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Well-balanced scheme experiments.
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1. Introduction

We consider the two-dimensional (2-D) Saint-Venant system of shallow water equations:

ht + (hu)x + (hv)y =0, (1.1)
(huy. + (hu? + %hz)x + (huv)y = —ghB. (12)
(hv)e + (huvyx + (hv? + %hz)y — _ghB,, (1.3)

where t is the time, x and y are horizontal spatial coordinates ((x, y) € ), h(x, y,t) is the water depth, u(x, y,t) and
v(x,y,t) are the x- and y-components of the flow velocity, B(x, y) is the bottom topography, and g is the constant gravita-
tional acceleration. The system (1.1)-(1.3)was originally proposed in [13], but it is still widely used to model water flow in
rivers, lakes, reservoirs, estuaries, and coastal areas.

* Corresponding author.
E-mail addresses: liux7@sustc.edu.cn (X. Liu), ejalbright@lanl.gov (J. Albright), epshteyn@math.utah.edu (Y. Epshteyn), kurganov@math.tulane.edu
(A. Kurganov).



214 X. Liu et al. / Journal of Computational Physics 374 (2018) 213-236

In many applications, quasi steady solutions of the system (1.1)-(1.3)are to be computed using a (practically affordable)
coarse grid. In such situations, small perturbations of steady states may be amplified by the scheme and the computational
errors may become larger than the magnitude of the waves to be captured; see, e.g., [24,32,38]. In order to prevent this,
one has to develop a well-balanced scheme—a scheme that is capable of accurately balancing the flux and source terms so
that the relevant steady states, for instance, the “lake at rest” steady states,

u=v=0, w:=h+ B=_Const, (1.4)

are preserved within the machine accuracy. Here, w denotes the water surface level. Examples of such schemes can be
found in [1,2,4,7,15-17,23,24,28,32,38-42,46].

Another difficulty one often has to face in practice is related to the presence of dry areas (island, shore) in the compu-
tational domain. In these areas, h = 0 and if due to numerical oscillations h becomes negative, the calculation will simply
break down as the acoustic speed needed in the calculation of the eigenvalues of the Jacobians is \/ﬁ It is thus crucial for
a good scheme to preserve the positivity of h (positivity preserving schemes can be found, e.g., in [1,2,4,7,16,28,39,40,42,
46]).

We would also like to point out that in the dry areas, the steady state is

hu=hv=h=0, (1.5)

which can be viewed as a “dry lake”. A good numerical scheme may be considered “truly” well-balanced when it is capable
of exactly preserving both “lake at rest” and “dry lake” steady states, as well as their combinations corresponding to the
situations, in which the domain €2 is split into two non-overlapping parts €21 (wet area) and €2, (dry area) and the combined
steady-state solution satisfies (1.4)in € 1 and (1.5)in Q .

We focus on central-upwind schemes, which were originally developed in [25-27,29-31] for general multidimensional
hyperbolic systems of conservation laws. These schemes were extended to hyperbolic systems of balance laws, in particular,
to the Saint-Venant system in [2,7,24,28,42]. As in all finite volume Godunov-type schemes, a central-upwind numerical
solution realized at a certain time level by a global (in space) piecewise polynomial reconstruction, is evolved to the next
time level using the integral form of the system of balance laws. For the second-order schemes, the reconstruction is
piecewise linear and the bottom topography is approximated using a continuous piecewise linear (or, in the 2-D schemes
on Cartesian grids, piecewise bilinear) interpolant. This allows one to guarantee that the reconstructed water surface stays
above the discretized bottom topography, which, in turn, ensures positivity preserving property of the resulting scheme
provided a proper CFL condition is satisfied. The well-balanced property is achieved by using an appropriate discretization
of the geometric source term.

In order to design a “truly” well-balanced central-upwind scheme for the system (1.1)-(1.3), it is necessary that a piece-
wise linear reconstruction of the water surface while being positivity preserving respects both the “lake at rest” (1.4) and
“dry lake” (1.5) steady-state solutions as well as their combinations. The main difficulty in obtaining such reconstruction
is related to the fact that at the wet/dry fronts there are always partially flooded cells, in which the positivity preserving
reconstructions from [2,7,28,42] are not well-balanced. A special well-balanced positivity preserving reconstruction for par-
tially flooded cells was developed in [3]for the one-dimensional (1-D) Saint-Venant system. The key idea is to use a subcell
resolution, that is, to reconstruct the water surface in some of the partially flooded cells using two (continuously connected)
linear pieces instead of one. In this paper, we extend this reconstruction to the 2-D case using unstructured triangular grids.
The extension is highly nontrivial since compared to the 1-D case, additional degrees of freedom need to be taken into
account and more types of partially flooded cells are to be considered. Moreover, when the new wet/dry reconstruction is
used, a new discretization for the source term has to be derived in order to maintain the well-balanced property of the
resulting central-upwind scheme. In addition, while the proof of the positivity preserving property from [7]carries over to
the new central-upwind scheme, the time-step constraint may be so severe that the scheme would become impractical. We
therefore follow the same approach as in [3] and extend the “draining” time-step technique proposed in [4]to the triangular
grid. This approach ensures positivity of the computed water depths without a reduction of the time-steps.

The paper is organized as follows. In §2, a modified version of the well-balanced positivity preserving second-order
“triangular” central-upwind scheme from [7]is briefly reviewed. In §3, we present the new piecewise linear wet/dry recon-
struction. In §4, the positivity preserving property of the new scheme is discussed. In §5, we develop a special discretization
of the source term needed to maintain the well-balanced property. Several numerical tests are conducted and the obtained
results are presented in §6. Some concluding remarks complete the paper in §7.

2. Semi-discrete central-upwind scheme - an overview

In this section, we describe a slightly modified version of the semi-discrete second-order “triangular” central-upwind
scheme from [7].



X. Liu et al. / Journal of Computational Physics 374 (2018) 213-236 215

Fig. 2.1. A typical triangular cell with three neighbors.

where the equilibrium variables U and the fluxes F and G are

w hu hv
I T () ()
u=|m|, F=|wop 2" B | ¢= w—B .
(hu)(hv) (hv)> g 5
0 S(w—B
hv w—B w—B + Z(W )

and the source term § is

0
S=| —g(w—B)By
—g(w —B)By

We use the following notation (illustrated in Fig. 2.1):

T:=U ; Tj is an unstructured triangulation of the computational domain £2;
T; is a triangular cell of size |T;| with the barycenter (x;, y;);

Vie = X, Vi), kK =12,23,31 are the three vertices of T};

T jk, k=1,2,3 are the neighboring triangles that share a common side with T j;
£ i is the length of the common side of T; and Tj; and M ji is its midpoint;

n i := (cos(¥), sin(ejk))T is the outer unit normal to the kth side of T;.

We replace the bottom topography B with its continuous piecewise linear approximation B given by

X — Xj12 y—Yyj1z BX y)—Bjn2
Xj23 —Xj12 Yj23—Yj12 Bj—Bjin |=0, ) eTj,

Xj13—Xj12 Yji3—Yjiz2 Bjiz—Bji2
where, in the case of continuous bottom topography, Ejk = B(Vj) Kk =12,23,31. We then use the following notation:
~ ~ 1 ~ ~ -
Bjk:=B(Mjx), Bj:=B(xj,yj)= §(Bj12 + Bj23+ Bj13).

We assume that at a certain time level t the computed cell averages of the solution,

— 1
U ~ m//U(x,y,t)dxdy,
j
T;

are available. They are then evolved to the next time level by solving the following system of time-dependent ODEs:

dU; 1 = N
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Lk cos(ji)
in out
@i +a
Lik sm(ejk)

in out
ajtag

jk = [ ]kF(U]k(M]k) B]k)+GOUtF(U](M]k) Bﬂc)]

(a6 (M), B + €3G WU (M), B | (2.2)

ke [U k(M) — U j(Mjp)]. k=1,2,3.
jk jk

Here, U j(Mj) and U (Mj,) are the reconstructed point values of U at Mj, obtained as follows. We first obtain a
piecewise linear reconstruction of the variables Y := (w, u, v)' (rather than U as it was done in [7]):

Yoy =) 0 Xr. Y& y) ="+ &= x)+ Xy =y, (2.3)
J
where X, is the characteristic function of the cell T;, Y; are the point values of Y at the cell centers and (Yy) jand (/‘fy) j
are the limited partial derivatives (see §2.1 for the details on their computation).
In order to maintain the numerical stability of the resulting scheme, we prevent appearance of local extrema at the

points M, by setting the slopes of the ith component of Y to be zero, that is, by taking (T,(f))] = (T('))J =0 in (2.3)in
those cells T;j, where at least one of the monotonicity conditions,

min (T(’) Tglk)) < T(ji)(Mjk) < max (T(') Ti'k)) k=1,2,3,

is not satisfied.
In the dry cells in which w; = Bj, the corresponding linear pieces in (2.3)are replaced by

Y%, y)=(B(x,¥),0,0)". (2.4)
Finally, the second and third components of the point values U j(Mjx) and U jx(Mjx) are obtained from Y;(Mjr) and
Yjk(Mji):
(hu) j(M ji) = (Wj(Mji) — Bj) uj(Mjk), (hu) jx(M jk) = (Wjk(Mjk) — Bji) ujk(M ji),
(hv) j(Mji) = (W;j(Mjk) — Bji) v i(Mjk), (hv)j(Mjk) = (Wjk(M jk) — Bji) v jk(M ji).
The cell average of the source term §; in (2.1),

S](t)fv—// (Ux, y,0), B(x, y)) dxdy,

IT;l

has to be discretized in a well-balanced manner; see [7]for details. We note that in the presence of dry areas, the quadrature
in [7]is not “truly" well-balanced. We therefore have modified it; see §5 below.

In (2.2), a ]k and a°llt are the one-sided local speeds of propagation in the directions &nj;. These speeds are related to

the largest and smallest eigenvalues of the Jacobian matrix Jjx = COS(QJk} + sin(@jk) ;iT,, denoted by A, []jk] and A_[]jkl,
respectively, and are defined by

]k= —min{A _[Jjk(U;j(Mj)]1, - [JjkU jk(M ji)], 0},
% =max{h+[Jjx U j(Mj)], A+ [Jjt U (M )], 0},

where
A [J k(U j(Mjk))] = cos(Ojk)u j(Mjk) + sin(@k)v j (M jk) =,/ gh j(Mjk),
At [J k(U j(M ji))] = cos(@jk)u jk(Mji ) + sin(@jk) v jk (M jk) £+ / ghjk(M jik).

Remark 2.1. In order to avoid division by 0 (or by a very small positive number), the numerical flux (2.2)is replaced with

L cos(ji) [

jk = F(U j(Mji), Bji) + F(U;(Mji), Bji) ]

P a.<in(A s



X. Liu et al. / Journal of Computational Physics 374 (2018) 213-236 217

Remark 2.2. A fully discrete scheme can be obtained by numerically solving the ODE system (2.1), (2.2)using a stable and
sufficiently accurate ODE solver. In our numerical experiments, we have used the three-stage third-order strong stability
preserving (SSP) Runge-Kutta method; see, e.g., [18,19]. The time-step size should satisfy the CFL condition (see [27]),
which can be expressed as

At < i Tk (2.5)
< -—min| ———|, )
3 jk max(aﬁ,a‘]?,t‘t)

where rjq, 1j and r;3 are the three corresponding altitudes of the triangle T ;.

2.1. Computing point values at the cell centers and gradients

We first obtain the point values Y; required in formula (2.3). Since our scheme is (formally) second-order accurate in
space, we set the cell center point values of all of the evolved quantities to be equal to their computed cell averages. In
order to compute the cell center point values of the velocities, u j~ u(x;, y;,t) and v;~ v(x;, yj,t), we use the following
desingularization procedure (which is different from the one used in [7]):

(hu); iffj > e, (hv);
hj h;
V2T ) | vaRavy,

\/ﬁj +max(ﬁj,r) \/ﬁllj-erax(Ej,r)

where € > 0 and 7 > 0 are prescribed small parameters: & > 0 represents the depth-tolerance used to switch the velocity
desingularization on and t ~_is used to avoid division by very small numbers.
The slopes (Y j and (Yy); in (2.3)are computed in a component-wise manner using the nonlinear limiter from [22].
To this end, we denote a component of Y by Y and first compute the unlimited gradients (VY); = ((Tx)j, (ry )j) in every
cell T; by taking the x- and y-derivatives of the planes passing through (x;1, yj1, Y1), (Xj2, ¥ j2. Tj2) and (x;3, y j3, Yj3) at
three neighboring cell centers:
()i = (Y3 =yiD(Yj2—Tj1) = ¥j2 — yj0) (Y3 —Tj1)
X — 9’
! Vi3 —yjn&xj2 —xj1) — (Vj2 — ¥j1)(Xj3 — Xj1)
ry) (xj2 = xj1)(Vj3 = Yj1) — (xj3 — x0)(Tj2 — Yj1)
yij= .
T k2 =)z — yin) — &3 — X0 j2 — Yi1)
The limited slopes are then given by
(T j=Aj1 (Tx)j1+Ajpp (V) j2 + Ajjz(Tx)j3,
(Cy)j=Aja (T j+Ap(Ty)j+ ATy,
where Aj1, Aj2 and Ajs are the weights defined by

s ifhjzé‘,

uj= (2.6)

, otherwise, otherwise,

o (VD215 1V D315+
T DA+ 1V Rl + (VD sl + 30
B YD1 151V D305+
S IVD 5+ VD) 2l + 1V 3l +37
B IOV B 1V D215 +7
DA+ 1Y) 20 + 1V 31 + 30

Here, the parameter 7 is a small positive number introduced to prevent division by zero. In our numerical experiments, we
have used n =104,

Aj2

j3

2.2. Positivity correction for the reconstructed water surface

Notice that the use of the limited piecewise linear reconstruction (2.3)(with the slopes calculated as described in §2.1
or using another limiter) cannot guarantee that the reconstructed water surface w (x, y) stays above the corresponding
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In [7], the following positivity correction was performed in the two possible Cases A and B
e Case A. There is only one vertex in the cell T;, say, with index « = 12, for which w j(V ) < B]K In this case, we ﬁrst set
w;(Vijp) = 112 and then determine w;(V j>3) and w;(V;31) at the remaining two vertices by setting w ;(V jp3) — B jp3 =
w;i(Vj31) —Bj31 =3 (_] — B;) based on the mass conservation. Finally, the original reconstruction (2.3)for w is replaced
in the cell T; with a new one (still denoted by w(x, y)) defined by

X=Xj Y=Y WX, y) — Wi
Xj12 —Xj Yj1z —Yj ; Bjiz —w; =0, (xy)eT; (2.8)
X3 —Xj YVj3—Vj E(Wj_Bj)—l-BjB—Wj
e Case B. There are two vertices in the cell T;, say, with indices ¥ = 12 and 23, for which w;(V ;) <BJK In this case, we

first set w;(Vj1p) = Bﬂz and w j(Vjy3) = B]23 and then the conservation requirement yields w;(V;31) — Bj31 =3 (W — Bj).
Finally, the original reconstruction (2.3)for w is replaced with a new one (still denoted by w ;j(x, y)) defined by

X—Xj y=vyi Wiy —w,
Xj12 —Xj Yiiz—Yj Bjiz—-w; |=0, xy) eT;j. (2.9)

X3 —Xj Yj3—Yj Bjm—wj

One can easily see that the linear pieces (2.8) and (2.9)are conservative and lead to non-negativity of the reconstructed
point values of water depth throughout the entire cell T;. However, in the presence of wet/dry fronts, the reconstruction
procedure (2.3), (2.4), (2.8) and (2.9)can not guarantee the well-balanced property at the wet/dry interfaces. We therefore
propose a novel wet/dry reconstruction (§3) together with a special discretization of the source term (§5) to maintain the
well-balanced property in the presence of dry areas.

3. A novel well-balanced wet/dry reconstruction

In this section, we propose a novel conservative well-balanced wet/dry reconstruction on unstructured triangular grids.
This reconstruction can be viewed as an extension of the 1-D wet/dry reconstruction from [3].
Assuming at a certain time level ¢, w; > B; for all j, we define the following three types of computational cells:

e Fully flooded cell. If w; is not lower than the bed level at all three vertices of T j, that is, if w; > max(§j12,§jzg, §j31) and
h]- :=w; — B >0, the cell is fully flooded.

e Partially flooded cell. If wj is lower than the maximum bed level in T j, that is, if B; <w;j < max(§j12, §j23, §j31 ), the cell
is partially flooded.

e Dry cell. If wj = Bj, the cell is dry.

We first recall that in partially flooded and dry cells, even the first-order piecewise constant reconstruction of the water
surface (equilibrium) variable w may lead to appearance of negative water depth point values as illustrated in Fig. 3.1
(left), in which h ;. =w, —Ej:( < 0. The correction algorithm proposed in [7](see §2.2) can guarantee the positivity of the
reconstructed water depth point values. Such correction, however, cannot guarantee the well-balanced property as illustrated
in Fig. 3.1 (right), where one can see that the reconstructed values w;(Mjx) and wjx(M jx) are not guaranteed to be the
same for a “lake at rest” steady state.

To overcome the aforementioned difficulties, we develop an alternative correction procedure, which is both positivity
preserving and well-balanced even on “dry lake” steady states.

O WM

™
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Fig. 3.2. Well-balance first-order water surface reconstruction in partially (left) and fully (right) flooded cells.
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Fig. 3.3. Two types of partially flooded cells depending on the total amount of water in the cell.

3.1. Well-balanced first-order water surface reconstruction

We first introduce a first-order water surface reconstruction, which keeps the water surface flat in a non-dry part of the
cell. This reconstruction is illustrated in Fig. 3.2 for typical partially (left) and fully (right) flooded cells.
If T; is a dry cell, then the water surface is approximated there by

w;i(x, y) =B, y).

If T; is a fully flooded cell, then the first-order reconstruction is simply

wjx,y) =Ww;j.

If T; is a partially flooded cell, then the well-balanced nonnegative first-order approximation of w consists of two
pieces—the constant and linear ones:

wij, if(x,y)eT%,

wi(x,y) = (3.1)

E(x, y), otherwise.

Here, T} is the flooded area of the partially flooded cell T; under the horizontal water surface at level w, chosen in such
way that the volume of water enclosed between the surface w = wj and the bottom topography equals to the total amount
of water in this cell, that is, to |Tj|Hj. R R R

From now on, we will consider (without loss of generality) partially flooded cells with either Bji3 > Bjj; > B3 and
distinguish between the following two types of such cells depending on the total amount of water in the cell.

Type 1. There exist two points Az and A3 such that §j13 > §j12 >wj = E(A2) = E(Ag) > §j23 and thus the area T* is a
triangle as outlined in Fig. 3.3 (left);

Type 2. There exist two points A and A3 such that §j13 > Wj= E(Al) :E(A3) > Eﬂz > §j23 and thus the area T* is a
quadrilateral as outlined in Fig. 3.3 (right).

In Type 1 partially flooded cells, the total amount of water is
wj — Bjos
3

and since simple similarity consideration gives
TSI 1A3Vjos| - |AV jo3| (wj — Bj23)?
ITjl  IVjisVizsl-1Vj12V ja3l  (Bjis —Bj23)(Bji2 — Bjaz)’
we obtain from (3.2) that
o (wj — Bj23)°
) 7 3(Riia — Ri92) (Ri1n — Rina)

|Tjlhj = T3, (32)
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— -~ (B j13 — Bj12)
Wi <Bji2+ Al LSS Lt
3(Bj13 — Bj23)

and the value of w; in this case is also obtained from (3.3) and is given by

1
wj = Bj3 + [311]‘(3;'13 — Bj23)(Bj12 — 13]‘23)]3 .
In Type 2 partially flooded cells, which according to (3.4)are characterized by the following inequality:

~ (Bjis—Bj1)?2 _ =~
B 1z %<Wj<3j13,
3(Bj13 — Bj23)

the total amount of water is

-~

— w; — Bj wi—B; +w'—§-
|Tj|hj=]f]23 |A1A3V jo3] + — 2 L

3

Note that in this calculation, the quadrilateral |T>;| is split into the two triangles, A1A3V 33 and A1V j15V j»3, and then we
once again use simple similarity considerations that give

A1V j12V 23] (3.5)

|A1A3Vja3| _ [A1A3V o3l A1 VjisVijpsl _ 1AsVijosl  [VjisAal Wj—§j23 . EjB—Wj
IT;| |[A1Vj13V jos3| Tl IVj13Vijasl |Vji3Vijial  Bjis —Bjas  Bjiz — Bji2
and
[A1VjiaVijosl  |A1Vja| Wj—§j12
IT;l IVi13Vji2l  Bji3—Bjia’

which are after being substituted into (3.5) result in the following cubic equation for w;:
3 —~ 5 PO PO PO
wj —3Bji3w; +3(Bj23Bj13 + Bj12B j13 — Bj12Bj23) w;

+ |:3i_1j(§j]3 —§j12) - §j12(§j]2 +§j23 )] (§j13 - §j23) - 5323/151'13 =0.

Remark 3.1. The obtained quantities w;(x, y) will be used twofold. Firstly, they will be used in §3.2 to develop a second-
order well-balanced piecewise linear water surface reconstruction. Secondly, they are used to modify the computation of
the unlimited gradients (Vw); = ((wx)j, (Wy)j)T in (2.7)in the case when the cell T ; is fully flooded, but (at least) one
of its neighboring cells T is either partially flooded or dry. We note that a straightforward use of (2.7)in such a situation
may lead to significant oscillations at wet/dry interfaces and the scheme may fail to preserve “lake at rest” steady states.
In order to overcome this difficulty, we modify formula (2.7)in such problematic cells by replacing the point

& ¥ jk» Wjk) with (M, 5[wj(Mjo) + w jx(Mj)]) there.
3.2. Well-balanced second-order water surface reconstruction

In this section, we present a new piecewise linear well-balanced nonnegative reconstruction, which is the key component
of the proposed new central-upwind scheme. This reconstruction, denoted by W®™ (x, y) = Zj,k ﬁ/ﬁo”(x, ¥), can be viewed

as a correction of the limited piecewise linear reconstruction w(x, y) given by (2.3) and described in §2.1 and Remark 3.1.
If T; is a dry cell, then

W(x, y) = B(x, y).

If T is a fully flooded cell, then no correction is necessary and we set

Wi (X, y) =W j(x, ).
If Tj is a partially flooded cell, then the well-balanced nonnegative second-order approximation of w may consist of two
linear pieces:

Wix,y), if(x,y)eT?,

ws " (x, :{ 3.6
4 *¥) B(x. v). otherwise. (36)
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Fig. 3.4. Proposed linear piece w(x, y) in Case 1.

the definition given in the beginning of §3 the cell T; is only partially flooded. In such a cease, the corrected reconstruction
v~v§°”(x, y) will consist of one linear piece only; the details will be explained below.

In the remaining part of this section, we describe how to obtain T}* and W (x,y) in a partially flooded cell. To this
end, we first ~compute the Roint value wjp3 at the vertex V j3 with lowest bed level in the cell T; (as in §3.1, we will
assume that Bj13 > Bj12 > Bj»3). We will also assume that V3 is a common vertex of m surrounding cells, denoted by
T}-B, ..., Tj33 (notice that the studied cell T} is one of these cells as V j23 € Tj), and then take

W'y3(Vja3), ifThyy isafully flooded cell,
Wj23 = max w', wi= W;B(ijg), if T}zz is a partially flooded cell, i=1,...,m, (3.7)
B 23, if T}23 is a dry cell,

where \/Nv"j23(x, y) is a linear piece of the reconstruction w(x, y) in the cell T;"z3 and WS~23(X, y) is the corresponding flat
water surface reconstruction (3.1) computed in §3.1.
Equipped with w >3 computed in (3.7), we set

Wj(Vja3) i= Wjas3.

We will then distinguish between the following three cases depending on the total amount of water in the partially
flooded cell T j.

Case 1. There exist two points A, = (Xa,, ¥a,) € Vj12Vj23 and A3 = (Xa,, ¥a;) € V13V 23 such that E(Az) — B(A3) and
the total amount of water in the cell T; is equal to

o~

— W23 — Bj23
hj|Tj| = =212 A2 A3V jp3). (3.8)

3

In this case, T’; is a triangle A2A3V 23, Wj(A2) = §2 = §(A2), W i(As3) =§3 = E(A3), and Wj(x, y), shown in Fig. 3.4, is a
linear piece that passes through the following three points: (A> ,§2), (A 3,§3) and (Vj23, wj23), namely,

X—Xjp3 y—Yjp3 Wi, y)—w;jx

XA, —Xj23 YA, —Vj23 B, —wj3 |=0, (xy) eTj. (3.9)
XAy —Xj23 YA —Vj23 B3 — wija3

In order to use (3.9), we need to determine x4,, Y A,, XA;, Y4s, Ez and §3. This can be done as follows. First, note that the
location of the points A and As can be described using two constants ko, k3 € (0, 1] such that A; =kaVj12 + (1 —k2)Vjo3
and A3 =k3V j13+ (1 —k3)V 23, and thus by simple similarity considerations

By =kBj12 + (1 —k)Bjo3, B3 =k3Bj13+ (1 —k3)Bjo3, T | = ksk2|T}).

This together with (3.8) and the fact that B, = B3 result in
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Viaz

Vie

Fig. 3.5. Proposed linear piece w (x, y) in Case 2.

Since these quantities need to be between 0 and 1, we conclude that Case 1 is characterized by the following condition:

= (Ejlz —§j23)(Wj23 _§j23)

0<hj< (3.11)
3(Bj13 — Bj23)

Case 2. There exist two points A1= (xa,,¥4,) € Vj13Vj12 and A3 = (Xa,, ¥a;) € V;j13Vj23 such that E(Al) :§(A3) and
the total amount of water in the cell T; is equal to
—§'23 W12 —§'12 + Wj23 —
%|A1A3ij3l+ ! / 3 /

In this case, ij is a quadrilateral A1A3V 23V j12, W;j (A1) =’l§1 .= B(Ay), Wi(As3) = §3 := B(A3), and W j(x, y), shown in

- Wj23 §‘23
hj|T;| = — A1 Viia Vsl (3.12)

Fig. 3.5, is a linear piece that passes through the following three points: (Aq, §1), (As, §3) and (Vj3, w j3), namely,
X—=%X23 Y- Yj3 WX y)—wjs
XA, —Xj23 YA, — Yj23 B1—wjs |=0, (xy) eTj, (3.13)
| XA, —Xj23 YA; — Vj23 B3 — wjz3 I
and wjip 1= \;Vj(Vju). R R
In order to use (3.13), we need to determine x4,, y¥a,, XA;, ¥4, By and Bs. This can be done as follows. First, note that
the location of the points A; and A3 can be described using two constants ki,ks € (0, 1] such that A1 =k V3 + (1 —
k1)Vj12 and A3 =k3V j13+ (1 —k3)V 23, and thus by simple similarity considerations
Bi=k1Bji3+ (1 —ki)Bj12, B3 =ksBj13+ (1 —k3)Bjos, (3.14)
A1V j12V jo3| =k |Tjl, [A1A3V ja3| =ks(1 —k1)[T}|. (3.15)
Note that (3.14) implies that
Bj12 — Bj13

k3 =1-
Bj>3 — Bj13

(1 k). (3.16)

We then use the similarity considerations once again to obtain

B1=kw;j(Vj13)+ (1 —ki)wji2 =kiBj13 + (1 —k1)Bj12,
B3 =k3W;(Vj13)+ (1 —k3)wj23 =k3Bj13 + (1 —k3)Bjo3,
which together with the fact that §1 =§3 gives
~ k](] — ’(3) ~
Wi1p = B —  ~"(wij3 — Bi23). 317
j12 =Bjia + k5 k) (Wj23 — Bj23) (3.17)

Next, we substitute (3.14), (3.15) and (3.17)into (3.12), and introduce « := 3h_j/(Wj23 - §j23) and B := (§j12 -

R::~\/(R:nn —_ R:ia) and tn nhtain tha fallnurina Fithic aanatian foar (1 _ Lo
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Fig. 3.6. Proposed linear piece W (x, y) in Case 3.
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This equation can be solved analytically. We are interested in a solution k; € (0, 1], which may or may not exist. If it exists

(see the discussion below), then k3 and w12 are obtained from (3.16) and (3.17), respectively.
We note that in the limiting case of k1 =1, (3.18)results in

P 2§j13 —§j23 —§j12
! 3(Bj13 — Bj23)

(Wj23 — Bj23).

(3.19)

Using the fact that in this case w;(V13) =§j13 and thus BE]- =(Wj23 —/szg) + (Wj12 — §j12), we obtain from (3.19) that

_ (Bj13 — Bj12)
(Bj13 — Bj23)
Notice that the value w*_, is introduced here since it will be used in the description of Case 3 below.
Finally, we use (3.11) and (3.19)to conclude that Case 2 is characterized by the following condition:

. - ~
Wji2 = Wjy: (W j23 — Bj23) + Bj12.

(B j12 — Bj23)(Wj23 — Bj23) <hi < 2B j13— Bj23— Bj12
=hj=

(W23 — Bjo3).
3(Bj13 — Bj23) 3(Bj13—Bj23) ! !

Case 3. The third possible case is characterized by the condition, which is complementary to (3.11) and (3.21):

. 27;113 —§j23 — §j12
'= 3(Bj13 — Bj23)

In this case, T;.‘ =Tj, and the reconstruction (3.6)over T ; consists of just one linear piece W j(x, y) given by

(W23 _§j23)-

| x— X3 Y=Yz Wi y)—wjs |
Ilez —Xj23 Yj1i2—Yj23  Wji2 —Wj23 I=0, x,y) €Tj;
|Xj13 —Xj23 Yj13—Yjp3 Wiz —Wjps |

see Fig. 3.6.
In order to use (3.23), we need to determine the values wji3 and wjiz. This is done by setting

Wjip = W?lz +Aw, wji3=Bji3+Aw
where w”}lz is given by (3.20) and Aw is determined by the conservation requirement:

3Ej =Aw+ (Aw + W?]Z —§j12) + (Wj3 — §j23),

which results in

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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3.2.1. Summary of the second-order water surface reconstruction procedure

We now summarize the proposed piecewise linear well-balanced nonnegative reconstruction procedure.

1. Compute the first-order well-balanced nonnegative water surface reconstruction w j(x, y) as described in §3.1.

2. Compute the unlimited gradients (Vw) ; using the method described in Remark 3.1.

3. In each partially flooded cell T;j, compute the water level w j, at the vertex with the lowest bed level in T;j. This
is described in (3.7)for the case of the lowest bed level being at the vertex V jz3 (two alternative possibilities are treated
similarly).

4. In each partially flooded cell T;, determine whether it corresponds to Case 1, 2 or 3 depending on which of the
conditions, (3.11), (3.21)or (3.22), respectively, is satisfied.

e In Case 1, compute k; and k3 using (3.10) and then w (x, y) is given by (3.9).

e In Case 2, compute k1 and k3 using (3.18) and (3.16) and then W;j(x, y) is given by (3.13).

e In Case 3, compute w j12 and wji3 using (3.20), (3.25) and (3.24) and then W j(x, y) is given by (3.23).

Once W j(x, y) is determined, we obtain vao"r(x, y) using (3.6).

5. Finally, using the corrected piecewise linear reconstruction Wjo”(x, ¥), update the point values w ;. and w;(Mj) as
well as the piecewise constant gradients VWw(x, y) in partially flooded cells. These new quantities are then used in the
numerical scheme described in §2, §4 and §5.

4. Positivity correction of the central-upwind scheme

In order to preserve the positivity of water depth computed using the proposed numerical scheme, we generalize the
“draining” time-step method from [3,4] to the triangular mesh used in this paper.

We begin by studying the positivity preserving property of the central-upwind scheme described in §2. To this end,
we apply the forward Euler temporal discretization to the first component of the scheme (2.1), (2.2)(the obtained result
will also apply to the discretization obtained by the three-stage third-order SSP method used in the numerical examples
reported in §6 below):

3
—n+1 —n At Ejk in 1 out 1
w; =wj— |T—| m jkhjk(Mjk)ujlc(M]k)+ Ak h](M]k)Uj (M]k)
J Jjk ]Ic
4.1)
m Ol.lt
]k Jjk
Z W 1 [ (Mji) — w (M ji)],
|T] + ik

where ujl(Mjk) :=uj(Mjk)cos(@jk) + v j(Mjr)sin(0jx) and uﬁc(Mjk) == ujk(Mjr) cos(®jk) + vjk(M k) sin(@jk). Using the fact
that

— 41 — =n+1 =n

W}H wi=h;  —hj and wj(Mj)—wi(Mjo)=hjMj)— hj(Mj),
the scheme (4.1) can be rewritten as:

3 in
—n+1 —-n At E jkajk 1
hj  =hj+ — Z 7outhjk(M e — (M jio]

ITjl 4= ak +a
ik (4.2)
At EJk in n
- |T]| 7”( ta outh (M]k)[ jktuj (Mjk)]~
For fully flooded cells,
1 3
—-n
hj = §Zhj(zvljk), (4.3)
k=1
which after being substituted into (4.2)leads to the positivity preserving result established in [7]: h ;H > 0 provided
1 . rj
At < — min % . (4.4)
6 jk max(a]k’ Jjk

Nntira that thic tima_ctan ractrictinn ic twrira ctrictar than tha Aana in (D R\
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arbitrarily small. To overcome this numerical difficulty, we use the “draining” time-step technique originally developed
in [4], which we extend to unstructured triangular meshes as follows.

We first introduce the “draining” time-step At‘}ra‘“ which represents the minimum time needed for the cell T; to be
completely drained. It is defined by

—n
At(}rain = —| Tilh;
Z max(0, H(l))
k=1

where H (}() is the first component of the numerical flux H j is the numerical flux given by (2.2). Notice that for fully flooded
cells Atdram At, while for dry cells Atdra"‘ 0.
We then define the local “draining” tlme step At j for each edge £ ji of the cell j:

min(At, AJRIM) - if HY > 0,
Atjk - : drain i (D)
min(At, Atjk ), if ij <0,
where Atfkra“’ is the “draining” time-step in the neighboring cell T ji, and At is computed by (4.4), but with the minimum
taken there over the flooded cells only.
Finally, equipped with Atdk”i“, we replace the forward Euler discretization of (2.1)with

U =0 - T ZAt,,<H,k+Ats] (4.5)
J

One can show that under the time-step restriction (4.4), the scheme (4.5)preserves positivity of h. We omit the proof as it
is similar to the proof of the analogous result in [4].

5. Well-balanced discretization of the source terms

In this section, we develop a well-balanced discretization of the source terms, which guarantees that “lake at rest”
steady-state solutions,

w=max{C, B(x, y)}, C = Const, u=v=0, (5.1)

are exactly preserved by the resulting central-upwind scheme in the presence of wet/dry fronts. This means that in both par-
tially and fully flooded cells, the source discretization S j should exactly balance the numerical fluxes so that the right-hand
side (RHS) of (2.1) vanishes at “lake at rest” steady states.

_To this end, we substitute the “lake at rest” state (5.1)into (2.1), (2.2) and conclude that a well-balanced quadrature for
S j should satisfy the following two conditions:

Atjk (2)
2|T] ;Ejkcos(ejk) Ar [C B(M]k)] -0 (52)
and
Atik 2 =)
szks‘“”ﬂd — [c-BMw] +57 =0, (5.3)
2|T] k=1 At
where
=@ e
i~ |T| /(C B(x, y))Bx(x,y)dxdy, S;"~ IT| /(C B(x,y))By(x,y)dxdy.
j

In order to derlve a well-balanced quadrature, we follow the approach in [7] and first apply Green’s formula,
fij divG dxdy = faTjg -nds, to the vector field G = (]j(w(x, y) — B(x, ¥))%,0) and obtain

(w(x,y) = B(x, y))*
2

—/ (Ww(x,y) — B(x, ¥))Bx(x, y) dxdy = cos(6 jk) ds

k 1
T; OT j)k (5 A
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where (3T;)x is the k-th side of the triangle Tj, k=1, 2, 3. Next, unlike the discretization in [7], which uses the midpoint

rule for all of the integrals on the RHS of (5.4), we apply the midpoint rule to the line integrals there, while the double

integral is approximated using the trapezoidal rule. This results in the following quadrature for §( ).

3
—(2) Atijy 2
=377 Z jk cos(Bji) - A—;‘ [wMj) —BMj]
P (5.5)
g_ Wj12 — 3112) Wx(Vj12) + (Wja3 — 123) Wx(Vja3) + (Wj13 — 3113) Wx(V]13)]
A similar quadrature for §j(3) is
_(3) 3 Atjk
=371 Z jisin@j) - —= - [w(Mj) - B(M )]
P (5.6)
g
—3 Wiz — 3112) wy (Vj12) + (W ja3 — 3123) wy(Vja3) + (Wj13 — 3113) Wy(V113)]

Notice that the reconstruction procedure presented in §3.2 ensures that at the steady state (5.1), either wj, = =B; jie or
Vw (V) =0 throughout the entire computational domain. This implies that (w j, — B]K) Wx(V ) = (Wi — B]K) wy(Vje) =
0 and therefore the quadratures (5.5) and (5.6)satisfy the desired well-balanced requirements (5.2) and (5.3).

6. Numerical examples

In this section, we will demonstrate the performance of the developed “truly” well-balanced central-upwind scheme,
which will be referred to as a “new scheme”, and in Examples 3 and 4, we will also compare the obtained results with the
ones computed using the scheme described in §2, which will be referred to as an “old scheme”.

In all of the examples, we set the gravitational acceleration to be g = 9.8 and the desingularization parameters T and ¢

n (2.6)are taken to be T =max ;{|T; 1’} and &€ =104 (except for Example 4, in which we take & = 1072).

Example 1—Accuracy test
In the first example taken from [47], we test the experimental order of accuracy of the proposed numerical scheme.
We use the following 1-D data,

B(x,y) = sinz(n’x), h(x,y,0) =5+ ecos(erx)’
(hu)(x, y,0) =sin(cos(2mx)), (hv)(x,y,0)=0

which is artificially extended to the narrow 2-D computational domain [0, 1] —1/(2N),1/(2N)], which is first divided
into N uniform Cartesian cells, each of which is then split into 4 uniform trlangles so that the total number of triangular
cells is N x 4. We use the periodic boundary conditions at x =0 and x = 1 and reflecting (solid wall) boundary conditions
at the other boundaries.

We compute the solution until the final time t = 0.1. The reference solution is obtained using 3200 x 4 cells and then
used to compute the L'-errors and experimental rates of convergence. The results presented in Table 6.1 demonstrate that
the expected second order of accuracy is achieved.

Example 2—Dam-break wave propagating over an initially dry inclined plane

In the second test, we compare the performances of the “new scheme” implemented using the proposed first-order
§3.1 and second-order §3.2 wet/dry reconstructions in the partially flooded cells at wave fronts. To this end, we capture a
dam-break wave over an initially inclined plane. In this test taken from [9,47], the analytical formula for the wave front
position is available.

Table 6.1
Example 1: L' -errors and experimental rates of convergence.
N x 4 h hu
L' -error Rate ['-error Rate

50 x 4 243 %1073 - 1.89 x 1072 -
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Fig. 6.1. Example 2: w(x,0,0) and w(x,0,3) computed using the second-order wet/dry reconstruction described in §3.2 over the inclined bottom B(x, 0)
(left); the exact and computed wave front positions, computed using the first- and second-order wet/dry reconstructions (right).

In this test, the initial data are

1-B(,y), x<0,
h(x,y,0) = ukx,y,00=v(x,y,0) =0,
0, x>0,

and the bottom topography is given by

B(x,y) =xtan(x),

where « is the inclination angle, which is set to o = 7r/30.

This is a 1-D test, which we artificially extend to the narrow 2-D computational domain [—15, 15] x [—1/40, 1/40],
which is first divided into 2400 uniform Cartesian cells, each of which is then split into 4 uniform triangles so that the total
number of triangular cells is 9600. The reflecting (solid wall) boundary conditions are imposed at all of the boundaries.

According to [9,47], the exact position of the wave front as a function of time is given by

X (t) =2t/gcos(a) — %tztan(oc).

We run the simulations until the final time t = 3. In Fig. 6.1 (left), we plot the cross sections along y = 0 if the initial
and computed (using the second-order wet/dry reconstruction described in §3.2) water surfaces over the inclined bottom.
In Fig. 6.1 (right), we show the exact and computed wave fronts as functions of time. As one can clearly see, the “new
scheme” implemented using the proposed second-order wet/dry reconstruction §3.2 predicts the wave front position more
accurate than the same scheme, but implemented using the first-order wet/dry reconstruction from §3.1.

We would like to stress that in this comparison test, the same piecewise linear reconstructions are used in the fully
flooded cells and different wet/dry reconstructions are only applied in partially flooded cells near the wet/dry front. We
would also like to point out that the experimental location of the front is defined as the first cell where the water depth
exceeds 10~ if counted from the right to the left.

Example 3—“Lake atrest” steady state in the domain with wet/dry interfaces

This test case is designed to demonstrate the well-balanced property of the “new scheme” in the presence of wet/dry
interfaces, which is enforced by applying the new well-balanced water surface reconstruction (§3.2) and corresponding
discretization of the source terms (§5). To this end, we simulate a quiescent lake around an island using the “new scheme”
and compare the obtained results with those computed by the “old scheme”.

In this example, we take the computational domain [0, 4] x [0, 2] (divided into 12800 triangular cells), the exponential-
shape bottom topography

B(x,y) = 0.8e2*x=2) —4y-1? ,
the “lake at rest” initial data

w(x, y,0) =max(0.5, B(x, y)), ukx,y)=v(x,y)=0,

and reflecting (solid wall) boundary conditions.
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Fig. 6.2. Example 3: Water surface around the partially submerged hump computed using the “new scheme”.
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Fig. 6.3. Example 3: Water surface computed by the “new” (left) and “old” (right) schemes. (For interpretation of the colors in the figures, the reader is

referred to the web version of this article.)
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Fig. 6.4. Example 3: Water velocities u (top row) and v (bottom row) computed by the “new” (left column) and “old” (right column) schemes.

We then perform the same computation by the “old scheme”. In Fig. 6.3, we show the contour plots of the water surface
computed by both schemes at time ¢t = 10. It can be clearly observed that while the “new scheme” preserves the “lake at
rest” steady states, the “old scheme” generates spurious oscillations on the quiescent lake surface.

In Fig. 6.4, we show the computed velocities u and v. Once again, while the velocities computed by the “new scheme”
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Fig. 6.5. Example 4: 1-D slice of the bottom topography and water surface. The plot is not to scale.

Example 4—Small perturbation of the “lake at rest” steady state

In this example, we solve the initial value problem, which is a modification of the test problem proposed in [7]. We
define a hump partially submerged in water so that there is a disk-shaped island at the origin; see Fig. 6.5.

In this example, we take the computational domain [0, 1] x [0, 1] (divided into 25600 triangular cells), the radially
symmetric bottom topography

1.1, r<0.1,
B(r)y=1411(02-r1), 01<r=<0.2, r:= \/(x —0.5)2 4 (y — 0.5,
0, otherwise,
the initial data
1+ ey, 0.1 <x<0.2,
Wiy, 0= max[1, B(r)], otherwise, Hx. . 0 =vix.y.0)=0

with &g = 0.01, and the homogeneous Neumann boundary conditions.

We then simulate a small perturbation that travels on initial quiescent water surface around the island using both the
“new” and “old” schemes and plot the water surface computed at times t = 0.06, 0.1, 0.14 and 0.2 in Fig. 6.6. As one can
clearly see there, in the results obtained using the “old scheme” (see the right column of Fig. 6.6), spurious waves are
generated in the cells at the wet/dry front and then they are spread outwards interacting with the right-going perturbation
(notice that a much larger number of triangular cells was used in [7]to suppress the developed spurious waves). In contrast,
as one can see in the left column of Fig. 6.6, such spurious waves are completely eliminated by using the “new scheme”
even on a very coarse mesh. This clearly demonstrates the advantage of the “new scheme”.

Example 5—0Oscillating lake in a parabolic basin
In this example, water sloshing in a frictionless parabolic basin involves simultaneously wetting and drying. The bottom
topography is defined by

hs
B(x,y) = L—z(x2 +y?) (6.1)

where hg and L are positive parameters. As it was shown in [43], the system (1.1)-(1.3), (6.1) admits the following periodic
solution:

¢ .
w(x, y,t) =h [1 + L—2(2xcos(a)t) + 2y sin(wt) —¢)] , 62)

u,y,t)=—¢wsin(wt), v(x,y,t)=—¢wcos(wt),

where w =27 /T is the frequency of the circulation and T is its period. We use the parameters given in [33], that is,
T =3600, hs =10, L =8025.5 and ¢ = L/10. The water circulation is simulated in a [—10000, 10000] x [—10000, 10000]
computational domain which is divided into 11714 triangular cells. The initial conditions at t = 0 are provided by (6.2)
computed at t = 0 and the homogeneous Neumann boundary conditions are set.

Fig. 6.7 shows both the exact and computed water surfaces at times t = 1.25T and 1.75T. As one can clearly see, they
are in good agreement and no distortion is observed near the shorelines.

In Fig. 6.8, we plot the velocity components u and v as functions of time at the point (x, y) = (1000,0) for three
periods. It can be observed that for both u and v the numerical results agree very well with the exact solution. Fig. 6.8 also
demonstrates the converges of the computed solution to the analytical one as both the coarse (with 5808 triangular cells)
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Fig. 6.6. Example 4: Water surface computed by the “new” (left column) and “old” (right column) schemes.
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Fig. 6.8. Example 5: Simulated and analytical velocity components u and v at different times computed on the coarse and fine meshes.
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Fig. 6.9. Example 5: L!-errors for u and v as functions of the number of triangular cells.

observe, the achieved experimental convergence rates (between 1 and 2) are comparable to those reported in the literature;
see, e.g., [8,14,20].

Example 6—Dam-break wave propagating over irregular dry bed
In this example, we simulate a moving wet/dry front produced by a dam-break wave propagating over a frictional dry
bed with three mounds. The dam-break is simulated in the [0, 6] x [0, 6] domain with the bottom topography defined by

B(x, y) = max [0‘5678(x72)2710(y73)2’ O.2e*3("*4)2 —4(y—4.8)2 ’ 0_2673(#4)274(5/71.2)2] )

In order to take into account the friction effect, we add the Manning friction terms and modify the governing equations
(1.2) and (1.3)as follows:

gnbu\/u2 +v2
h1/3 ’

gnbvvu +v?

Y

(hu)e + (hu2 + %hz)x + (huv)y = —ghBx —

(hv)e + (huv)y + (hv2 + Egh2>y = —ghBy —

where n, is the Manning roughness coefficient. We take n, =0.01.

We numerically solve the system (1.1), (6.3)using the developed well-balanced positivity preserving semi-discrete
central-upwind scheme. Due to the presence of friction terms, the resulting ODE system (2.1)is now stiff. We therefore
integrate it using the steady state and sign preserving semi-implicit Runge-Kutta methods from [10]; see also [11].
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Fig. 6.11. Example 6: Simulated water depth at different times.

In Fig. 6.10, we show the 3-D view of the dam-break wave propagation over the initially dry bed at different times. It
can be observed that the proposed scheme performs well when handling both wetting and drying processes. In Fig. 6.11,
where the contour lines of the water depth computed at different times are plotted, the reflections and interactions of the
waves can be clearly seen and no oscillations or disturbances are observed at the wet/dry boundaries.

Example 7—Two-dimensional solitary wave run-up on a conical island

In this example, we compare the proposed method with a laboratory experiment simulating a solitary wave that passes
around a conical island. The laboratory experiments were performed at the Coastal and Hydraulics Laboratory (see [6]) and
the measured data are compared with the simulated results. As described in [5,37], this experiment may not be an ideal
test for the accuracy of developed numerical methods as the waves generated in the laboratory are dispersive. However, it
can be used to test the robustness of the numerical methods for simulating long wave run-up on arbitrary 2-D topography
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Fig. 6.14. Example 7: Simulated velocity vectors around the conical island at different times.

0.625, r<1.1,
Bar)=1{0.253.6—r), 1.1 <r<3.6, rzz\/(x—12.96)2+(y—13.8)2;

0, otherwise,

see Fig. 6.12 (right). The computational domain [25 x 27.6] is divided into 72152 triangular cells with the grid refined in
the island area as shown in Fig. 6.12 (left).
In the numerical test, the initial conditions correspond to the “lake at rest” with

w(x,y,0) =max{D, B(x,y)}, u(x,y,0)=v(x,y,0) =0,

where D =0.32 m. The boundaries at y =0 and y = 27.6 are set to be reflecting (solid wall), the boundary at x =25 is set
to be outflow, and an inflow boundary at x = 0 is set to replicate the wave-maker produced planar solitary wave:

H D
W(O,y,t)=D+HWsech2|-\ 3—WC(t—T)-|, u(O,y,t):C(l—m), v(,y,t) =0,

AN3



X. Liu et al. / Journal of Computational Physics 374 (2018) 213-236 235

We numerically simulate the initial run-up and run-down processes occurring within the first 20 s. In Fig. 6.13, we
compare the computed and experimentally measured water surfaces as functions of time at the following five gauges:
WG3(6.82,13.05), WG6(9.36,13.80), WG9(10.36,13.80), WG16(12.96,11.22) and WG22(15.56,13.80). As one can see, the
proposed numerical method is capable of simulating correct tendency of the water surface changes and arrival times. The
agreement between the simulated and experimental data are satisfactory. Similar predicted results are observed in [5,21,37].
The discrepancies, especially the underestimation of the steepness of the wave, could be explained by the underprediction
in the secondary depression wave which follows the main wave; see [37].

In Fig. 6.14, we show the velocity vectors computed at different times when the wave passes around the conical island.
As one can clearly see, no oscillations or artificially large velocity magnitudes are generated at the wave front during the
wetting-drying process. This verifies the robustness of the proposed numerical method.

7. Conclusion

In this paper, we have developed a new “truly” well-balanced positivity preserving semi-discrete central-upwind scheme
for the 2-D Saint-Venant system of shallow water equations. The well-balanced and positivity preserving properties are
ensured with the help of a novel wet/dry water surface reconstruction on unstructured triangular grids. In partially flooded
cells, the proposed reconstruction is based on a subcell resolution and may consist of two linear pieces designed to accu-
rately approximate the wet/dry interface within the cell. In addition, the use of the new wet/dry reconstruction requires a
special discretization of the source term, which has been developed to guarantee that the resulting scheme is well-balanced.
The positivity of the computed water depth has been enforced using a “draining” time-step technique. We have performed
several numerical experiments designed to demonstrate the ability of the proposed scheme to capture involving wet/dry
interfaces in a stable, non-oscillatory manner.
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