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We propose a new finite volume method for solving general multidimensional hyperbolic
systems of conservation laws. Our method is based on an appropriate numerical flux and a
high-order piecewise polynomial reconstruction. The latter is utilized without any compu-
tationally expensive nonlinear limiters, which are typically needed to guarantee nonlinear
stability of the scheme. Instead, we enforce stability of the proposed method by adding a
new adaptive artificial viscosity, whose coefficients are proportional to the size of the weak
local residual, which is sufficiently large (~A, where A is a discrete small scale) at the shock
regions, much smaller (~A*, where o is close to 2) near the contact waves, and very small
(~A*) in the smooth parts of the computed solution.

We test the proposed scheme on a number of benchmarks for both scalar conservation

laws and for one- and two-dimensional Euler equations of gas dynamics. The obtained
numerical results clearly demonstrate the robustness and high accuracy of the new
method.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

We study finite volume Godunov-type schemes for one-dimensional (1-D),
u +f(u), =0 (1.1)
and two-dimensional (2-D),
u, +f(u), +g(u), =0, (1.2)

hyperbolic systems of conservation laws. In the above formulae, u € R" is a vector of conserved quantities and f(u) and g(u)
are fluxes (the hyperbolicity of the system is ensured provided the matrix n,of /ou + n,dg/ou have N real eigenvalues and N
linearly independent corresponding eigenvectors for any (n,,n,)" € R?).

Godunov-type schemes form a class of projection-evolution methods, in which at each time step the computed solution is
approximated by a global piecewise polynomial function (called a reconstruction and is supposed to satisfy conservation,
accuracy and non-oscillatory requirements), which is evolved in time (from a current time level to the next one) according
to the integral form of (1.1) (or (1.2), respectively). The latter is obtained by integrating the studied system of conservation
laws over the space-time control volume of size At x Ax (or At x Ax x Ay, respectively), where At is a small temporal scale
and Ax and Ay are small spatial scales. Depending on the way the control volumes are selected, the class of Godunov-type
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schemes can be split into two subclasses: upwind schemes (their prototype is the original first-order Godunov scheme [7])
and central schemes (whose prototype is the first-order Lax-Friedrichs scheme [5,26]). First-order Godunov-type schemes
are obtained using the first-order piecewise constant reconstruction, while their higher-order extensions hinge on replace-
ment of the first-order reconstruction with a higher-order one, which consists of either linear, parabolic, cubic or even higher
degree polynomial pieces.

Many of the Godunov-type schemes may be written in a particularly simple semi-discrete form (method of lines), ob-
tained by integrating (1.1) ((1.2)) over grid cells of size Ax (Ax x Ay) and replacing the fluxes at the cell interfaces (flux inte-
grals along the cell boundaries) by appropriate numerical fluxes. In the 1-D case, a semi-discrete scheme on a uniform grid
with x;:=jAx can be written as follows. Let X1 =%+ Ax/2 and the computational domain consists of the cells

Ij := [%;_3,X;,3]. Then, the cell averages of u(,t) over ; at time t, denoted by

— 1 xj+%
uj(t)zﬂ/ u(x,t)dx

-

ol

are evolved in time by numerically solving the following system of ODEs:

H-+1 t)—H. 1(t
%ﬁj(t) _ _%, (1.3)

where HH% is a numerical flux, obtained using the piecewise polynomial approximation, reconstructed at time t using the

available cell averages {u;(t)}. In our numerical experiments reported in Section 3, we have used the central-upwind fluxes
developed in [20,21] (for completeness, both the 1-D and 2-D central-upwind fluxes are briefly reviewed in Appendixes A
and B). However, we would like to stress that the proposed adaptive artificial viscosity method is not tied to any specific
numerical flux and can be implemented with one’s favorite flux, for which the semi-discrete scheme (1.3) is linearly stable.

It is well-known that the systems (1.1) and (1.2) admit nonsmooth solutions that may contain shocks, contact disconti-
nuities and rarefaction waves. Therefore, when such solutions are to be captured, linearly stable methods may develop large
spurious oscillations and even blow up. Thus, a good numerical method must be nonlinearly stable. Nonlinear stability of
Godunov-type schemes is typically guaranteed by enforcing non-oscillatory nature of the piecewise polynomial reconstruc-
tion with the help of nonlinear limiters. However, such limiters may be very complicated and computationally expensive,
especially when a high-order multidimensional scheme is to be designed (see, e.g., [38] and references therein). Alterna-
tively, one may use less computationally expensive unlimited reconstructions, while enforcing nonlinear stability by adding
artificial viscosity to the PDE system in the regions of discontinuities. Obviously, to ensure consistency of the numerical
approximation, this artificial viscosity must vanish as A — 0, where in the 1-D case, A := max(At, Ax) and in the 2-D case,
A := max(At, Ax, Ay).

The idea of adding artificial viscosity was first proposed in [45] and since then it was notably adopted in many works
including [1,9,10,13-15,17,31,36,41,46] among others. The major difficulty in designing a highly accurate and robust artifi-
cial viscosity method is to make sure that a sufficient amount of stabilizing diffusion is added wherever it is needed to ensure
stability, while in the rest of the computational domain the diffusion must be either switched off or small enough not to af-
fect the high accuracy of the scheme there. At the same time, if the viscosity coefficient is too large in the areas of discon-
tinuity, the solution will be overly smeared there. Therefore, to achieve overall high resolution, the viscosity should be added
in an adaptive way using a certain indicator, which should automatically pick rough parts of the computed solution and
determine the (optimal) amount of viscosity needed to be added there.

In this paper, we propose a new adaptive artificial viscosity method. In our method, the viscosity coefficients are chosen
to be proportional to the size of the weak local residual (WLR), which was originally developed in [18] and then used in
[3,19] as a smoothness indicator (SI) for several adaption algorithms. The key point we use here is that for a convergent
numerical method of formal order r, the WLR is proportional to A near (nonlinear) shocks, while it is much smaller

(~ A%, ais close to 2) at (linear) contact waves, and tiny in the smooth parts of the solution (~ A™"*™+2)) Therefore, the arti-
ficial viscosity vanishes as one refines the grid, so that it is consistent with the original hyperbolic equations. Moreover, the
rate at which the viscosity coefficients decay, allows us to achieve the main goal—to stabilize the solution at shock regions
without oversmearing contact discontinuities or affecting the high resolution of smooth parts of the computed solution.

The key question one has to address to make the adaptive artificial viscosity method robust is how to select the coeffi-
cients of proportionality in such a way that the computed solution is non-oscillatory, but its discontinuous parts are well
resolved, that is, they are not overly smeared. To tune the viscosity coefficients, we adopt the strategy proposed in [10]:
for the problem at hand, the coefficients are first adjusted on a very coarse mesh and then used for the high-resolution com-
putation on finer meshes.

This paper is organized as follows. In Section 2, we describe the derivation of the modified version of the WLR and use it to
introduce adaptive artificial viscosity into both (1.1) and (1.2). The obtained systems are then to be solved by semi-discrete
Godunov-type schemes using unlimited high-order reconstructions, which are described in Appendices A and B together
with the central-upwind fluxes that have been used in our numerical experiments. In Section 3, we apply the new adaptive
artificial viscosity method to a number of numerical examples in both 1-D and 2-D. We compare our method with the
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central-upwind scheme combined with the fifth-order WENO reconstruction [2,37,38]. The obtained results indicate high
accuracy, efficiency and robustness of our new method which seems to outperform the WENO approach.

2. New adaptive artificial viscosity method

Godunov-type schemes are projection-evolution methods, in which the approximate solution, realized by its cell aver-
ages, is first projected onto the space of piecewise polynomials, and then the obtained piecewise polynomial interpolant
is evolved to the new time level using the integral form of conservation laws.

We will focus on semi-discrete schemes, in which the evolution step is performed with the help of numerical fluxes
(many reliable numerical fluxes are available, see, e.g., [6,20,27,38,43]). In our numerical experiments, we have used the cen-
tral-upwind fluxes from [20], which are presented in Appendices A and B.

The (formal) order of the scheme depends on the (formal) order of the piecewise polynomial reconstruction (we would
like to stress that a high-order reconstruction is typically required to achieve high resolution). To ensure a non-oscillatory
nature of the scheme the reconstruction can be made non-oscillatory with the help of a nonlinear limiter. A library of such
limiters is available [2,6,11,12,16,27-30,32,35,38-40,43,44], however, one must realize that first, in the system case, the use
of limiters cannot guarantee the scheme to be oscillation-free, and second, the limiters, especially high-order ones, may be
extremely computationally expensive and cumbersome, which would dramatically reduce efficiency of the scheme.

An alternative approach for enforcing stability of the method is to introduce numerical diffusion by adding artificial vis-
cosity term to the hyperbolic system. This idea dates back to [45], where a viscosity term was added to the momentum equa-
tion so that the solution of the new system satisfies the Rankine-Hugoniot jump condition in the shock region and has
negligible effect outside the shock layer (see also [1]). The critical question is how to adaptively introduce the right amount
of viscosity in the right place. It is quite easy to come up with a reliable strategy in the scalar case. In this paper, we propose a
new way of adding artificial viscosity, which applies to both scalar and system cases.

2.1. One-dimensional scheme

We augment the hyperbolic system (1.1) with an adaptive artificial viscosity:
u, + f(w), = Cle(upuy),, 2.1)

where C is a tunable positive viscosity coefficient and ¢(u) is a nonnegative quantity, whose size is automatically adjusted
depending on the local properties of u. For computed solutions, we will make ¢(u) proportional to the WLR, which is one of
the key points in the construction of our new method.

We would like to stress that our goal is to derive a powerful, efficient and highly accurate method, which can be applied
as a black-box solver to any hyperbolic systems of conservation laws. Therefore, the artificial diffusion term on the right-
hand side (RHS) of (2.1) has a general form. For a particular problem at hand, one can add a different artificial diffusion term,
which may be based on a small physical viscosity present in the underlying physical system (for instance, in the case of the
Euler equations of gas dynamics, one can add Navier-Stokes type artificial diffusion terms). Advantages and disadvantages of
such an approach will be studied in future work.

2.1.1. One-dimensional weak local residuals (WLR)
In this section, we derive formulae for the WLRs following the approach from [18]. We first consider the system (1.1) in
the computational domain X x [0, T] and recall that by definition weak solutions of (1.1) satisfy the integral equation

T
E(u,¢) := /t:O /)({u(x,t)¢t(x,t)+f(u(x, t))¢x(x,t)}dxdt+/Xu(x,O)qb(x,O)dx:O (2.2)

for all test functions ¢(x, t) € Co(X x [0,T)). We then assume that the point values of the computed solution uy, are available
2

throughout the domain X x [0, T] and introduce the function u*(x, t) as a piecewise constant approximation of the computed
solution by setting

wA(x, ) =uty, if (X 1) € X, Xjq) X [£7F, £7), (2.3)

3’
The quantity E(u?, ¢) can then be viewed as a weak residual for u® with respect to ¢. Obviously, the residual (2.3) cannot be
computed in practice since ¢ is a general test function. However, following the approach in [3,18,21], one can approximate
the global test function ¢ with the help of localized test functions d);j and then introduce the corresponding WLRs.
2
In this paper, we use

_1
=3

o

1
J+3

(x.t) = By (0B" 4 (1), (24)

where
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X—Xi_ .
LY i <x<,
5 (59 i
= — 2 I X <X <X
By =44 \"ax ) BAHSTSS (2.5)
X—Xji2\ 2
1(=2), if X1 <X <X,
0, otherwise
and
n-3 . 3
2 RSt <
-3\ o J nil .
B0 =1 ¢ e f Rt < v, (2.6)
0, otherwise

are the quadratic and linear B-splines with the localized supports of size |[supp (B-+l)\ = 3Ax and |supp (B”’%>\ = 2At, respec-

tively. One can easily show that for every smooth test function ¢ there exist coefficients /f Wthh are independent of Ax
and At and satisfy

ZZ 5(x,t) + O(A2). (2.7)

We then substltute (2.3)-(2.6) into (2.2), use (2.7) and after a straightforward calculation obtain
ZZ EELIZ +0(AY),
where the quantities

£y ) ooty o) o) o) e

can be viewed as WLRs.

Remark 2.1. Notice that since piecewise polynomial reconstructions used to compute point values of finite volume
solutions are generically discontinuous, two (different) point values are available at each cell interface x = ; 1 We can use
either one or their convex combination to compute the WLR in (2.8). In our numerical experiments, we have used the value
on the left-hand side of each cell interface.

One may show (see [3,18,19]) that the size of WLRs is proportional to A near the shock (in poorly resolved) regions, while
in the smooth (highly resolved) parts of the computed solution the WLRs are several orders of magnitude smaller. Moreover,
our numerical experiments demonstrate that typically

A, near shock waves,
||E || A*, near contact waves, 1<a<?2,
AP, in smooth regions,
where p = min{r + 2,4} and r is the formal order of accuracy of a scheme. Here, the upper bound p = 4 is related ]to the way

the computed solution is extended in (2.3) and to the particular choice of the locally supported test functions </> (x t) used
in the calculation of the WLR.

2.1.2. One-dimensional adaptive artificial viscosity method
Let us assume that at a certain time level t the approximate solution and the WLR values Eﬁl are available. We then select

a linearly stable numerical flux H; ; and evolve the solution according to the semi-discrete scheme

do Wy-Hy o <3j+;A“j+; - ‘%‘;A“j;>

dt T T Ax (Ax)?

(2.9)

Here, Au;,; :=uj,; —wand ¢, := max(|E]'_>l\ \E(' 1| |E \) where E]?Ql is the i component of the vector so that the artificial
2

viscosity is proportional to the values of the WLR in the vicinity of x X1 In principle, one can use any component of the vector
ﬁl, but some components might be superior depending on a problem at hand. We also notice that here, the quantities

uj,H+1 and ¢;,; depend on t, but we suppress this dependence for brevity.

Yy

Eq. (2.9) represents our new adaptive artificial viscosity method. The viscosity flux CSH%AﬁH%/Ax is proportional to the
size of the WLR in the vicinity of x; e This will guarantee that a substantial amount of the numerical viscosity is added to
the “rough”, non-smooth parts of the solution only, while in the smooth regions the numerical viscosity is several orders

of magnitude smaller, and thus the high accuracy will not be affected there. Since no limiters are going to be used, the
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scheme must have enough numerical diffusion in the shock areas to prevent oscillation. This goal will be achieved by a
proper choice of the viscosity coefficients C.

In the scalar case, the size of C can be estimated using the following lemma, which makes a direct connection between the
amount of numerical diffusion and the total variation of the computed solution.

Lemma 2.1 ([42]). Consider the following three-point scheme written in a viscous form:

_ _ 1 At

W= — A — 1)+ QAL - QLA A= (2.10)
where

. f@) +f@,)

i ::%. (2.11)
If QJ’L% satisfies

@) —f@h)
g < 212

forallje 7 and n > 0O, then the scheme (2.1) is total variation diminishing (TVD).
Let us now apply the forward Euler time discretization to (2.9). This results in the following fully discrete scheme:

_ iC _
uj" =0 - A( i1 = Hj 7) A (aj+1AuJ’.l+% —& 1Auj__) (2.13)

Comparing with (2.10) and noticing that H +1 is an approximation of ", we may obtain a rough estimate on the size of C. To

+1v
this end, we use Lemma 2.1, which suggests that the adaptive artificial viscosity method should be TVD provided the follow-
ing condition is satisfied:

— n
; yw;alA)un fa| Zii iy

i+
Note that by the CFL condition 4| (f( ) - f(u ))/Au” ;| < 0.5, hence we set
AX
" 4

max

(2.14)

where &"

M ax ) the amount of artificial viscosity will be

= max {8]’?#}. This will ensure that near the shock (where 81'? ~ &l o«
j 2

sufficient to stabilize the computed solution. We now examine the sharpness of the estimate (2.14) numerically.
Scalar Numerical Example. Consider the 1-D inviscid Burgers’ equation,

u2>
u+ (=] =0,
+(%),

subject to the 2m-periodic boundary conditions and the following initial condition:
u(x,0) = sinx + 2.5.

We apply the adaptive artificial viscosity method to this initial-boundary value problem with C given by (2.14). In Fig. 2.1
(upper row), we show the solution computed on four different grids with 50, 200, 400 and 800 grid cells per period at time
t = 2. As one can see, the solution seems to converge to the exact one, but the shock is not well-resolved even when 800 cells
are used. We then significantly reduce the numerical diffusion by replacing the “theoretical” coefficient C with a 15 times
smaller one (we now take C = Ax/(60/¢,,)). The obtained results, plotted in Fig. 2.1 (lower row), show a significant
improvement in the resolution of the shock wave without appearance of any spurious oscillations. We conjecture that
the method remains stable thanks to the numerical diffusion present at central-upwind numerical fluxes, which are—unlike
the centered flux (2.11)-linearly stable and thus require much less additional artificial viscosity to be added to achieve the
nonlinear stability.

This example suggests that the “theoretical” bound on C, obtained in (2.14), is not sharp at all and that even in the scalar
case a better strategy should be used for selecting the viscosity coefficient C. To tune it, we adopt the approach proposed in
[10]: for the problem at hand, the coefficient C is first adjusted on a very coarse grid (this makes the tuning process compu-
tationally inexpensive) and then used for high-resolution computation on finer grids. The tuning is conducted to find the
value of C, which leads to sharp resolution of the discontinuities without producing large spurious oscillations. Finding an
optimal C may be a very delicate issue. However, our numerical experiments clearly show that the proposed method is
not too sensitive to the selected value of C, which makes our approach quite robust.
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"theoretical" C, N=50 "theoretical" C, N=200 "theoretical" C, N=400 "theoretical" C, N=800
35 3.5 3.5 3.5/
+ +
3 3/% 3/§L+ 3 T
+ i + +
525 + 525 n 525 + 525 +
+ +
+ + + 4
? |2 %,/ i y i /
1.5 1.5 1.5 1.5
0 2 4 0 2 4 0 2 4 0 2 4
X X X X
smaller C, N=50 smaller C, N=200 smaller C, N=400 smaller C, N=800
3.5 3.5 3.5 35
+ +
3 3 + 3 + 3
+
5 25 5 25 5 25 5 25 +
. +
2 + 2 2 2
1.5 1.5 1.5 1.5
0 2 4 0 2 4 0 2 4 0 2 4
X X X X

Fig. 2.1. Inviscid Burgers’ equation. Numerical solution zoomed at x € [0,4] at time t = 2 with 50, 200, 400 and 800 grid cells per period and either the
“theoretical” (upper row) or a smaller (lower row) C.

2.2. Two-dimensional scheme

To construct the 2-D adaptive artificial viscosity method, we first extend Eq. (2.1) to the case of two space dimensions:
u; + f(w), + g(w), = C[ (W), + (eww,), |, (215)
where, as in the 1-D case, C is a tunable positive viscosity coefficient and &(u) is a positive quantity, whose size is propor-

tional to the WLR, which will be derived in Section 2.2.1.

We would like to emphasize that similarly to the 1-D case, the artificial diffusion added on the RHS of (2.15) has a general
form, which is not tied to any particular application.

2.2.1. Two-dimensional weak local residuals

In this section, we extend the WLR from one to two space dimensions following the approach from [19]. We consider the

system (1.2) in the computational domain Q x [0, T] and recall that by definition weak solutions of (1.2) satisfy the integral
equation

E(u,¢) = /x / (U, Oy, ) + FU00Y. ) (0.3, ) + B, ), (x,y, 1)} dxdydt + / $(x.y.0)u(x.y,0)dxdy =0

(2.16)
for all test functions ¢(x,y,t) € Co(Q x [0, T)). In complete analogy with the 1-D case, we use the piecewise constant function
ut(x,y,t) = ]ﬁ%_’k% if  (x%y.t) € [X,X1) X Vi V1) X [tn—%7tn+%) (2.17)

to approximate the computed solution and define the localized test functions by
1 1
Opic0.9,0) = By (0B 4 ()B4 (0). (2.18)

Here, as before, A := max(At, Ax, Ay), the B-splines BH% and B" 7 are given by (2.5) and (2.6), respectively, and B,H% is defined
in a similar way:

2
1 (v—ye .
i(y K;k/1>v if Yot <Y <Y

Blw

) if y, <
Bk+%(y) — _< Ay ) , 1 yk\y<yk+l’

2
vy ;
< A;”) ; if Vi1 <Y <Vigas

1
2
0, otherwise,
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After plugging (2.17) and (2.18) into (2.16), a straightforward calculation yields the 2-D version of the WLR:

-l 1 1
i1kl = 36A AxAyUHZ ey T 124 (AyAtf Ty T AxAtg ke ) (2.19)
where
n-i 1
ujék% = {uﬂ%k% 1+2 k+3 +u J+3k 17 uj+3k ) J—tk+3 T u 1k+3 +u j—3k—% u;fl.kfl]

n-1 n n-1 n n-1 n n-1
+ 4[ 3k T uj+%,k+% + ujfé.k% - uj—%.k% + uj+%‘k+% - uj+%,k+% + uj+%.k7% - ]+1 k— ] + ]6[ J+hkd T uj+%,k+%] ’

Pt = [(0e3) =10 puog) + (gey) =00 ) = (005g) = £ ) + £ (0 ) —£(1 )|

+4[f< i3k ) 7f(uff%~k+%) +f( e ) f(u] Lhed ﬂ

and
s 600) 50 1) 0s00) 50 1) ()5 ) () -5 )
+al(We) ~ (W) +8(0g) ~ 8(9y)]

Notice that as in the 1-D case, piecewise polynomial reconstructions used to compute point values of finite volume solutions
are typically discontinuous, four (different) point values are available at each cell corner (x; 1Y %). We can use any of these
values or their convex combination to compute the WLR in (2.19). In our numerical experiments, we have used the value in
the northeast corner of cell (j, k).

It is easy to show (see [19]; notice however that here, we have rescaled the 2-D WLRs by a factor of 1/A) that the size of
WLRs is proportional to A near shocks (in poorly resolved) regions, while in the smooth (highly resolved) parts of the com-
puted solution the WLRs are several orders of magnitude smaller. Our numerical experiments indicate that typically

A, near shock waves,
t) b

||E}"k2|| ~{ A% near contact waves, 1< a<2,
AP, in smooth regions,

where p = min{r + 2,4} and r is the formal order of accuracy of a scheme.

Remark 2.2. Notice that our 1-D WLR (2.8) is different from the one developed in [18], and the 2-D WLR (2.19) is different
from the one proposed in [19] not only by a factor of 1/A. Here, the size of the support of the localized test functions is
3Ax x 2At (3Ax x 3Ay x 2At for 2-D), while the WLRs in [18,19] were obtained using the localized test functions with a larger
(3Ax x 3At and 3Ax x 3Ay x 3At, respectively) support. We would like to point out that the original version of the WLRs are
formally more accurate and they can be used in our adaptive artificial viscosity method provided the time step At remains
fixed. However, the current version of the WLRs allows one to vary At according to the CFL condition and it is thus more
efficient. Also, the use of data from only two time levels instead of the three ones reduces the computational storage
requirements of the method. On the other hand, we have conducted a large number of numerical experiment that clearly
indicate that the difference in the achieved resolution is negligible.

2.2.2. Two-dimensional adaptive artificial viscosity method
In 2-D, we assume that the approximate solution #i;, and the WLRs E; 1 are known at certain time level t, and then we
evolve the solution according to the 2-D semi-discrete scheme with 11nearly stable numerical fluxes H; +1 (and B

Js k+1
v v o o
d _ B Hﬁ%,k H;ﬂ Hj‘k+% - Hj.k% e ]+1 kA“Hz gff%,kAuj—%.k n 8}/‘k+%Auj~k+g gjyk A k=%
Ay (Ax)* (Ay)? '

(2.20)

Here, C is as before a positive constant to be tuned,
My, dxd
W ~——— u(x,y,t)dx
ik AXAy / /x ! y y
=

is a computed cell average, Aty == Uj,1 4 — Wi and AWy = W1 — Wi
As in the 1-D case, the key idea of the adaptive artificial viscosity method is to take ?)X and F” , to be proportional to
WLRs. To guarantee that enough artificial numerical viscosity is applied to rough parts of the solutlon we take
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£y = max{ B0y, LB oL B L ED, o] B L B )
(2.21)
oy =max{[E"y LB LB B L ED LB

where Eﬂl 1,1 is the ith component of E; kel In general, one can choose any component i to compute s;‘+l . and ejy ey IN(2.21),
2’ 2 27 T2

but some components might be superior depending on a problem at hand. One should choose the component that can pick
up the discontinuous part of the solution.

Finally, Cin (2.20) is a positive viscosity coefficient, which should be selected to control the quality of the computed solu-
tion. To optimize the selection of C, we first tune C on a coarse mesh and then use it for finer mesh computations.

Remark 2.3. The resulting ODE systems (2.9) and (2.20) should be solved by a stable and sufficiently accurate ODE solver. In
the numerical examples reported in Section 3.3, we have used the third-order SSP Runge-Kutta method from [8].

Remark 2.4. Since the formulae (2.8) and (2.19) require the computed solution at both current and previous time levels, the
adaptive artificial viscosity method can only be used from the second time step. To obtain a solution at the first time step,
one can use a high-resolution method, which is stabilized with the help of a nonlinear limiter.

3. Numerical examples

In this section, we illustrate the performance of our adaptive artificial numerical viscosity method on several 1-D and 2-D
examples. We use the central-upwind fluxes and unlimited high-order piecewise polynomial reconstructions described in
Appendices A and B. We use the first order extrapolation for the boundary. We compare our results with the results obtained
by the same central-upwind fluxes, but with the fifth-order componentwise WENO reconstruction from [2,37,38] and with-
out the adaptive artificial viscosity.

In all of the examples below, we have used a uniform spatial mesh with Ax = Ay = h. We use the ghost cell technique to
obtain the absorbing boundary conditions needed to solve initial value problems on finite computational domains. All of the
required ghost values have been obtained using the simplest zero-order extrapolation. The CFL number has been taken in the
range of 0.45 — 0.5. When the equation of gas dynamics are solved, the viscosity coefficients ¢ in (2.9) and (2.20) are com-
puted based on the first (density) component of the WLRs. Our choice is motivated by the fact that in the density equation
the flux is simply pu (see equation Eq. (3.1) below) and thus the computational cost of the resulting method is minimized.

The viscosity coefficient C is tuned in every numerical example below according to the strategy described on page 8. For
brievity of the presentation, the tuning process is shown in Example 3.1 only.

3.1. Convergence test

We use the 2-D transport equation to demonstrate convergence of the proposed adaptive artificial viscosity method. We
consider the following initial-boundary value problem:
U+ 2uy+u, =0,
u(x,y,0) = sin(m(x +y)) + 3 cos27(x - y)),
ux,y,t) =u(x+2,y,t) = u(x,y +2,t).

We fix the time step to be either At = 0.25h or At = h?, compute the corresponding numerical solutions at time ¢ = 2 and
measure their L*-errors:

1 [Tl (N4
€y = Max|Ujx(2) — / / u(x,y,0)dxdy|.
Jik h Vel X 1
2 2
The results are presented in Table 1. Clearly, if At = 0.25h, which corresponds to the CFL number 0.5, the time discreti-
zation errors dominate and our adaptive artificial viscosity method exhibits the third-order convergence. When At = h?, then

Table 1

L*-errors and experimental rates of convergence.
h At (h) e Order At e Order
2/50 0.25 1.042E-3 - h? 3.245E-4 -
2/100 0.25 1.004E—4 3.38 K2 1.026E-5 4.98
2/200 0.25 1.161E-5 3.11 h? 3.241E-7 4.99

2/400 0.25 1.421E-6 3.03 h? 1.044E-8 4.96
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the spatial errors dominate, and the experimental order of convergence increases to the fifth one (even though our 2-D meth-
od is formally fourth-order only, see Appendix B).

3.2. One-dimensional Euler equations of gas dynamics

We numerically solve the Euler equations of gas dynamics:

) P 0 -

_ —_ 2 _

| P Tax| PP =0. (3.1)
u(E +p)

Here, p,u,p and E are the density, the velocity, the pressure and the total energy, respectively. The equation of state is
p=(y—1)-(E-1pu?) and we take y = 1.4.

Example 3.1. We solve the Euler Eq. (3.1) subject to the following Riemann initial data [43]:

(5.99924,19.5975,460.894),  for x < 0.4,

(p,1p) = { (5.99242, —6.19633,46.0950), for x > 0.4.

The exact self-similar solution consists of a left facing shock traveling slowly to the right, a contact wave moving to the right,
and a right traveling shock wave. We use our adaptive artificial viscosity method to compute the solution at time t = 0.035
with h = 1/200. The obtained results are compared with the exact solution, see [43].

In this example, we take different values of the viscosity coefficient C to demonstrate dependence of the adaptive artificial
viscosity method on this parameter. We begin with C = 0. The obtained density is shown on the top left of Fig. 3.1. As one can
see, even though the computed density is very oscillatory, the contact wave is quite sharply resolved. We then increase C and
take C = 5,10,15,30 and 50. From the results, shown in the rest of Fig. 3.1, we may conclude that C = 10 seems to be an
optimal value.

We then verify that C = 10 also works on finer grids. To this end, we refine the mesh to h = 1/400, 1/800, 1/1600, 1/3200
and show the obtained results in Fig. 3.2. As one can clearly observe, the numerical solution converges to the exact one.

Finally, we compare our method with the central-upwind scheme with the fifth-order WENOS5 reconstruction. The den-
sity computed by WENOS5 with h = 1/200 is plotted in Fig. 3.3. It seems that our result is as good as the result obtained by
WENOS5, but our method is less computationally expensive (see Section 3.4).

Example 3.2 (Lax problem, [26]). We numerically solve (3.1) with another set of Riemann initial data:

(0.445,0.698,3.528), for x < 0.5,

(p,u,p) = { (0.5,0,0.571), for x > 0.5.

We take h = 1/200 and compute the solution at time t = 0.16 with both the adaptive artificial viscosity method and the cen-
tral-upwind scheme with the WENOS5 reconstruction.

The density component of the computed solutions is plotted in Fig. 3.4. As one can clearly see, in this example, the adap-
tive artificial viscosity method produces a sharper and yet less oscillatory results.

The viscosity coefficient was optimized on a coarse grid and was selected to be C = 45. In Fig. 3.5, we show that this vis-
cosity coefficient leads to satisfactory (though a little oscillatory) results on finer meshes as well.

Example 3.3 (Toro’s “123 problem” [43]). In this example, the Riemann initial data are

(1.0,-2.0,0.4), forx < 0.5,

(/L U,P) = { (‘1072004)7 for x > 0.5.

The exact solution consists of two strong symmetric rarefaction waves and a trivial stationary contact discontinuity. Between
the two rarefaction waves, the density is very small (close to vacuum), which makes it a suitable test for assessing numerical
methods for low-density flows.

In this example, the central-upwind scheme with the WENO5 reconstruction fails (because of the appearance of negative
values of computed density and/or pressure), while the adaptive artificial viscosity method performs quite well. We take
h =1/200, 1/400, 1/800 and 1/1600 and compute the solution at time ¢t = 0.15. As in the previous examples, the viscosity
coefficient is tuned on the coarse grid and is taken as C = 15. In Fig. 3.6, one can clearly see that this value of C leads to accu-
rate results on finer grids as well.

3.3. Two-dimensional Euler equations of gas dynamics

We now consider the 2-D Euler equations of gas dynamics:
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
40 40
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Fig. 3.1. Example 3.1: Density computed by the adaptive artificial viscosity method with different values of C. Solid line represents the exact solution.

p pu pv
a | pu o | pu+p d puv
il = - =0. 2
ot| pv ox| puv ay | pv*+p 0 3-2)
E u(E +p) v(E+p)

Here, p,u, v,p and E are the density, the x- and y-velocities, the pressure and the total energy, respectively. The system is
closed using the equation of state for an ideal gas, p = (y — 1) - [E — § (u® + #?)], and we take y = 1.4. In our numerical exam-
ples, the computational domain is [0, 1] x [0, 1], and we use a uniform 400 x 400 grid.
We test the proposed adaptive artificial viscosity method on 2-D Riemann initial data, which have the following general
form:
(p1,P1,u1, 1), if x>05 and y>0.5,
(py, Py, U2, v2), if x<0.5 and y>0.5,
) 7”7 v X? 70 = .
p.p )(x.3,0) ( ), if x<05 and y<0.5,
( )

Das PasUa, ), if x>05 and y<O0.5.
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35 35
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+ h=1/1600

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Fig. 3.2. Example 3.1: Density computed by the adaptive artificial viscosity method with C = 10 on different grids. Solid line represents the exact solution.

Fig. 3.3. Example 3.1: Density computed by the central-upwind scheme with WENO5 reconstruction (h = 1/200). The solid line represents the exact

solution.

There are 19 genuinely different configurations separated by three types of 1-D centered waves, which are rarefaction, shock
and contact waves (consult [33,34] for details). We will only show the results for the following two configurations only:

Configuration 3, [25] (Four 1-D shock waves):

p,=03 p,=05323 p;=15 p, =15
u=1206 v,=0 u;=0 ;=0
p;=0029 p;=0138 p,=03 p,=0.5323
u3; =1206 v3=1206 us,=0 wv4=1.206
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Fig. 3.4. Example 3.2: Density computed by the central-upwind scheme with WENO5 reconstruction, left, and the adaptive artificial viscosity method
(AAVM), right. Solid line represents the exact solution.

14 14
+ h=1/400 W +  h=1/800
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0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1

X

Fig. 3.5. Example 3.2: Density computed by the adaptive artificial viscosity method on different grids. Solid line represents the exact solution.

Configuration 19, [25] (One shock, two contacts and one rarefaction wave):

po=1 py=2 p=1 p=1

U =0 20=-03 uyy=0 »;,=03
p;=04 p;=1.0625 p,=04 p,=0.5197
u3;=0 v3=02145 u;=0 w4 =-0.4259

We test the proposed 2-D adaptive artificial viscosity method and compare the obtained results with those computed
with the help of the central-upwind scheme coupled with the 2-D WENOS5 reconstruction performed in the dimension-
by-dimension manner (see [37] for the reconstruction details).

Figs. 3.7 (Configuration 3) and 3.9 (Configuration 19) show the contour plots of the density (left) and the corresponding
values of the WLR (right) computed at time t = 0.3 by our adaptive artificial viscosity method. The WENOD5 results are shown
in Figs. 3.8 and 3.10, respectively. As one can see, the adaptive artificial viscosity method achieves much better resolution
than the central-upwind scheme with the WENOS5 reconstruction. Moreover, our method is more efficient than the WENO5
approach (see Section 3.4).

We note that as in the 1-D numerical examples, the viscosity coefficient C was tuned on a coarse grid (with 50 x 50 uni-
form cells) and was then selected to be equal to 1 (Configuration 3) or 2 (Configuration 19).

3.4. Efficiency test

We now check the efficiency of the adaptive artificial viscosity method by comparing its computational cost with the cost
of the central-upwind scheme with the fifth-order WENO5 reconstruction.

We first take the 1-D Example 3.1 and run both codes with a fixed spatial grid (Ax = 1/200) and fixed time steps
(At = Ax/80). The CPU times are 0.227 s for the adaptive artificial viscosity method and 0.542 s for the central-upwind
scheme with the WENO5 reconstruction. As one can see, the adaptive artificial viscosity method is about 58.1% faster.

We then proceed with the 2-D Example (Configuration 3 from Section 3.3) and once again use a fixed spatial grid
(h=Ax = Ay = 1/200) and fixed time steps (At = h/12). The CPU times are 646.974 s for the adaptive artificial viscosity
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Fig. 3.6. Example 3.3: Density computed by the adaptive artificial viscosity method with C = 15. Solid line represents the exact solution.

Density WLR

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

X X

Fig. 3.7. Configuration 3: Contour plots (32 contours) of the density computed by the adaptive artificial viscosity method with C =1 (left) and the
corresponding WLR (right).

method and 1408.503 s for the central-upwind scheme with the WENOS5 reconstruction. Thus, in this 2-D example, the adap-
tive artificial viscosity method is about 54.1% faster.

We note that the adaptive artificial viscosity method has to be first tested on a coarser grid to optimize the viscosity coef-
ficient C, which increases the total computational cost of the adaptive artificial viscosity method. However, if the coarse grid
is much coarser than the fine one, the additional computational cost is very small. For instance, in the 2-D case, if the fine
grid is with Ax = Ay = 1/400 and the coarse one is with Ax = Ay = 1/50 (as it was the case in the examples brought in Sec-
tion 3.3), then each coarse grid experiment will only add about (1/8)* = 1/512 of the total computational time and say, 10
experiments needed to optimize C will only increase the total computational cost of the adaptive artificial viscosity method

by about 2%.
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WENO5

Fig. 3.8. Configuration 3: Contour plot (32 contours) of the density computed by the central-upwind scheme with the WENOS5 reconstruction.
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Fig. 3.9. Configuration 19: Contour plots (29 contours) of the density computed by the adaptive artificial viscosity method with C =2 (left), and the
corresponding WLR (right).

Appendix A. One-dimensional semi-discrete central-upwind scheme

In this section, we give a brief description of the Godunov-type central-upwind scheme for 1-D hyperbolic systems of
conservation laws (1.1), and we refer readers to [20-22,24] for the derivation of the scheme and more details.
The semi-discrete central-upwind scheme is obtained by using the central-upwind flux,

a’ fu ;) —a f(u")) u, —u,
e s i Y iy ShN e RN e SN 1

HH% )= a . —a + 419 a . —a. CTEE (A1)
i s i
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WENO5

X

Fig. 3.10. Configuration 19: Contour plot (29 contours) of the density computed by the central-upwind scheme with the WENO5 reconstruction.

In (A.1), “ﬁl denote the right- and left-sided values of the piecewise polynomial reconstruction u(-,t) = b)) at
2

. _ . _
the cell interface x = x;,;, namely, uly =P (%;,1) and u,

) and p; are polynomial pieces reconstructed from the cell averages {u;(t)}, available at time level t. The recon-

= pj(x;,). Here, y; is a characteristic function of the cell

lj = (% 3.%
struction, performed in a componentwise manner, must be conservative and sufficiently accurate. In our numerical exam-
ples, we have used a fifth-order piecewise polynomial reconstruction consisting of fourth-degree polynomial pieces p;(x),

designed to satisfy the following conservation properties:
1 ~ 1 i . )
Ax /,] pxdx =1, /Ijﬂ P dx =0, /Ijﬂ p;(X)dx = Wy

The one-sided point values of this reconstruction at x;,; are

1 _ _ _ _ _
uﬁ% = 70 (*3“1;1 + 27llj + 47llj+1 - 1311j+2 + 2“j+3),

| _ _ _ _
llj:r% = @ (2“]_2 - 13Uj_1 + 47Uj + 27Uj+1 - 3Uj+2).

In the case of a convex flux (a central-upwind scheme for the systems with non-convex fluxes was developed in [23]), the
one-sided local speeds of propagation used in (A.1) can be estimated by

of of
+ D (a I el TR
o= () () o)
_ . of / of 1, ’
ay = min i (53 () ). (G () ) 0
where, 21 < 2, < -+ < Jy are the N eigenvalues of the Jacobian 2L,
Finally, the built-in anti-diffusion term q;,,, in (A.1) is given by (see [20] for its derivation)
1 . " . N
Q= - minmod <uj g w g — uj+%>, (A3)
s i

where the minmod function, defined as

minmod(z;,z,) = L IE0) min 7, 7,
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is applied in (A.3) in a componentwise manner, and the intermediate value u, is given by
2

al,u, —a - {f(“ﬁl) - f(uj;l)}
u ;= 2 2 2 2 2 2 (A 4)
i+ a,—a, ' '
J+3 Jt3

Remark 3.1. A fully discrete central-upwind scheme will be obtained by solving the ODE system (1.3), (A.1) by a stable ODE
solver of an appropriate order. In the reported numerical examples, we have used the third-order strong stability preserving
Runge-Kutta solver ([8]).

Remark 3.2. Notice that the (formal) order of the scheme (1.3), (A.1)-(A.4) depends on the order of the piecewise polyno-
mial reconstruction used to evaluate uﬁl and on the order of the ODE solver used to integrate (1.3), see [21,20,22].
2

Remark 3.3. Note that the quantities ujil, p;, a}i 1 qji
2 2

L . and u, used above, depend on t, but we have suppressed this
dependence to simplify the notation. :

T2

Appendix B. Two-dimensional semi-discrete central-upwind scheme

In this section, we briefly describe the 2-D semi-discrete central-upwind scheme from [21]. Its derivation and more de-
tailed description can be found in [20-22].

Let us consider the 2-D hyperbolic systems of conservation law (1.2) and let @i;, denote the computed cell averages of u at
time ¢

| / i / " yx.y, £ dydx
ik ~ AXAy Xlil e s Y, y ax.
2 2
The 2-D semi-discrete central-upwind scheme from [21] has the following flux form:
gﬁ (t) = — H;+%_,((f) - H}(—%,k(t) B Hj)".lc+%(t) - H]ykf%(t)
dt 7% Ax Ay '

where the fourth-order numerical fluxes are

(B.1)

" _
a, a,

X j+1 k 2.k
) s = [f(u}f,f) +4f(uf,) + f(ujéﬁ)} - [f(uj’.ivq{k) +af )+ fuY )
G(aj+%,k - aj+%k) 6 <a1+%=’< h af+%~’<)
.
Gignage NW O GNE L aW L E SW _ 1SE
+ ol - W — W+ AU — W) + W —
(030~ %)
and
v bfk*% NW N NE bjiy sw s SE
Hj.l<+%(t) T T - [g(uj,k ) +4g(uj) + 8wy )] e - [g(“j,k+1) +4g(w),,) + g(“j,k+1)]
6( ikt bj.k+%> ( kg~ bj_,(%)
b

j.k+% j.lﬁ% SW

NW S N SE NE
—uw) + 4(“;,k+1 — uj‘k) + W — “;:k] .
okt T Piketd

Jk

Here, uf,, w, u}}, w,, wi, ul¥ w¥ and w}) are reconstructed point values along the boundary of the cell

gk Yk o ik
ik = (Xjf%axj%) x (}’kf%a}’k%):

uj]::.’( = ﬁ(xj%:y}c)v uj\'/\_li = ﬁ(xjf%’yk)v ujl\.lk = ﬁ(xj7yl<+%)v ujs.k = ﬁ(Xj,y,<7%)7

uleE = ﬁ(xj+%7yk+%)7 u]Nl}N = ﬁ(xj—;-v})k%)? u]SE = ﬁ(xj+%v.yk—%)7 ujs‘l?/ = ﬁ(xj—%ayk—%)'
In our numerical experiments, these point values have been obtained using a conservative unlimited fourth-order piecewise
polynomial reconstruction u(-,-,t) = 3Pk (-, )%« (-, -), where ¥, is a characteristic function of the cell I;; and the 13 coef-
ficients (p;, (Dy); x> (Py);x» €tC.) of each polynomial piece
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Pic(X:Y) = Pj + (Pu)j (X = X)) + (Py)1c(y = Vi)

£ Pl (B )X =) Y1) + 5 (P )y 9

5P~ %) 3 (P X~ )20~ )

3 Py )~ %)~ Y + 5 D)V~ %)

_NI>—*CDI>—*N _

1 1
24 (p)orxx)j,k(x - Xj)4 + Z (pxxyy)j.k(x - x]_)Z(y - yk)2 + ﬂ (pyyyy)j.k(y - yk)4

are calculated from the following 13 conservation requirements (see [4]):

// P (X, y) dxdy = w;, // Pi(X,y)dxdy = Uy pus,
ik L1 kst

// P (X, y)dxdy = Wy, // Pix(X,y)dxdy = Wjp.,

// P (X, y)dxdy = Wy, // Pi(X,y)dxdy = Wjp.o.
jiZk )kZ

A straightforward calculation shows that the reconstructed point values are

u]'-s_,( = 5760 (192w +40u;_; 1 — 1328u_1  + 400j_1 41 + 27> — 30801 + 50740, — 308U 411 + 27Wj k2
—80u;,q 1 + 275201 — 80U, q 1 — 288U;5y),
1 _ _ _ _ _ _ _ _ _
uﬂ = % (—288“1,2‘,( - 80“],]7,<,] + 2752“1',].]( — 80].1]',1‘,#] + 27llj,k,2 - 30811]"](,1 + 5074uj,k — 30811]‘,]#1 + 27lljyk+2
+40u; 1 1 — 13280,k + 400;, 1 41 + 19205.5),
u}fk 5760 (270j_3  +400;_1 41 — 308u;_1  — 80U;_1 41 + 19205 — 1328u;_1 + 50740, + 2752U; .1 — 288U;jk;2
+40u;, 11 — 30801 — 80U 141 + 27Wj50k),
1 _ _ _ _ _ _ _ _
ujs_k = 5760 (271.[] 2k — 80].1];1_,(,1 — 308“1',]1]( + 40“1',]1;#1 — 288uj_k72 + 2752“;}«1 + 5074uj.k — 1328uj‘k+1 + 192uj<k+2
— 800,11 —308uj, 1y + 400 1 i1 + 270} 5k),
ujy = 180 602k + SUj_q k1 — 341 — 10W;_y gy + 6W; g — 34051 + 1070 + 710541 — W2 — 100} kg
+ 71051 & + 200441 k1 — Wj404),
1 _ _ _ _ _ _ _ _ _ _
) = 130 (=9 5k — 1001 g1 + 71051 & + 2001 11 + 6Wj_5 — 340551 + 10705 + 7101 — Wik 2 + S 41
=340, — 1005, 1 + 6Uj,2k),
l.ljsi 180 (Guj 2k — ]Oﬁj,1‘k,1 — 34171]',1‘]( + 5ﬁj,1‘k+1 - gﬁj‘k,z + 7]171]"](,1 + ]07171]"]( - 34ﬁj_k+1 + 6ﬁj_k+2 + 20ﬁj+1‘k71
+ 710, — 100} g — 9Uj0),
1 _ _ _ _ _ _ _
u]SX\/ 180 ( gllj 2k + 20llj 1k-1 1+ 7]llj,17k - ]Ollj,LkH - gllj,k,z + 7111}‘7[(,] + 107Uj_k - 34lljvk+1 + Glljkarz

— 10,4 1 — 340 & + SUjq 1 + 6U o). (B.2)

Notice that one can substantially reduce the computational cost of evaluating the above point values by utilizing the sym-
metry and the common terms in (B.2). To this end, we define the following discrete operators:
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O =Wk +Ujpq g, 03U g = Wigk + Uy,
Oy = Wip g + Wper,  O3Wig = Ujpep + Ujppo,
O');yflj.k = O')](l_lj‘k + G)]/l_lj.k7 Jzyl_.lj.k = G)Z(I_Ij.k + U“zll_ljvk,
Dt =W — Wiqy, Dyl =Wk — oy,
Dy o= Ujppq — Ujpq, DYy = Ujp,p — Uiy,
Ol = Wi_qp 1 + Wipgjesr + Wiar ko1 + Woqpr1

(B3)

and then the following auxiliary quantities, whose dependence on j and k we omit to simplify the notation:

G := (70841, — 368070 + 2705 W + 10041;,) /5760,
= (36Diu;, — 5Dy — DY@k, 1 — DY 1)/96,
(36Dyu,k — 5Dyll]k — Dyl.lH] Kk — Dyll] 1/()/96
= (38cfu — 305U, + 20705, — o4, — 70W;,) /192,
C5 (38d’w; — 3031, + 2070, — o415, — 700;,) /192,
= (D}ujr — Diwy1)/16, (B.4)
= (D14 + DJuj 14 — 2DT0;,) /32,
= (D1 + Di0y 1 — 2D ;) /32,
Cg (D5 — 2D715,) /96, Crg := (DY — 2D%154,) /96,
Ci1 == (4uj, — 207105, + 0415,) /64,
Cip = (6 — 4o, + 051;4) /384, Ci3 := (61, — 407U + 03 1;,) /384.

At the end, we rewrite (B.2) as
v =C1+Co+Ca+Co+Crpuff = C1 — G+ Cy — Co + Coz,
) = Ci +C3+ G5+ Cro+ Ci3, 8, = C; — C3+ Cs — Cio + Ci3,
UJNIE* Jk+C3+C5+C6+C7+C3+C10+C11+C13,

—C34+C5—Ce —C7 + Cg — Cyo+ C11 + Cy3,

uy = ,k+C3+C5 Cs +C7 — Cg 4 Cio + C11 + C3,

Y
w) =u) — C3+Cs5+Cg— C; — Cg — Cio + Cyq + Ci3.

J.k )k

u;

jk_u

.k

Notice that (B.3)—(B. 5) is equivalent to (B.2), but the number of multiplications and divisions is now reduced from 112 to 39.

Finally, ai . and b} .1 are the one-sided local propagation speeds in the x- and y-directions, respectively. In the case of

convex ﬂuxes2 they can be estimated by

T —max{iw<%(“}1'1.k>> A <gl1; (u "))’O}’

a+

a

k= min {/11 <glf1 (ujvxl,k>> ¢ (glfl (u’k>> ’ 0}’
bjfk% := max {iN (ngl (“; k+1>> ;N<g§ (uf">>70}’
b]?k% = min {21 (gg (ujsk+1)> 2 (% (uf[‘t‘k>>’0}7

where ; < Z; < --- < 2y are the N eigenvalues of the Jacobians 2f and Z, respectively.

Remark 3.4. A fully discrete 2-D central-upwind scheme can be obtained by solving the ODE system (B.1) with one’s favorite
ODE solver. In this paper, we have used the third-order SSP Runge-Kutta solver [8].
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