in (72). Furthermore, if Q is C5-smooth, then the operator F
defined in (58) is C4-smooth and hence, by Theorem 1.18 of [11], (ρ1, c1, χ1) is a
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C3-smooth function of s. Thus, we can write the following expansions:
ρ1(s, x) = mρ +

sχ̄1mρQ
′(0)

ν
cos
(πx
L

)
+ s2ψ1(x) + s3ψ2(x) + o(s3),

c1(s, x) = mc + s cos
(πx
L

)
+ s2ϕ1(x) + s3ϕ2(x) + o(s3),

χ1(s, x) = χ̄1 + sK2 + s2K3 + o(s2),

(79)

where (ψ1, ϕ1) ∈ Z , (ψ2, ϕ2) ∈ Z , and the o(s4) in the expansions for ρ1 and c1 are

with respect to the H2-norm, and K2 and K3 are constants. Since
∫ L

0
ρ1(s, x) dx =

Lmρ and
∫ L

0
c1(s, x) dx = Lmc,

∫ L
0
ψi(x) dx =

∫ L
0
ϕi(x) dx = 0 for i = 1, 2. Also

note that ψi and ϕi satisfy Neumann boundary conditions.
We also make additional assumptions on the chemotactic flux function Q (satis-

fied, for example, by (55)):

Q′′(0) = 0, Q′′′(0) < 0, (80)

so that its Taylor expansion reads

Q(u) = Q′(0)u+
Q′′′(0)

6
u3 + o(u3),

and substitute (79) into the ρ-equation in (53) to obtain

ν

(
χ̄1mρQ

′(0)

ν
cos
(πx
L

)
+ sψ1(x) + s2ψ2(x) + o(s2)

)′′
=
(
χ̄1 + sK2 + s2K3 + o(s2)

)
·
[(

mρ +
sχ̄1mρQ

′(0)

ν
cos
(πx
L

)
+ s2ψ1(x) + s3ψ2(x) + o(s3)

)
·
(

cos
(πx
L

)
+ sϕ1(x) + s2ϕ2(x) + o(s2)

)′
·
(
Q′(0) +

Q′′′(0)

6
s2

{(
cos
(πx
L

))′
+ sϕ′1(x) + s2ϕ′2(x) + o(s2)

}2

+ o(s3)

)]′
.

(81)

Collecting the O(s) terms in (81), we obtain

ν

Q′(0)
ψ′′1 =

χ̄2
1mρQ

′(0)

ν

(
cos
(πx
L

)(
cos
(πx
L

))′)′
+

K2mρ

(
cos
(πx
L

))′′
+ χ̄1mρϕ

′′
1 .

(82)

Substituting (79) into the c-equation in (53) and using the fact that γcmc = γρmρ,
we obtain

−
(

cos
(πx
L

)
+ sϕ1(x) + s2ϕ2(x) + o(s2)

)′′
+γc

(
cos
(πx
L

)
+ sϕ1(x) + s2ϕ2(x) + o(s2)

)
−γρ

(
χ̄1mρQ

′(0)

ν
cos
(πx
L

)
+ sψ1(x) + s2ψ2(x) + o(s2)

)
= 0. (83)

Collecting the O(s) terms in (83) gives

− ϕ′′1 + γcϕ1 − γρψ1 = 0. (84)
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Multiplying (84) by cos
(
πx
L

)
and integrating by parts, we have

L∫
0

[(
γc +

π2

L2

)
ϕ1 − γρψ1

]
cos
(πx
L

)
dx = 0. (85)

On the other hand, recall that (ψ1, ϕ1) ∈ Z , which together with the first formula
in (63) leads to

L∫
0

[(
γc +

π2

L2

)
ψ1 + γρϕ1

]
cos
(πx
L

)
dx = 0,

which, in turn, together with (85) implies

L∫
0

ψ1 cos
(πx
L

)
dx =

L∫
0

ϕ1 cos
(πx
L

)
dx = 0. (86)

Now multiplying (82) by cos
(
πx
L

)
, integrating with respect to x and using (86), we

obtain

0 =

L∫
0

(
ν

Q′(0)
ψ′′1 − χ̄1mρϕ

′′
1

)
cos
(πx
L

)
dx

=
χ̄2

1mρQ
′(0)

2ν

L∫
0

(
cos2

(πx
L

))′′
cos
(πx
L

)
dx+K2mρ

L∫
0

(
cos
(πx
L

))′′
cos
(πx
L

)
dx

= −K2mρ

L∫
0

[(
cos
(πx
L

))′]2

dx,

from which it follows that K2 = 0.
Next, gathering the O(s2) terms in (81), we have

ν

Q′(0)
ψ′′2 = χ̄1

(
ψ1

(
cos
(πx
L

))′)′
+ χ̄1mρϕ

′′
2

+
χ̄1mρQ

′′′(0)

6Q′(0)

([(
cos
(πx
L

))′]3
)′

+
χ̄2

1mρQ
′(0)

ν

(
ϕ′1 cos

(πx
L

))′
+K3mρ

(
cos
(πx
L

))′′
.

(87)

Note that (86) also holds with ψ1 and ϕ1 replaced by ψ2 and ϕ2, respectively. This
enables us to eliminate ψ2 and ϕ2 from (87) after the multiplication by cos

(
πx
L

)
and
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integration by parts, so that we obtain

0 = χ̄1

L∫
0

(
ψ1

(
cos
(πx
L

))′)′
cos
(πx
L

)
dx

+
χ̄1mρQ

′′′(0)

6Q′(0)

L∫
0

([(
cos
(πx
L

))′]3
)′

cos
(πx
L

)
dx

+
χ̄2

1mρQ
′(0)

ν

L∫
0

(
ϕ′1 cos

(πx
L

))′
cos
(πx
L

)
dx

+K3mρ

L∫
0

(
cos
(πx
L

))′′
cos
(πx
L

)
dx. (88)

Observe that integration by parts yields

L∫
0

(
ψ1

(
cos
(πx
L

))′)′
cos
(πx
L

)
dx =

π2

2L2

L∫
0

ψ1 cos

(
2πx

L

)
dx (89)

and

L∫
0

(
ϕ′1 cos

(πx
L

))′
cos
(πx
L

)
dx = −π

2

L2

L∫
0

ϕ1 cos

(
2πx

L

)
dx. (90)

Multiplying (82) by cos
(

2πx
L

)
, integrating with respect to x and taking into account

that K2 = 0, we have

ν

Q′(0)

L∫
0

ψ′′1 cos

(
2πx

L

)
dx =

χ̄2
1mρQ

′(0)

2ν

L∫
0

(
cos2

(πx
L

))′′
cos

(
2πx

L

)
dx

+ χ̄1mρ

L∫
0

ϕ′′1 cos

(
2πx

L

)
dx.

Integrating by parts the above integrals and evaluating the first integral on the
RHS, yields

ν

Q′(0)

L∫
0

ψ1 cos

(
2πx

L

)
dx =

χ̄2
1mρQ

′(0)L

8ν
+ χ̄1mρ

L∫
0

ϕ1 cos

(
2πx

L

)
dx. (91)

Multiplying (84) by cos
(

2πx
L

)
and integrating by parts, we have

γρ

L∫
0

ψ1 cos

(
2πx

L

)
dx =

(
γc +

4π2

L2

) L∫
0

ϕ1 cos

(
2πx

L

)
dx.
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This together with (91) leads to

L∫
0

ϕ1 cos

(
2πx

L

)
dx =

χ̄1(γcL
2 + π2)Q′(0)L

24π2ν
,

L∫
0

ψ1 cos

(
2πx

L

)
dx =

χ̄1(γcL
2 + π2)(γcL

2 + 4π2)Q′(0)

24π2νγρL
.

(92)

Finally, combining (92) with (88)–(90), evaluating the second and the last integrals
in (88), and using the relation (63), we obtain

K3mρπ
2 =

(γcL
2 + π2)ν

8γρQ′(0)L4

[(
γcL

2 + π2
)2

3γ2
ρm

2
ρ

(
2π2

L2
− γc

)
− π4Q′′′(0)

Q′(0)L

]
. (93)

Our assumptions on Q, (54) and (80), guarantee that the last term on the RHS of
(93) is positive. Therefore, the cubic polynomial in γc inside the bracket in (93)
has only one root, which we denote by γ∗c = γ∗c (L, γρ,mρ, Q

′(0), Q′′′(0)) > 0, and
we conclude that

sgn(K3) = sgn(γ∗c − γc)
Thus, we have proven the following theorem:

Theorem 5.5. Assume that the function Q is C5-smooth and satisfies (54) and
(80). Then, the bifurcation curve (studied in Theorem 5.3) at (mρ,mc, χ̄1) turns
to the right if γc ∈ (0, γ∗c ) and to the left if γc ∈ (γ∗c ,∞). Also, χ′1(0) = 0 and
sgn(χ′′1(0)) = sgn(γ∗c − γc).

Two typical bifurcation curves, illustrating the results of Theorem 5.5, are schemat-
ically presented in Figure 7.

We now study the stability of the bifurcation steady states (ρ1(s, x), c1(s, x)) for
s ∈ (−δ, δ), δ > 0. In order to prove that they are asymptotically stable, we need
to show that the real part of any eigenvalue λ of the following eigenvalue problem
is positive:

−νρ′′ + χ1(s) (ρQ(c′1(s, x)) + ρ1c
′Q′(c′1(s, x)))

′
= λρ, x ∈ (0, L),

−c′′ + γcc− γρρ = λc, x ∈ (0, L),

ρ′(0) = ρ′(L) = c′(0) = c′(L) = 0,∫ L
0
ρ(x) dx = 0.

(94)

Note that when s = 0, 0 is an eigenvalue and the corresponding eigenspace is
N
(
D(ρ,c)F(mρ,mc, χ̄1)

)
= span {(ρ̄1, c̄1)}. To study small eigenvalues of (94) when

s 6= 0, we need to first use the eigenvalue perturbation result of [12, Corollary 1.13].
To fit into the abstract framework of [12], we define K : X ×X → Y0 ×Y ×R by

K(ρ, c) =


ρ− 1

L

∫ L

0

ρ(x) dx

c

0

 ,

so that K is linear and bounded, and consider the following eigenvalue problem:

D(ρ,c)F(ρ1, c1, χ1(s))(ρ, c) = λK(ρ, c), (ρ, c) ∈X ×X . (95)
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Obviously, (94) and (95) are equivalent (see (59)).
We first prove that λ = 0 is a “simple eigenvalue” of

(
D(ρ,c)F(mρ,mc, χ̄1),K

)
,

which, according to [12], implies that

(i): D(ρ,c)F(mρ,mc, χ̄1) : X ×X → Y0 × Y × R is Fredholm with zero index
and has one-dimensional null space (this has been proved in Lemma 5.1);

(ii): K(ρ̄1, c̄1) 6∈ R
(
D(ρ,c)F(mρ,mc, χ̄1)

)
.

Proof. Assume that (ii) is not true. Then, there exists (ρ, c) ∈X ×X such that
−νρ′′ + χ̄1mρQ

′(0)c′′ = ρ̄1, x ∈ (0, L),

−c′′ + γcc− γρρ = c̄1, x ∈ (0, L),

ρ′(0) = ρ′(L) = c′(0) = c′(L) = 0,∫ L
0
ρ(x) dx = 0.

Integrating the first equation in the above system and using the formula for ρ̄1 in
(63), we obtain

−νρ+ χ̄1mρQ
′(0)c = − χ̄1mρQ

′(0)L2

νπ2
cos
(πx
L

)
,

and hence  −c′′ −
π2

L2
c =

γcL
2 + (1 + ν)π2

νπ2
cos
(πx
L

)
, x ∈ (0, L),

c′(0) = c′(L) = 0,

which contradicts Fredholm Alternative.

Now, it follows from Corollary 1.13 in [12] that there exist real-valued and C1-
smooth functions χ→ λ1(χ) (χ is in a neighborhood of χ̄1) and s ∈ (−δ, δ)→ λ2(s),
where λ1(χ̄1) = 0, λ2(0) = 0, λ1(χ) is a real eigenvalue of

D(ρ,c)F(mρ,mc, χ)(ρ, c) = λK(ρ, c), (ρ, c) ∈X ×X , (96)

and λ2(s) is a real eigenvalue of (95). Moreover, for any fixed neighborhood of the
origin of the complex plane, λ1(χ) is the only eigenvalue of (96) in that neighborhood
(the analogous assertion can be made for λ2(s)).

Next, we use the dot-notation for the differentiation with respect to χ and com-

pute λ̇1(χ̄1) =
dλ1

dχ

∣∣∣
χ=χ̄1

. The eigenfunction of (96) corresponding to λ1(χ) can be

written as (ρ(χ, x), c(χ, x)), which, by [12], depends on χ smoothly and is uniquely
determined by

(ρ(χ1, x), c(χ1, x)) = (ρ̄1(x), c̄1(x)), (ρ(χ, x), c(χ, x)− (ρ̄1(x), c̄1(x)) ∈ Z .

Differentiating (96) with respect to χ and then setting χ = χ̄1, we obtain
−νρ̇′′ + χ̄1mρQ

′(0)ċ′′ +mρQ
′(0)c̄′′1 = λ̇1(χ̄1)ρ̄1, x ∈ (0, L),

−ċ′′ + γcċ− γρρ̇ = λ̇1(χ̄1)c̄1, x ∈ (0, L),

ρ̇′(0) = ρ̇′(L) = ċ′(0) = ċ′(L) = 0.

Multiplying the ρ̇-equation by c̄1 and the ċ-equation by νπ2c̄1/(L
2γρ), adding the

resulting equations, integrating with respect to x over [0, L] and using (63), we
arrive at

−mρQ
′(0)π2 = λ̇1(χ̄1)

γcL
2 + (1 + ν)π2

γρ
,
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which implies that λ̇1(χ̄1) < 0.
Now, by Theorem 1.16 in [12],

lim
s→0

−sχ′1(s)λ̇1(χ̄1)

λ2(s)
= 1.

This, together with Theorem 5.5, implies that for s ∈ (−δ, δ), s 6= 0,

sgnλ2(s) = sgn(γ∗c − γc). (97)

Theorem 5.6. Assume all the conditions in Theorem 5.5 hold. For s ∈ (−δ, δ),
s 6= 0, the steady state (ρ1(s, x), c1(s, x)) is asymptotically stable within the class of

functions (ρ, c) with
∫ L

0
ρ(x) dx = mρ if γc ∈ (0, γ∗c ) and unstable if γc ∈ (γ∗c ,∞).

Proof. The instability in the case of γc ∈ (γ∗c ,∞) immediately follows from the
negative sign of λ2(s), established in (97).

To show the stability in the case of γc ∈ (0, γ∗c ), we just need to show that given
a small neighborhood of the origin of the complex plane, (94) does not have an
eigenvalue which has a negative real part and which is outside of this neighborhood.
This would follow from the standard eigenvalue perturbation theory if we can show
that the limit of (94) as s→ 0, that is, the eigenvalue problem

−νρ′′ + χ̄1mρQ
′(0)c′′ = λρ, x ∈ (0, L),

−c′′ + γcc− γρρ = λc, x ∈ (0, L),

ρ′(0) = ρ′(L) = c′(0) = c′(L) = 0,∫ L
0
ρ(x) dx = 0

(98)

has no nonzero eigenvalues with nonpositive real parts. To this end, we expand ρ
and c as follows:

ρ(x) =

∞∑
k=0

ak cos

(
kπx

L

)
, c(x) =

∞∑
k=0

bk cos

(
kπx

L

)
,

where a0 = 0 because
∫ L

0
ρ(x) dx = 0. Then{

νk2π2ak − χ̄1mρQ
′(0)k2π2bk = λL2ak,

k2π2bk + γcL
2bk − γρL2ak = λL2bk,

(99)

and λ is an eigenvalue of (98) if and only if there exist k ≥ 0 and (ak, bk) 6= (0, 0)
such that (99) holds, which is equivalent to

L4λ2−L2
(
(1 + ν)k2π2 + γcL

2
)
λ+νk2π2(k2π2 +γcL

2)− χ̄1mρQ
′(0)k2π2γρL

2 = 0.

Thus, any nonzero eigenvalue λ must have a positive real part.

We surmise that if γc ∈ (0, γ∗c ), then all nontrivial solutions of (53), (56) on
the bifurcation curve P are asymptotically stable, while if γc ∈ (γ∗c ,∞), then the
nontrivial solutions of (53), (56) on P, which are not near the bifurcation point
(mρ,mc, χ̄1) are also asymptotically stable, see Figure 7.
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χ
(mρ,mc, χ̄1)

X×X

stable

stable

γc < γ∗
c

X×X

χ

(mρ,mc, χ̄1)

stable

stable

unstable

γc > γ∗
c

Figure 7. Stable (solid line) and unstable (dashed line) parts of
typical bifurcation curves.

5.3. Nonmonotone steady states on (0, L). In this section, we provide a few
examples of how to construct multi-spike solutions of (53), (56) using the mono-
tone solutions, discussed above, and the reflection argument. We also numerically
demonstrate that these solutions may emerge as steady-state solutions of a time-
dependent IBVP for the system (77), (55) and conduct their experimental stability
study.

Example 1 — Double boundary spike steady states. Given mρ > 0, let (ρ, c)

be a positive decreasing solution of (53) on (0, L/2) with
∫ L/2

0
ρ(x) dx = Lmρ/2.

Extending (ρ, c) by reflecting it about x = L/2, results in the function, which is a
solution of (53) satisfying (56) and increasing on (L/2, L).

Example 2 — Single interior spike steady states. Given mρ > 0, let (ρ, c)

be a positive increasing solution of (53) on (0, L/2) with
∫ L/2

0
ρ(x) dx = Lmρ/2.

Reflecting this solution with respect to x = L/2, we obtain a solution of (53)
satisfying (56) and decreasing on (L/2, L).

Obviously, we can produce steady states with arbitrary many boundary and
interior spikes. The stability of each of these non-monotone steady steady states is
the same as the stability of the monotone ones (which we use as building blocks),
within the class of functions that have the same symmetry as the non-monotone
steady state. However, if the perturbation does not have the same symmetry as the
corresponding steady-state solution, the limiting (as t → ∞) solution may have a
completely different structure. To illustrate these results numerically, we consider
a particular example, in which the system (77), (55) with different values of the
chemosensitivity constant χ and subject to the homogeneous Neumann boundary
conditions is numerically studied on the interval [0, 1]. Here, Q is given by (55),
and ν = γc = γρ = 1.

We first consider the initial data

ρ(x, 0) = 1 + sχ̄2 cos(2πx), c(x, 0) = 1 + s cos(2πx),

with χ̄2 = 1 + 4π2 (see (63)) and the small parameter s = ±0.01. We take either
the small χ = 1.2χ̄2 or the intermediate χ = 12χ̄2. Taking s = 0.01 leads to the
convergence towards the numerical steady-state solution, whose ρ-component con-
tains two boundary spikes, see Figure 8. Such solution corresponds to an analytical
steady state described in Example 1. Switching the sign of s to s = −0.01 leads
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to the convergence to a different steady state with only one interior spike in the
ρ-component of the solution, see Figure 9. This corresponds to the single interior
spike steady-state solution described in Example 2. We note that in both cases,
the obtained non-monotone steady-state solutions are stable under small numerical
perturbations present in every numerical computation.
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Figure 8. Double boundary spike steady states.
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Figure 9. Single interior spike steady states.

We then consider the following initial data,

ρ(x, 0) = 1 + 0.01χ̄3 cos(3πx), c(x, 0) = 1 + 0.01 cos(3πx), χ̄3 = 1 + 9π2, (100)

where ρ(x, 0) has two local maxima and two local minima on the interval [0, 1].
We take a small chemotaxis sensitivity constant χ = 1.2χ̄3 and compute numerical
solutions on two different uniform grids with ∆x = 1/201 and ∆x = 1/200. The
ρ-component of the solution obtained with ∆x = 1/201 is shown in Figure 10. As
one can see, this numerical solution preserves the symmetry of the initial datum.
The other solution (the one computed with ∆x = 1/200) is presented in Figure 11.
In this case, the solution preserves its initial symmetry for some time (in fact, if one
stops the computation at time t = 1, one may conclude that the numerical solution
had already reached its symmetric steady state by that time). However, at later
times, the symmetry gets destroyed and the resulting steady-state solution has only
one boundary spike at x = 1. The reason why the two numerical solutions are so
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different is in the fact that 201 is divisible by 3 while 200 is not. Notice that in the
latter case, the grid does not correspond to the data symmetry, which leads to the
lack of symmetry in numerical perturbations, which in turn causes the break of the
solution symmetry for large t.
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Figure 10. Numerical solution of the IVP (77), (55), (100). Solution
symmetry is preserved on a grid with ∆x = 1/201.

6. Multidimensional steady-state solutions. In the d-dimensional case, d ≥ 2,
we can also obtain a local bifurcation result, which is an analogue of Theorem 5.2.
This can be done by slightly modifying the preliminaries and the proof of Theorem
5.2. First, we take X = {u ∈ W 2,p(Ω) | ∂u∂n |∂Ω = 0} and Y = Lp(Ω) with a fixed

p > d. Then, N
(
D(ρ,c)F(mρ,mc, χ)

)
6= {0} if and only if

γρχmρQ
′(0)

ν − γc is one of
the positive Neumann eigenvalues, which we denote by µk, k = 1, 2, . . .. Next, let
c̄k(x) be a Neumann eigenfunction associated with µk,

ρ̄k(x) =
χ̄kmρQ

′(0)

ν
c̄k(x) and χ̄k =

(γc + µk)ν

γρmρQ′(0)
.

Then, Theorem 5.2 with cos
(
kπx
L

)
replaced by c̄k(x) holds for any k ≥ 1 such that

the Neumann eigenvalue space corresponding to µk is one dimensional.
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Figure 11. Numerical solution of the IVP (77), (55), (100). Solution
symmetry is destroyed on a grid with ∆x = 1/200.

For instance, in the special 2-D case with Ω = (0, 2)×(0, 1), the positive Neumann
eigenvalues are (the number of repetition equal to the dimension of the eigenspace):

π2

4
←→ cos

(πx
2

)
π2 ←→ {cos(πx) , cos(πy)}

5π2

4
←→ cos

(πx
2

)
cos(πy)

2π2 ←→ cos(πx) cos(πy)

9π2

4
←→ cos

(
3πx

2

)
· · ·

(101)

In this special case, every Neumann eigenvalue, either repeated or not, gives rise to
a bifurcation point, since a repeated eigenvalue produces bifurcating steady states
depending on only one spatial variable. We mention that since the boundary of the
square is not smooth, the Neumann boundary condition has to be interpreted in
the weak fashion via first Green’s identity in the standard way.

In the remaining part of this section, we perform an extensive numerical study
of 2-D steady-state solutions. We consider the IBVP (10) with ν = γc = γρ = 1, Q
given by (5), and choose different values of χ and different sets of initial data. As
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we shall see, multi-spike solutions do arise but further rigorous analysis of the 2-D
chemotaxis system is needed to fully understand the development, evolution and
stability of these complicated solutions.

First, we numerically study the case corresponding to the Neumann eigenvalue

µ3 = 5π2

4 (notice that for smaller eigenvalues the corresponding steady states are
quasi 1-D, see (101)). We take χ = 10µ3 and the initial data

ρ(x, y, 0) = 1− 0.01µ3 cos
(πx

2

)
cos(πy),

c(x, y, 0) = 1− 0.01 cos
(πx

2

)
cos(πy),

(102)

prescribed in the domain Ω = [0, 2] × [0, 1] (see Figure 12). The solution of this
IBVP is expected to develop two spikes at two opposite corners of Ω, (2, 0) and
(0, 1). Indeed, the numerical steady state computed on the uniform grid with ∆x =
∆y = 1/100, shown in Figure 12, meets the expectations.

Figure 12. Double corner spike emerging out of the symmetric initial
data (102).

Next, we modify the initial data to

ρ(x, y, 0) = 1− 0.01µ3 cos
(πx

2

)
sin(πy), c(x, y, 0) = 1− 0.01 cos

(πx
2

)
, (103)

and consider the IBVP (10), (5), (103) on the same domain Ω = [0, 2]× [0, 1]. The
shape of the initial data, shown in Figure 13, suggests that now the solution is
expected to develop only one spike at (2, 0.5), which is the middle of the edge of Ω.
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The obtained numerical steady-state solution, computed on the uniform grid with
∆x = ∆y = 1/100, confirms the conjecture, see Figure 13.

Figure 13. Single boundary spike emerging out of the initial data (103).

In the next experiment, we take χ = 100 and consider the IBVP (10), (5) in the
same domain Ω = [0, 2]× [0, 1], but subject to different initial conditions,

ρ(x, y, 0) ≡ c(x, y, 0) = 100 + cos
(πx

2

)
sin(πy), (104)

shown in Figure 14. In this case, one can also expect the solution to develop spikes
at the locations of initial local extrema. However, the numerical solution, computed
on the uniform grid with ∆x = ∆y = 1/100, behaves in an unpredictable way: it
develops one large interior spike and two smaller spikes at the opposite sides of Ω,
and an additional smaller spike at the middle of the third side of Ω, see Figure
14. It is instructive to compare the above solution with another numerical solution,
computed on a slightly finer uniform grid with ∆x = 2/201 and ∆y = 1/101. The
large spike seems to be located at the same interior point (its height is slightly
different though), but we now have four additional smaller spikes: two of them
are located at the opposite sides of Ω, and two (even smaller) ones emerge at the
corners (2, 0) and (2, 1). This five-spike steady-state solution is presented in Figure
15. The obtained results demonstrate that small numerical perturbations of initial
data may lead to quite different solution structures.

The last example suggests that steady states may have quite complicated spiky
structures. To further investigate this, we numerically solve the IBVP (10), (5) with
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Figure 14. Four-spike structure emerging out of the initial data
(104) using ∆x = ∆y = 1/100.

Figure 15. Five-spike structure emerging out of the initial data (104)
using ∆x = 2/201,∆y = 1/101.

χ = 50 in a larger square domain Ω = [0, 10]× [0, 10] with the initial data

ρ(x, y, 0) = 1 + σ, c(x, y, 0) = 0, (105)

where σ is a random variable uniformly distributed in [−0.1, 0.1]. The numerical
solution develops a stable multi-spike structure, see the obtained numerical steady
state plotted in Figure 16. This result suggests that the studied chemotaxis system
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with a saturated chemotactic flux function can be used to model solutions with mul-
tiple spikes (both interior and boundary ones) appearing in real biological systems.

Figure 16. Multi-spike structure emerging out of the random initial
data (105).

Appendix A. The numerical results presented in this paper are obtained using a
second-order positivity preserving upwind scheme, which is a straightforward ex-
tension of the hybrid finite-volume finite-difference method developed in [8]. In this
section, we briefly describe a 2-D version of the scheme for the chemotaxis system
(2).

We introduce a Cartesian mesh consisting of the uniform cells Cj,k = [xj− 1
2
, xj+ 1

2
]

× [yk− 1
2
, yk+ 1

2
] of the size ∆x∆y centered at (xj , yk). The computed quantities are

the cell averages of cell density ρ,

ρ̄j,k(t) :=
1

∆x∆y

∫∫
Cj,k

ρ(x, y, t) ∆x∆y,

and point values of the chemoattractant concentration c, cj,k(t) = c(xj , yk, t), which
are evolved in time according to the semi-discrete scheme:

dρ̄j,k
dt

=−
Hx
j+ 1

2 ,k
−Hx

j− 1
2 ,k

∆x
−
Hy

j,k+ 1
2

−Hy

j,k− 1
2

∆y

+ ν

(
ρ̄j−1,k − 2ρ̄j,k + ρ̄j+1,k

(∆x)2
+
ρ̄j,k−1 − 2ρ̄j,k + ρ̄j,k+1

(∆y)2

)
,

dcj,k
dt

=
cj−1,k − 2cj,k + cj+1,k

(∆x)2
+
cj,k−1 − 2cj,k + cj,k+1

(∆y)2
− γccj,k + γρρ̄j,k.

(A.1)

Here, Hx
j+ 1

2 ,k
and Hy

j,k+ 1
2

are the following upwind numerical fluxes:

Hx
j+ 1

2 ,k
= χρj+ 1

2 ,k
Q1

(
cj+1,k − cj,k

∆x

)
, Hy

j,k+ 1
2

= χρj,k+ 1
2
Q2

(
cj,k+1 − cj,k

∆y

)
, (A.2)
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where Q1 and Q2 are the components of the vector function Q (see (3)) and

ρj+ 1
2 ,k

=

 ρE
j,k, if Q1

(
cj+1,k − cj,k

∆x

)
> 0,

ρW
j,k, otherwise,

ρj,k+ 1
2

=

 ρN
j,k, if Q2

(
cj,k+1 − cj,k

∆y

)
> 0,

ρS
j,k, otherwise.

The point values ρ
E (W,N,S)
j,k are obtained using the piecewise linear reconstruction

ρ̃(x, y) = ρ̄j,k + (ρx)j,k(x− xj) + (ρy)j,k(y − yk), (x, y) ∈ Cj,k,
with the slopes (ρx)j,k and (ρy)j,k calculated using the minmod2 limiter:

(ρx)j,k = minmod

(
2
ρ̄j+1,k − ρ̄j,k

∆x
,
ρ̄j+1,k − ρ̄j−1,k

2∆x
, 2

ρ̄j,k − ρ̄j−1,k

∆x

)
,

(ρy)j,k = minmod

(
2
ρ̄j,k+1 − ρ̄j,k

∆y
,
ρ̄j,k+1 − ρ̄j,k−1

2∆y
, 2

ρ̄j,k − ρ̄j,k−1

∆y

)
,

where the minmod function is defined by

minmod(z1, z2, . . . , zm) :=


min(z1, z2, . . . , zm), if zi > 0 ∀i = 1, . . . ,m,

max(z1, z2, . . . , zm), if zi < 0 ∀i = 1, . . . ,m,

0, otherwise.

Thus,

ρE
j,k = ρ̃(xj+ 1

2
, yk), ρW

j,k = ρ̃(xj− 1
2
, yk), ρN

j,k = ρ̃(xj , yk+ 1
2
), ρS

j,k = ρ̃(xj , yk− 1
2
).

Remark 4. Notice that in the above formulae, the quantities ρ̄j,k, cj,k, Hx
j+ 1

2 ,k
,

Hy

j,k+ 1
2

, ρj+ 1
2 ,k

, ρj,k+ 1
2
, ρ

E (W,N,S)
j,k , (ρx)j,k, (ρy)j,k and the function ρ̃(x, y) depend

on time, but we suppress this dependence for brevity.

Remark 5. The semi-discrete scheme (A.1) is a system of time-dependent ODEs,
which has to be integrated numerically using a stable and accurate ODE solver.
In this paper, we have used a third-order strong stability preserving (SSP) Runge-
Kutta method from [13]. The efficiency of the fully discrete method can be improved
by applying an SSP implicit-explicit Runge-Kutta method (see, e.g., [16] and refer-
ences therein), as discussed in [8].

Remark 6. The 1-D version of the numerical method used in the paper can be
easily reduced from the 2-D scheme described above.

REFERENCES

[1] A. Adler, Chemotaxis in bacteria, Ann. Rev. Biochem., 44 (1975), 341–356.

[2] W. Alt, Biased random walk models for chemotaxis and related diffusion approximations, J.
Math. Biol., 9 (1980), 147–177.

[3] H. Amann, Dynamic theory of quasilinear parabolic equations. II. Reaction-diffusion systems,

Differential Integral Equations, 3 (1990), 13–75.
[4] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value

problems, in “Function Spaces, Differential Operators and Nonlinear Analysis” (Friedrichroda,

1992), Teubner-Texte Math., 133, Teubner, Stuttgart, (1993), 9–126.
[5] J. T. Bonner, “The Cellular Slime Molds,” 2nd ed., Princeton University Press, Princeton,

New Jersey, 1967.

http://dx.doi.org/10.1146/annurev.bi.44.070175.002013
http://www.ams.org/mathscinet-getitem?mr=MR0661424&return=pdf
http://dx.doi.org/10.1007/BF00275919
http://www.ams.org/mathscinet-getitem?mr=MR1014726&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1242579&return=pdf


94 A. CHERTOCK, A. KURGANOV, X. WANG AND Y. WU

[6] E. O. Budrene and H. C. Berg, Complex patterns formed by motile cells of escherichia coli ,
Nature, 349 (1991), 630–633.

[7] E. O. Budrene and H. C. Berg, Dynamics of formation of symmetrical patterns by chemotactic

bacteria, Nature, 376 (1995), 49–53.
[8] A. Chertock, Y. Epshteyn and A. Kurganov, High-order finite-difference and finite-volume

methods for chemotaxis models, in preparartion.
[9] S. Childress and J. K. Percus, Nonlinear aspects of chemotaxis, Math. Biosc., 56 (1981),

217–237.

[10] M. H. Cohen and A. Robertson, Wave propagation in the early stages of aggregation of cellular
slime molds, J. Theor. Biol., 31 (1971), 101–118.

[11] M. G. Crandall and P. H. Rabinowitz, Bifurcation from simple eigenvalues, J. Functional

Analysis, 8 (1971), 321–340.
[12] M. G. Crandall and P. H. Rabinowitz, Bifurcation, perturbation of simple eigenvalues and

linearized stability, Arch. Rational Mech. Anal., 52 (1973), 161–180.

[13] S. Gottlieb, C.-W. Shu and E. Tadmor, Strong stability-preserving high-order time discretiza-
tion methods, SIAM Rev., 43 (2001), 89–112.

[14] D. Henry, “Geometric Theory of Semilinear Parabolic Equations,” Lecture Notes in Mathe-

matics, 840, Springer-Verlag, Berlin-New York, 1981.
[15] M. A. Herrero and J. J. L. Velázquez, A blow-up mechanism for a chemotaxis model, Ann.

Scuola Normale Superiore Pisa Cl. Sci. (4), 24 (1997), 633–683.
[16] I. Higueras, Characterizing strong stability preserving additive Runge-Kutta methods, J. Sci.

Comput., 39 (2009), 115–128.

[17] T. Hillen, K. Painter and C. Schmeiser, Global existence for chemotaxis with finite sampling
radius, Discrete Contin. Dyn. Syst. Ser. B, 7 (2007), 125–144 (electronic).

[18] T. Hillen and K. J. Painter, A user’s guide to PDE models for chemotaxis, J. Math. Biol.,

58 (2009), 183–217.
[19] D. Horstmann, From 1970 until now: The Keller-Segel model in chemotaxis and its conse-

quences. I, Jahresber. DMV, 105 (2003), 103–165.

[20] D. Horstmann, From 1970 until now: The Keller-Segel model in chemotaxis and its conse-
quences. II, Jahresber. DMV, 106 (2004), 51–69.

[21] D. Horstmann and M. Winkler, Boundedness vs. blow-up in a chemotaxis system, J. Differ-

ential Equations, 215 (2005), 52–107.
[22] E. F. Keller and L. A. Segel, Initiation of slime mold aggregation viewed as an instability, J.

Theor. Biol., 26 (1970), 399–415.
[23] E. F. Keller and L. A. Segel, Model for chemotaxis, J. Theor. Biol., 30 (1971), 225–234.
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