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is stiff and conventional explicit numerical methods are extremely inefficient and often
impractical. Our goal is to design an asymptotic preserving (AP) scheme, which is uniformly
asymptotically consistent and stable for a broad range of (low) Froude numbers. The goal
is achieved using the flux splitting proposed in [Haack et al, Commun. Comput. Phys., 12

Is(:{,rf\ﬁiam system of shallow water (2012), pp. 955-980] in the context of isentropic Euler and Navier-Stokes equations. We
equations split the flux into the stiff and nonstiff parts and then use an implicit-explicit approach:
Coriolis forces apply an explicit hyperbolic solver (we use the second-order central-upwind scheme) to
Asymptotic preserving scheme the nonstiff part of the system while treating the stiff part of it implicitly. Moreover, the
Central-upwind scheme stiff part of the flux is linear and therefore we reduce the implicit stage of the proposed

Flux splitting

ok > method to solving a Poisson-type elliptic equation, which is discretized using a standard
Implicit-explicit approach

second-order central difference scheme.
We conduct a series of numerical experiments, which demonstrate that the developed
AP scheme achieves the theoretical second-order rate of convergence and the time-step
stability restriction is independent of the Froude number. This makes the proposed AP
scheme an efficient and robust alternative to fully explicit numerical methods.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

We consider the two-dimensional (2-D) Saint-Venant system of shallow water equations with Coriolis forces:

hy + (hu)x + (hv)y =0, (1.1)

(hu)¢ + (hu2 + §h2> + (huv)y = fhv, (1.2)

(h)e -+ vy + (nv2 + En?) = fhu, (13)
2 Jy

where t is the time, x and y are horizontal spatial coordinates, h(x, y, t) is the water depth, u(x, y,t) and v(x, y,t) are the
x- and y-components of the flow velocity, g is the constant gravitational acceleration, and f is the Coriolis parameter.
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The system (1.1)-(1.3) is often used to model atmospheric and oceanic flows. In such large scale phenomena, Froude
number is used to describe different flow regimes and, as discussed in [22], low Froude numbers give rise to multiple
spatial or temporal scales or both. Low Froude numbers are typically observed in many physics, engineering and industrial
phenomena, for example, as described in [4], the reference Froude number is around 0.03 in the atmospheric and oceanic
flows. We note that the zero Froude number limit solution is challenging due to the following two major reasons. First, the
type of the Saint-Venant system changes from hyperbolic to mixed hyperbolic-elliptic. Second, the system becomes very
stiff, which makes it extremely difficult to design efficient and accurate methods for its numerical solution. For example,
if conventional explicit schemes are used, then the spatial mesh size is supposed to be proportional to the Froude num-
ber and the time-step size, restricted by the CFL condition, is supposed to be even smaller as the propagation speeds of
the system (1.1)-(1.3) are inversely proportional to the Froude number; see, e.g., [12,13,30]. This may lead to very expen-
sive computational cost when numerically solving the Saint-Venant system with Coriolis forces in the low Froude number
regime.

In order to overcome the aforementioned difficulties, a class of algorithms named asymptotic preserving (AP) schemes
have been developed and recently attracted a lot of attentions. According to definition in [17,18], an AP scheme gives
a consistent and stable discretization of a continuous physical model for all values of a singular perturbation parameter
(throughout the paper, we will denote this parameter by ¢). In particular, the scheme is AP if it is uniformly stable in &,
that is, the stability time-step restriction is independent of ¢.

The AP schemes have been widely studied for the kinetic equations; see, e.g., [16,19,20] and references therein. They have
been also applied to the low Mach number compressible Euler and Navier-Stokes equations in [5,8-10,14,21,29]. Several AP
schemes have been developed for the shallow water equations; see e.g., [4,11,33]. Adding Coriolis forces to the Saint Venant
system brings another level of complexity since in this case, not only the hydrostatic pressure, but also the Coriolis term
is stiff in the low Froude number regime. To the best of our knowledge, no AP scheme for the shallow water equations
with Coriolis forces has been ever reported; we can only refer the reader to the recent paper [34], where an asymptotically
consistent method has been developed for rotating shallow water equations with Coriolis forces.

In this paper, we develop an AP scheme for the shallow water equations with Coriolis forces. Our method is based on the
hyperbolic flux splitting proposed in [14] in the context of isentropic Euler and Navier-Stokes equations. We split the flux
into the stiff and nonstiff parts and then use an implicit-explicit approach: apply an explicit hyperbolic solver (we use the
second-order central-upwind scheme developed in [25,26] for general multidimensional hyperbolic systems of conservation
laws; also see [23,24]) to the nonstiff part of the system while treating the stiff part of it implicitly. Moreover, the stiff part
of the flux is linear and therefore we reduce the implicit stage of the proposed method to solving a Poisson-type elliptic
equation, which is discretized using a standard second-order central difference scheme.

The paper is organized as follows. In §2, we first rewrite the system (1.1)-(1.3) in a dimensionless form and explain the
numerical difficulty for solving this system in the low Froude regime. In §3, we follow the flux splitting idea from [14]
and develop an AP scheme for the shallow water equations with Coriolis forces. In §4, we verify the performance of the
developed AP scheme on two numerical examples. Some concluding remarks complete the paper in §5.

2. Dimensional analysis

We first rewrite the Saint-Venant system with Coriolis forces (1.1)-(1.3) in the dimensionless form. To this end, we
introduce the characteristic length ¢g, characteristic depth hg, and characteristic velocity wq. Therefore, the dimensionless
variables can be defined by

- X .y ~ h _ u v

X _ Y _ N

, Y ) : , u: ,
Lo Lo ho wo wo

Substituting them into (1.1)-(1.3) and dropping the hats in the notations, we obtain the dimensionless form of the shallow
water equations with Coriolis forces:

Sr-ht + (hu)x + (hv)y =0, (2.1)
1
Sr-(hu)t—i—(hu +——> +(huv)y—R—hv, (2.2)
1 h 1
Sr-(h h = —— hu, 2.3
E (), + (huv)y + ( o 2) L (23)
in which
Sr—g—0 Frim= —%  and Ro= =2

Ctowo T Jgho bof
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are the Strouhal, Froude and Rossby numbers, respectively. After choosing to = £9/wo and hg = E% /g and the reference
Froude number Fr = ¢, we obtain Sr=1 and Ro = &, and rewrite the system (2.1)-(2.3) as

he + (hu)y + (hv)y =0, (2.4)
, 1h? 1
(hw)e + | hu® + = =) + (huv)y = —hv, (2.5)
€22 ), €
, 1h? 1
(hv)e + (huv)x+ (hve + 5 — ) =——hu, (2.6)
gs 2 y &

which is considered in a certain domain €2, that is, for (x, y) € Q.
In the vector form, the system (2.4)-(2.6) reads as

Ui+ F(U)x + GU)y = S(U),

where U := (h,hu,hv)" is the vector of unknown quantities, F(U) := (hu, hu? —i—hz/(282),huv)T and G(U) := (hv, huv,

hv? + hz/(2<92))T are the x- and y-fluxes, and S(U) := (O,hv/s, —hu/a)T is the source term due to Coriolis forces. The
eigenvalues of the Jacobians 0F /0U and dG/dU are

{uié\/ﬁ, u} and {v:l:é«/ﬁ, v},

respectively. Therefore, if one discretizes the spatial domain 2 using Cartesian cells of size AxAy and uses an explicit
scheme to numerically solve the system (2.4)-(2.6), the CFL condition yields the following time-step restriction:

AXx Ay

s = O(¢Amin), (2.7)
max[|u|+%«/ﬁ] max{|v|+%«/ﬁ]
u,h v,h

Atexpl < V- min

where Apjp := min(Ax, Ay) and 0 < v <1 is the CFL number. Moreover, numerical diffusion of explicit schemes would
typically be proportional to e 1A, where Amay := max(Ax, Ay) and p is a formal order of the scheme, and thus one
would have to choose Ax = O(g!/P) and Ay = O(g!/P) to prevent the numerical diffusion from dominating the solution.
Hence, the stability restriction of time-step size would become At = @(¢!*1/P). This explains a significant computational
cost of explicit schemes in the low Froude number regime.

3. An asymptotic preserving (AP) scheme

In this section, we develop an AP scheme for the shallow water system (2.4)-(2.6) and perform an asymptotic analysis
to show that the scheme provides a consistent and stable discretization of the limiting system as the Froude num-
ber ¢ — 0.

3.1. Analysis of the low Froude number limit

We first investigate the asymptotic limit of the shallow water equations (2.4)-(2.6) as ¢ — 0. To this end, we substitute
a formal asymptotic expansion

w=w® 4+ew® 4 2w? 4 . (31)

for the unknown variables w = (h, u, v) T into the system (2.4)-(2.6) and then collect the like powers of & to obtain
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02 hOhY =0,
0,0 _

hOrY =0,

oE h(O)h)((l) + h(”h,((o) =h0yO
hOnY + hORY = Oy ©,

oMy : i + (Ou@), + 1 Ov®), =0,
h©@y©), 4 [h(0>(u<0>)2] + (h<0>h(2)) n (h(O)u<0)v<0>) +hDpD
X X y
= hOy () (), ©)
(h(mv(m) T [h(0>(v(0))2] i (h(0>h(2>)
t y

= _pOy (M _ My

+ (h(0>u(0>v<0>) L pOpD
y X y

0 : bt + HOuM)+ 0OV, =0, (32)
(h(0>u<1>+h<1>u<0>) +2<h<0>u<0)u(1>) +[h<1>(u<0>)2] +(h<1>h(2)>
t X X

+ (hm)umv(m) + (h(nuw)v(m) + (hw)u(mv(n)
_py,( _ h<2>f/<°> — @y, '
(h(0>v(1>+h(1>v<0>) +2(h(0>v<0>v(1>) + [h<1>(v<0>)2] n (h<1>h<2>)
t y y
+(h<0>u(1>v<0>) +(h<1>u(0>v<0>) +(h<0>u(0>v<1))
IO +h<2>);(0> = _h©y@ ’
O®?) - h§2)+<h(°)u(2)) +<h(0)v(2)) +(h“>u(”) +(h‘”v(”)
X y x

- (1) + (vOR?) o

X

y

y

X

y

The equations for the @(g¢~2) terms in (3.2) imply
h? =0, hP=o. (33)
Substituting (3.3) into the continuity equation (2.4) and integrating it over the domain Q yields

1
—(Inh© :_/V_ o
(Inh™); Is] u
Q2

where u := (u, v)T. The last equation implies that h® is constant in both space and time, and the divergence-free condition
V - u©® =0 is satisfied for the leading order velocities u® provided the system is considered subject to either periodic,
reflecting (solid wall) or open boundary conditions. The equations for the O(1) terms in (3.2) yields

u®=—hiP v =pP, (34)
which also imply that the leading order velocity field is divergence-free, that is,
u® +vP =o. (3.5)

We now differentiate the second and third O(1) equations in (3.2) with respect to y and x, receptively, and then substi-
tute them into the first O(¢) equation to obtain

B —h® (hR +hiy) =@ [(v @)= (”(0))2]xy +h© [(u<°>v<°>)xx - (u<°>v<0>)yy] . (3.6)

Similarly, we differentiate the second and third O(¢) equations in (3.2) with respect to y and x, receptively, substitute them
into the O (g?) equation and then use (3.5) to obtain
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h® — (hm),,a) + h(l),,(O)) n (h(O)um + h<1>u(0>>
xt yt

2h© [V<0>V(1) _ u<0>u(1)] T [hm ((vw))z _ (u<0))2)]
xy

Xy

n (h(0>u<1>v<0> LRy ©,0 h<0>u<0>v(1)) _ (h(O)umV(m L ROy @@ h<0>u<0>v(1>)
XX

In summary, we use (3.3)-(3.7) and arrive at the following limiting equations:

h©® — Const,

WO v® o,
) _ (e

u =-h,’,

VO k)

(hOy©), + [h<0>(u(0>)2+ %(hu))z] + (WOu@y Oy, 4 fORD — O (D) 4 y1),©)

X

(hOy©), 4 [h<0>(v<0>)2 i l(h(n)z] + HOuOyO®) 4 {ORD = Oy D) _ 1)y ©)
5 :

y

0 (12 ), =0 [0 - @] +n0[(Ou®) (0w |

h® — (h(mva) + h(1>v(0)> n (h(O)u(i) + h<1>u<0>)
xt yt
— 24O [v<0>v<1> _ u(0>u<1>] i [hu) ((V«)))z _ (u<0>)2)]
Xy Xy

+ <h<0>u<1>v(0> +hDy©@,0 h<0>u(0>v<1>)

XX

_ (h<0>u<1>v<0> +hMy©,,0) +h(0>u<0>v<1>)

263

In the remaining part of §3, we develop an AP scheme for (2.4)-(2.6), which yields a consistent approximation of the

limiting equations (3.8) as € — 0.

3.2. Hyperbolic flux splitting

In order to construct an AP scheme for the system (2.4)-(2.6), we follow the idea from [14] and split each of the fluxes

into two parts corresponding to the slow and fast dynamics:

he +athu)x +athv)y + (1 —a)(hu)y + (1 —a)(hv)y =0,

7h? —a®h a(t 1
(hu); + <hu2 + 26—2() + (huv)y + %hx = gh\/,
X

12 _atn a(t 1
2 ) +¥hy——g
y

(hv)e + (huv), + (hv2 + 2 = hu.

This system can be written in the following vector form:

Ui+ FWU)x+GWU)y + FU)y+ GU)y =SU),

where the slow dynamics (nonstiff) parts of the fluxes F and G are

aohu ahv
~ 1p2 ~ huv
FUy = | 2 22900 Gy = o
g2 5 she —a(®h
huv hv +T

and the fast dynamics (stiff) parts of the fluxes F and G and the source term § are

(1 —a)hu (1 —a)hv lO
~ —~ 0 _
FU):= @h . GU):= . sy = 2V

€ a(t) 1
0 “h

——hu
£

(3.9)

(3.10)

(3.11)

(3.12)

(313)

(3.14)
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In order to ensure that the subsystem U; + F(U)X + a(U)y =0 is both nonstiff and hyperbolic, we need to choose the
flux splitting parameters o and a(t) in an appropriate way. To this end, we first compute the eigenvalues of the Jacobians
dF/0U and dG/dU, which are

[ui\/(l—a)u2+ah;g(t),u} and [vi\/(l—a)vz—i-ah_sg(t),v , (3.15)

respectively. We then take

a=¢ and a(t)= min h(x,y,t), (3.16)
(x,y)eQ

where s > 1. Using the asymptotic expansion (3.1) for h and a(t) and the fact that h® is constant over the entire domain
2, we obtain h —a(t) = O(¢) and thus (3.16) guarantees that all of the eigenvalues in (3.15) are real and uniformly bounded
with respect to &.

Remark 3.1. Even though one can take any value of s > 1 in (3.16), it might be safer to take s =2 there as in this case
the stability time-step restriction, which is based on (3.15) and (3.16), will be clearly independent of &. In the numerical
experiments reported in §4, we have used s =2, that is, « = £2. However, the results obtained with s =1 (not reported in
this paper) are almost identical and no instabilities have been observed as expected.

3.3. Implicit-explicit (IMEX) time discretization

In order to relax the strong stability restriction on the time-step size, we follow the implicit-explicit approach and
approximate the nonstiff flux terms ?(U)X and a(U)y explicitly and stiff flux terms ?(U)X and 6(U)y as well as the
Coriolis term S(U) implicitly.

Let us consider the simplest first-order IMEX method (the forward-backward Euler method from [1]) and apply it to
discretize the system (3.9)-(3.11) in time. This results in

hn+1 — K"
ot ahw)y +a )y + (1 —a)(hw)y™ + (1 —a) ()} =0, (317)
hu)™ 1 — (hu)" 12 —qh\" a 1
(up™ = Gu)” N (hw) + (hu2 + 2 + (huv)} + e—thH = E(hv)”“, (3.18)
X
hv)™*1 — (hv)" 12 _gp\" oo 1
™ = (v ~ A2k (huv)! + <th +2 p + 8—2h§+1 = —g(hu)”“, (3.19)
y

where the upper indices n and n+1 corresponds to the current, t", and new, t"+1 = t" 4 At, time levels, respectively. Notice
that in the process of evolution of the solution from t =¢" to t = t"*!, we fix the splitting parameter a(t) = a" := a(t") as it
must be computed using the available set of values of h at the current time level.

The remaining part of §3 is organized as follows. In §3.4, we describe the central-upwind spatial discretization of the
nonstiff flux terms. In §3.5, we discretize the stiff flux and Coriolis terms using the central differences and implement a
higher-order IMEX method to complete the derivation of the second-order AP scheme. In §3.6, we prove that the resulting
fully discrete system is asymptotically consistent as & — O.

3.4. Central-upwind discretization of the nonstiff flux terms

In order to discretize the studied system (3.12)-(3.14), we use a finite-volume approach. We divide the computational
domain into finite-volume cells C;, = (xjf%,xH%) X (ykf%,yk%), where Xjpl =X 1= Ax and Yipd = Vi1 = Ay, and
assume that the solution at the current time level t = t" is available in terms of its cell averages:

—n 1
Ujk~ m//U(x,y,t")dxdy.
Cj,k
In this section, we describe a finite-volume discretization of the nonstiff flux terms. In each cell, we approximate the
contribution of R := —F(U)x — G(U), by computing
- =N n n
n Fivtk=Fjitk Gjksl —Gjr-]

k= A - - sz —2, (3.20)

[N}
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where F and G are the central-upwind fluxes from [25,26] (we note that a first-order version of the central upwind flux
have been developed in [15]):

F uW at | a’
Fn J+ k Fu Jk) (CHEY) j+ik ik oV _UE 391
ik = a . — a_ + a . —a ( J+Lk Jk) (321)
ik Titik ik Titik
and
pt - S + -
Sn g  CWU -~ P G(U der) B N 322
gj,k+7 bt _ b— + pt+ —b- (U] k+1 Uf-k)' (3:22)
i K 1 ik 1 ik 1 ik 1
jk+3 jik+3 jk+3 jk+3
Here, Uj © U‘ij, U]Nk and U?,k are point values of U at time t =t" computed using a piecewise linear reconstruction. To

minimize oscillations, we reconstruct the primitive quantities w rather than the conservative ones, U. This is done in the
following way. In each cell, we approximate the function w(x, y,t") using a linear piece

wx, y)" = wh+ (W x—x) + (W) (v = yi), (x,y) €C, (3:23)

n _ (" on on NT n noenn nopn ;
where wh = (hj_’k,uj!k, vj!k) Jul = (hu)jyk/h]-,k, Vik= (hv)]-,k/hjyk, and the slopes wy and wy, are computed in a non-

oscillatory manner using a nonlinear limiter. In the numerical results reported in §4 below, we have used the generalized
minmod limiter (see, e.g., [27,28,31,32]):

n n N _ a0
(Wy)", = minmod (6 Wi Wi Wi — Wi, 9 Wik = Wi 1k
ik AX ’ 2AX ’ AX ’
w" —w', w! —wh w?, —w! (3:24)
n . Jik+ J, Jk+ k=1 J.k Jik—=
(W), = minmod ( i k1 'k’ i k+1 ik 0 . ) i k—1 7
s Ay 2Ay Ay
with the minmod function
min(zq, z3,---), ifzi>0 Vi,
minmod(zy, 22, - -+) := { max(zy,2z2,---), ifz; <0 Vi, (3.25)

0, otherwise,

which is applied in a componentwise manner. The parameter 6 € [1, 2] controls the amount of numerical dissipation: the
larger the 6, the smaller the numerical dissipation. In the numerical results reported in §4 below, we have taken 6 = 2.

Finally, the one-sided local speeds of propagation ai 1k and b;:k+1 in the x- and y-directions, respectively, are estimated
ket

at time t =t" from the smallest and largest eigenvalues of the Jacobians 8?/8U and 86/8U:

hE —an -
Kk K
1+1 . :max(u P +\/(1 —a)(u?k)z +a-L . U}A./H,k‘l'\/(l _a)(u\j/\—ll-l,k)z +a%’0)’
hE —an hW —an
1,k
1+11< mm(ufk \/(1—a)(u DE ot — VYH k \/(1 O‘)(“\fim)hro‘jT’O)’
(3.26)
hN’ —a h k+1 —a"
k .
(V ey A= )? +a ’82 Ve Y A —08, )2 +a]T,0),
AN —an hS —an
N N 2 Jj.k S 24 juk+1
b]k+1 _mm j,k—\/(l—“)("j,k) +“T’V1,k+1_\/(l oz)(vjkﬂ) T’O)'

3.4.1. Numerical diffusion of the central-upwind discretization (3.20)-(3.26)
In this section, we analyze the leading order of the numerical diffusion present at the central-upwind discretization
(3.20)-(3.26). To this end, we first rewrite the x-directional central-upwind flux (3.21) as
=, 7n =, wn
~n F(U; )+FUj )

— n
]'_J'Jr%,k— ) +Dj+%,l<’

(3.27)

where
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+
a’t
J+3.k ~ ~ — ~ —
Dk 2@ —a )[ZF(U?k)_F(Uﬁk)—”(”fﬂ,k)]
jtyk o Ttk
a;_%’k W il = =N
B 2@t —a- )[ZF(UjH,k) —F(Uj) - F(Uj+1,k)] (3.28)
J+3k itk
+ —
a’ ,oa;
Jj+5.k j+5.k W E
t (Uj+1,k - Uj,k) ;

j+ik aj+%,k
represent the numerical diffusion introduced by the central-upwind discretization and all of the point values and local
speeds of propagation in (3.28) are computed at time level t =t" as indicated in the previous section. In what follows we
introduce the notation D := (D", DM, D"V)T to specify the components of the diffusion.

We now compute the leading order of the numerical diffusion in (3.28). We consider the following asymptotic expansion
for the unknowns in (3.28):

—n _ .. (0)n 1),n 2,,,(2),n

Wi =wi " Few ) w4

E _ . ,E(@© E.(1) 2..E(2)
wh=wi ) rews U 4w
w, _ .. ,W,(0) W, (1) 2., W,(2)

Wik =W TEW; " +&W m+....

We assume that h].(?{)’" =hO" for all j,k, where h (@7 = Const, and all the limiting equations (3.8) are satisfied at time

level t". Thus, (3.23)-(3.25) imply h?’lgo) = h‘jN,;(O) =h (@ Moreover, using the definition of a” in (3.16), we can expand
a"=h Oy gqgDn 4 g2q@n 1
where a®" and a®" are constants at time t".
For the first component of the numerical diffusion in (3.28), we obtain

h oza;r] k E,(0), E0) ;(0).n. (0) (0).n  (0)
no_ 2 . .0 .0 (0.1 _ ,(0).n n
i+1k " 2(qt - [2hj,k Ujk hj,k Ujk hj+1,kuj+1,k]
T2 2@, —a. . 1,)
j+g.k jt3.k
06(1;_1 k W, (0), W,(0) (0),n (0) (0) 0)
2’ s s ,n ,n n n
-5 = [2h1+1,k”j+1,k_hjk Uk _hj+1,k”j+1,k] (3.29)
2@, ,—a. ,,)
]+7,k ]+7,l(
+ —
at | a
kT ityk W) R
= —— (hi e —hy )

TR ST
for the leading order approximation. Since we take o = &° where s > 1 (see §3.2), the leading order of D’;f] ) in (3.29)
7;

is O(e).
For the second component of the numerical diffusion in (3.27), we obtain

a’
hun J+3.k 1 1. omn2 ©.1 \2 o E(0) 2]
Dj+%’k_2(a+ —a’ ){282 [(hflk ) +(hj+1,k) z(hj,k )
j+%,k j+%,k
(M,n
a ©).n | 1(O0).n E.(0)
+— [hj,k +hj+1’k—2hj’k]
il 1 ©n\2 | p©n 2 W,(0),2
T ){E[(hj’k’) + (O —2(hj+’],k)] (3.30)
jtik o Tl
(M.n
a ©).n , 1O0).n W, (0)
+ [hj,k +hj+1,k_2hj+1,k]
at | a7,
JHak itgk pW-0) W.0) _ E.(0) E.(0)
ot = ik ~ Mk Ui )

‘ —a;
jtyk o Tjtik
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in which all of the O(¢~2) and O(¢~!) terms can be canceled since hf ,EO) = hW :© h}%’" =h©O" for all j, k. Therefore,
the leading order of D?i? , in (330) is O(D).
7.
For the third component of the numerical diffusion in (3.27), we have

+
a’
hvin 3.k [2hE .(0)E.(0) E.(0) h(O)n (0),n_ (0).n h(O) yOn V(O)n]
1+%~’<_2(a+ —a ) ]k J.k ]k j.k 1k J+1k " j+1.k
j+ik T+l
j+5k W.(0), W.(0)  W.(0) (O)n (0),n_ (0),n (0),n , (0).n _ (0).n
ey = [h1+1k irkVisie — i w Vi —hy 1k”1+1k"]+1k] (3.31)
2a’ ,, —a. 4,)
J+g.k jt3.k
+ -

Jtak itk (W0 W.0) _ LE.©0)E(0)
JH1LkY j+1,k ik Uik

for the leading order approximation. Therefore, the leading order of D’“’ i m (3.31) is O(1).

Similarly, for the y-directional central-upwind flux (3.22), we obtam that the leading orders of the numerical diffusion
is O(e), O(1) and O(1) for the first, second and third components, respectively.
Finally, substituting the x- and y-directional central-upwind fluxes into (3.20), we obtain

= n =n
ik ="DxFjp = DyGj) + Q. (3.32)
where
Ci+1.k —Ej—1k Cik+1 — &jk—1
D - v 7S and D . - P
xLjk 2AX yEik 2Ay
are discrete central difference operators and Q” k= (QJ e Q’]“;{", Qh" ™T is a numerical diffusion, which can be expanded
with respect to ¢ in the following way:
2
Q="+ 2P 42
Q};l;<n — Qhu ,(0),n + SQhu ,(1),n +e Qhu ,(2),n +.... (3‘33)
thn_ th (O)n+SQI]1\;<(1)n+8 th (2)n+””

We would like to stress that all of the terms in this expansion are proportional to Amax since they are introduced by the
second-order central-upwind discretization.

3.5. Fully discrete AP schemes

In order to derive a fully discrete AP scheme, we first rewrite the system (3.17)-(3.19) by using the notation R" :=
(RP-n, R REV-MYT and solving (3.17) for h™+! and (3.18), (3.19) for (hu)"*! and (hv)™*:

™ =h™ + ARM™ — At(1 — o) [(hu)f+! + (hv)”“] (3.34)
uy+ = L [(hu)" + f(hv)” + At(Rhn Rh" " -2 (h"+1 Agthy )] , (3.35)
(hv) ™! = [(h V)" — —(hu) n At(R’W n Rh“ “) (h"“ thgﬂ)] : (3.36)
&
where
K :=1+ (At/e)%. (3.37)

We then follow [9] and differentiate equations (3.35) and (3.36) with respect to x and y, respectively, substitute them into
equation (3.34) and obtain the following elliptic equation for h"*1;

a'(1—a) n+1 n+1 n h,n At(l —a)
T(hxx +hyy ):h +AtR —T

+% ((hv),'} - (hu)';) + At(RZ“'” + R’;,"'”) + ﬂ (RZ"‘" - R’;”'”)],

Pt (hu)] + ()",

(3.38)
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where

K:=1+ (/A0 (3.39)

Next, we construct a fully discrete method for (3.9)-(3.11) by numerically solving the elliptic equation (3.38) for h"+!
and using its solution in equations (3.35) and (3.36) to obtain (hu)"*! and (hv)™*!. To this end, we compute the nonstiff
flux terms R™™, Rh4" and RM-" using the central-upwind flux approximation from §3.4 and discretize all of the spatial
derivatives in (3.38) using the standard second-order central differences. This results in

—n+1 a"(1—a)  —ntl

n h,
hj,k — TAh] Kk = hj,k + AtR];:
At(1 — ) — — At — _
Tk |:Dx (hu)ﬁk + Dy (hV)Zk + s (Dx (hv)}l,k —Dy (hu)jn,k) (3.40)

hu,n hv,n (At)z hv,n hu,n
+ At(DR]" + DyRIY") + = (DaR" = DR |.
where R}, = (R’; e R’]“;(", RIJ";(”)T is defined in (3.20)-(3.22) and we use the following notation for the discrete Laplacian:

Cit1k =28k +Ci—1k . Cjke1 — 28k + & k-1
(Ax)? (Ay)?

Agjk =

After solving the linear algebra system (3.40) for {Ejn,:]}, we substitute it into equations (3.35) and (3.36) discretized using
the standard central differences and end up with

= & [ 2 ()

- T oy + 2R 4D
Wi = [ = S+ ae(Rly - SR

3 a’;ﬁt (Dy R Afth]'T)_ . (3.42)

Notice that the scheme (3.40)-(3.42) is second-order accurate in space, but only first-order accurate in time. In order to
increase a temporal order of accuracy to the second one, we implement a two-stage globally stiffly accurate IMEX Runge-
Kutta scheme ARS(2,2,2), which can be described by the following Butcher tableau:

0 0 0 0 0 0 0
y Yy 0 O 0 y 0
1
1 I_W 7 0 01—y vy (3.43)
1
| 1= 2 O[] 0 1=y ¥

where y =1 —1/4/2; see [1]. Details on the implementation of the ARS(2,2,2) method are provided in Appendix A.

3.5.1. Numerical diffusion and stability of the proposed AP scheme

It should be observed that the numerical diffusion present in the proposed fully discrete AP scheme is introduced by the
explicit central-upwind discretization R7 ;. Recall that the diffusion terms eAZ .., A2, and AZ_ . respectively, and their
influence on the numerical solution (3.40)-(3.42) computed at the new time level lS small. lndeed the largest contribution

7Qhu n Qh" ‘" which are O(¢)

of the numerical diffusion will be introduced by the terms proportional to ofn ik ik

j.k
since the coefficient K defined in (3.37) is proportional to €~2. We therefore conclude that unllke the case of explicit
schemes discussed at the end of §2, the proposed second-order AP scheme is uniformly stable and accurate in €.

The stability of the designed AP scheme will be guaranteed by [14, Lemma 3.1], as both the slow dynamic (nonstiff) and
fast dynamic (stiff) parts of the studied system are discretized in a stable manner. Since the fast dynamic part is treated
implicitly, the stability of the proposed AP scheme is controlled by the CFL condition for the slow dynamic part, which using
the eigenvalues given by (3.15), can be written as follows (compare with (2.7)):

AX Ay

Atap <V -min
max{|u|~|—\/(1—a)u2+oeh a(t)] max{|v|+\/(1—oc)v2+ah “(t)}

(3.44)
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As it has been explained at the end of §3.2, the denominators on the right-hand side (RHS) of the previous equation are
independent of & (provided « is selected as in (3.16)). Therefore, the use of large time steps of size Atap = O(Amin), Will
be sufficient to enforce the stability of the proposed AP scheme.

3.6. The discrete low Froude number limit

In this section, we prove the AP property of the fully discrete scheme (3.40)-(3.42). To this end, we consider the following
asymptotic expansions for the unknowns

—n

(0),n M 2p@)n
hje=h; " +eh; " +e°h +...,

j.k
n _ (0).n M),n 2., (2)n
Uje=uy) +eu; m+eus 4., (3.45)
n _ ,,0)n (1),n 2,,(2),n
Vik=Vj tev Fetvi
a"=hO" 4 g 4 g2g@n 4
and assume that the discrete analogs of the first four equations in (3.8) are satisfied at time level t =t". Namely,
0).,n _ 1(0),n 0),n 0).n _ 0).n _ (D,n 0),n _ (1),n ;
hj’k =h , Dxuj’k + Dyvj,k =0, Vik = thj’k LUy = —Dyhjyk , Vi, k. (3.46)
We then formally expand the solution at time level t = t"+1 with respect to &:
n+1 1 1),n+1 2
e =R 4 enl M 4 g2 Bt 4
0),n+1 1),n+1 2),n+1
uﬂl :u;; m +8u;’,: m +82u§.7; iy, (3.47)
VIO gy DTy 2y @l

This expansion can be justified as follows. We first notice that subtracting h®-" from both sides of (3.40) and taking into
account (3.32) and (3.46) yield

[1 - (11?_ “ A] (B —hO™ =0(e), (3.48)

where a"(1 — a)/K = h©@-" 4 O(e). Since the matrix | — ﬂ%ﬂA is positive definite and non-singular (with eigenvalues
bounded away from zero independently of ¢), equation (3.48) implies

Rl =hO" 4 Oce). (3.49)

——n+1

It follows from (3.41) and (3.42) that (hu)j”j;l =0() and ), = O(1), which together with (3.49) gives

n+1

Ujk

0).n+1 0).n41
=uj.v,2”+ +O(e) and vﬂlzvg’;w’ +0().

Next, we substitute (3.32), (3.33) and (3.45)-(3.47) into (3.40)-(3.42), which are for convenience multiplied by K defined
by (3.39), to show that the fully discrete scheme provides a consistent approximation of the limiting system (3.8) as ¢ — 0.

We first look at how the terms balance at each order in & as & — 0. For the @(¢~1) terms appearing in (3.41) and (3.42),
we take into account (3.46) to obtain

0),n+1 _ (0),n+1 _
thj’k =0, Dyhj’k =0,

which indicates that h;o,l’"ﬂ is constant in space, that is,
0),n+1 _ ¢ (0),n+1 __
hj’k =h = Const. (3.50)
For the O(1) terms, we take into account (3.46) and (3.50) to obtain

> = Ha u.;’ = — P s v. .’ = L s ,K. .
h©@.n+1 _ p(0).n joli n+1 Dyhﬂ n+1 30’1 n+1 thﬂ n+1 i,k (3.51)

Remark 3.2. The first equation in (3.51) implies that the leading order water depth is constant not only in space but also in
time, that is, h©@-n+1 = O+ — (O
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Remark 3.3. Taking central differences of the second and third equations in (3.51) with respect to y and x, respectively, we
obtain

Dy @™ 4 D

(0),n+1 (1) n+1 (1),n+1
ik =DxDy h — DJ’thj,k =0, (3.52)

j.k

which implies that the divergence-free condition for the discrete velocity holds at all time levels.

Remark 3.4. It should be observed that the proposed AP scheme is also asymptotically well-balanced in the sense that
it preserves geostrophic equilibria in the zero Froude number limit at the discrete level. Indeed, it is well-known that at
the geostrophic equilibria, the pressure terms and Coriolis forces are balanced (see, e.g., [2,3,6,7,35]), which for the system
(2.4)-(2.6) implies

1 1
——hy, v=—hy (3.53)
£ £
Substituting the expansions in (3.1) into (3.53) yields

u® = —h" vO —p, (3.54)

which are, in fact, the third and fourth equation in (3.8). We note that the second and third equations in (3.51), which have
been obtained from the above discrete asymptotic analysis are consistent approximations of (3.54).

Next, we turn to the O(g) terms. Using (3.46), (3.50), (3.51) and the fact that @ = &°, s > 1, the corresponding terms in
equation (3.40) are

(1),n+1 M.n (1) n+1 (1),n
h] k —h; h — Ah] k

At At =HOD.D, [V - W]

(0) 2/(..(0),n_(0),n 2/.(0),n (O)n h,(1),n hu,(0),n hv,(0),n
+h [D @) = D2 O |+ QP+ Dy QO - DO,

(3.55)

As one can easily see, this equation is a consistent discretization of (3.6) since the last three term on the RHS of (3.55) are
O(Afmx) diffusion expansion coefficients from (3.33). We then use (3.46), (3.50) and (3.51) to obtain that the O(g) terms
n (3.41) and (3.42) are

h(O)v('OI:,n+1 _ h(o)v(Olz,n

Js Js 0) (,,(0),n\2 (1),n\2 (0),,(0),n_ (0),n ) (2),n+1

o [h WO+ (h]k )}—l—DX(h uf Q") +hODy (R
_h(O)uglz,n+1 h;llz n+1u(0) n+1 +th (0)n+a(1)n(u§?’z~"+1 _ug,f’£~") (3.56)

and

h(o)u(_olz,nJrl h(o)u(olz n 1
s 0), 1), 0), 0), 2),n+1
j ik p [h@)(u;; ma E(hﬂ ")2] +D, (h(o)u},z " ”) +h©@p, (hﬁ,ﬂ b )

At

_ (0 (]),n+1 (1),n+1 (0) n+1 hu,(0),n (‘1),11 (0),n+1 ©),n
= nOymT ety Oty gh (v V%), (3.57)

respectively. We note that equations (3.57) and (3.56) are consistent discretizations of the fourth and fifth equations in
(3.8), respectively, since the last two term on the RHSs of (3.56) and (3.57) represent the numerical diffusion: while

Q’}‘;’(O)’" and Qh” O are ©(A2,,) diffusion expansion coefficients from (3.33), the terms gV (uﬁ.oli’"ﬂ —uﬂ’") and

—aMn (v(.o) Al _ v(.o) ") are temporal diffusion terms proportional to O(At).

Fmally, we derive the equation for hsz,z i by considering the O(&?) terms in equation (3.40). To this end, we first take

a = &2 in (3.16) (we note that this value of @ has been used in the numerical experiments reported in §4) and use (3.46),
(3.50) and (3.51) to obtain
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(2),n+1 @).n
h hj’k 1

j.k [Dz [h(O)(u(O)ﬂ) ]+D2 [h(O)(V(O) m2 ]+ A[(h(l) )2 ]

At At Iy
+ 2Dny (h(o)u(olz'nv<013’n) + h(o) Ah(?[z,n+l
©),, (1) n (1) n (0) n o), (]) n (1) (O) n
(h +h Vik ) (h -I-h]k ik )

4 gD I:Ah(.llz,n+1 _ Ah(-],z’"] Dthu (O _p th ,(0), n]

200D,y (v "~ u QD) 4 DuDy [ (VM - )]

(3.58)

j.k

+D§ (h(o)u('lli,nv(olzn IO ON

(0)11 0),,(D.n (0),n
ik Uik +hug V‘k)

V.
.k

2 (RO, (1)" y O (D,n, (0),n (0),n Oy (1)” (O)H
= D3 (ROufy O+ R O )

h,(2),n

iy +D Qhu (l)n_DXth (1)n_

+9Q ik

We then apply the Dy and Dy operators to (3.56) and (3.57), respectively, add the resulting equations, and use (3.46) and
(3.51) to obtain

1
D[RO @]+ D3 [0 %"2] + 5 A [ "2] + 20Dy (ROUG V") +hO AR

ik ik
_ (0),,(1),n+1 (1) n+1_(0),n+1 ©, (D11 | p(Dnt1 (©).n+1
DX(” ViK' RV ) Y(h i FhyT g )
_ g [Ah(l) n+1 _Ah(l)n] _I_nghu (0)n+D th (0. (3.59)

Finally, we substitute (3.59) into (3.58) and end up with

(2),n+1 (2),n Oy (1),n+1 (1),n+1_ (0),n+1 0),,(1),n (M),n_(0),n
RGN @) Dx<h Ay ety Dy (hOV" +nSmy %

j.k j.k
At At
0 (1)n+1 (1)n+1 (0),n+1 0 (1)n (1)n 0),n
Dy<h( R < Dy (ROUST 4R
At
ST (T S S B (T L )
2 (0) (l)n (O)n (1)n 0),n (O)n (0) (1)n 0),n
+D ( j.k h]k j.k ]k +h v}k)
2 (RO, (1)n (0)11 (D,n, (0),n (0),n 0),,(D),n_(0),n
D(h Vik hku]k Vik +h ujy v]k)
h,(2),n hu (1),n hv,(1),n
+ QP+ Dy QDM — D QD

As one can see, this equation is a consistent discretization of (3.7) since the last three term on the RHS of (3.60) are
O(A2,,,) diffusion expansion coefficients from (3.33).

In summary, the proposed numerical scheme yields the discrete limiting equations (3.50)-(3.52), (3.55)-(3.57) and (3.60),
which are consistent approximations of the limiting system (3.8) as € — 0.

4. Numerical examples

In this section, we verify the efficiency and accuracy of the proposed AP scheme on two numerical examples.

Example 1—stationary vortex

In the first test problem, which was originally proposed in [2] and then slightly modified in [7], we consider a stationary
vortex in the square domain [—1, 1] x [—1, 1] with a reflecting (solid wall) boundary condition in both x- and y-directions.
We take the following initial conditions:
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0.003 0.01 0.06 0.002 0.01 0.03
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Fig. 1. Example 1: L°-errors for h computed using the AP scheme on several different grids for £ = 0.1 (left) and 10~3 (right).

T =0, 40x40 T =1, AP, 40x40 T = 1, Explicit, 40x40
15 1.5 5
1 ' 4l ' | 1l |
-1 0 1 -1 0 1 -1 0 1
T =0, 80x80 T =1, AP, 80x80 = 1, Explicit, 80x80
w W '
1.5 1.5} 15¢
1 ' 1l ' | 1! ' |
-1 0 1 -1 0 1 -1 0 1

Fig. 2. Example 1: Side view of h computed by the AP and explicit schemes for ¢ =1 using 40 x 40 (top row) and 80 x 80 (bottom row) grids.

5 1
5a +582)r?, r<sc,
3 5 7 25 1 2
h(r,0) =1+ &2 (1+552)+2r 10—5r2+£2[4ln(5r)+§—20r+7r2], s<rsi.
—(1—]082+20821n2) r>%.
5 ’ -5
1
, r<-,
2 1 52
u,y,0)=—-eyY(), v y,0=exY(), Y(@):=1--5, §<r§§,
r
2
0, r>-,
5

where r:=/x2 + y2.

We first verify the order of convergence of the proposed AP scheme in the low Froude number regime. To this end, we
compute the solution until the final time T =20 for £ = 0.01 and 10> on several different grids with Ax= Ay. In Fig. 1,
we plot the L°-errors in h as a function of the grid size together with a dashed line with slope=2 in the log-log scale. The
obtained results confirm the experimental second order of convergence.

We then compare the results obtained by the proposed AP scheme with those computed by the explicit second-order
semi-discrete central-upwind scheme from [7]. For both schemes, we select the time steps adaptively using the correspond-
ing CFL conditions (3.44) and (2.7), respectively, with the CFL number v = 0.2. We use different uniform grids and compute
the solutions until the final time T =1.

We begin with the large Froude number ¢ = 1, for which the time-steps for both schemes are about the same. We show
the obtained results (side view on the water depth h) in Fig. 2, where one can see that if a coarse 40 x 40 mesh is used, the



X. Liu et al. / Journal of Computational Physics 391 (2019) 259-279

1

1

T =0, 80x80 T =1, AP, 80x80 T = 1, Explicit, 80x80
1+2e-3} ' 1+2e-3} ' 1+2e-3 T
1+1e-3} 1+1e-3 | 1+1e-3} '
1 I — 1 I = 1t - —
-1 0 1 -1 0 1 -1 0 1
T =0, 200x200 T =1, AP, 200x200 T =1, Explicit, 200x200
1+1e-3} 1+1e-3 | 1+1e-3}
0 I 0 g 0 g

-1

Fig. 3. Example 1: Side view of h computed by the AP and explicit schemes for € = 0.1 using 80 x 80 (top row) and 200 x 200 (bottom row) grids.
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1

1
-1
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273

Fig. 4. Example 1: Side view of h computed by the AP and explicit schemes for &€ =0.01 using 80 x 80 (top row) and 200 x 200 (bottom row) grids.

AP scheme preserves the initial steady state much better than its explicit counterpart. When the mesh is refined to 80 x 80
cells, the obtained results are quite similar.

For a smaller Froude number ¢ = 0.1, the time-steps used by the AP scheme are already substantially larger than for the
explicit scheme. Moreover, when we use the 80 x 80 grid, the resolution achieved by the AP scheme is much better; see
the top row in Fig. 3. When the mesh is refined to 200 x 200 cells, the obtained results are quite similar (see the bottom
row in Fig. 3), but the AP scheme is more efficient.

The difference between the proposed AP scheme and explicit one is pronounced even more for ¢ = 0.01, as one can
see in Fig. 4. Note that on the 80 x 80 grid, the explicit scheme is very inaccurate since in this case Ax and Ay are not
proportional to ¢ (see the dimensional analysis in §2), but even on the 200 x 200 grid the AP scheme clearly outperforms
the explicit one.

It is also instructive to compare the CPU times consumed by both the AP and explicit schemes. We provide them in
Table 1, where one can clearly observe huge computational savings for the AP scheme in the low Froude regime.

Finally, we consider regimes with very low Froude numbers & < 1073, In such cases, explicit schemes are extremely
computationally expensive and therefore we only show the results obtained by the developed AP schemes. In Fig. 5, we plot
h computed by the AP for £ =103 (top row) and & = 10~# (bottom row) at different times using the 200 x 200 uniform
grid. As one can see, while the solution at a smaller time (T = 10) is quite accurate, at later times the numerical diffusion
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Table 1
Example 1: CPU times consumed by the AP and explicit schemes on different
grids for different values of ¢. The final time is T =1.

e=1 e=0.1 £=0.01
Grid AP Explicit AP Explicit AP Explicit
40 x 40 018 s 016 s 006s 125s 0.03s 1053 s
80 x 80 157 s 132s 029s 473s 018s 470

200 x 200  2411s 2136 536s 16336s 337s 804.15s

T=10,e=10"3 T =200, = 1073

T=0,¢6=10"

1+1e-7

1+1e-7 1 1+1e7 '

-1 0 1 -1 0 1 -1 0 1
T=0¢e=10" T =50,¢=10""* T =500, = 1074
1+1e-9 1+1e-9 1 1+1e-9
1 I 1 I 1
-1 0 1 -1 0 1 -1 0 1

Fig. 5. Example 1: Side view of h computed by the AP scheme for £ =103 (top row) and & =10~* (bottom row) at different times using the 200 x 200
grid.

T =200, e = 1073 T =500, e = 104
1+1e-7 1+1e-9
1 I 1 '
-1 0 1 -1 0 1

Fig. 6. Example 1: Side view of h computed by the AP scheme for & = 103 (left) and & = 10~ (right) using the 500 x 500 grid.

present in the developed AP scheme starts dominating. We stress that for these very small values of ¢ the magnitude of
the vortex is very small and it is hard to expect the vortex shape to be accurately preserved for long time using a relatively
coarse grid. We therefore refine the mesh to 500 x 500 cells and compute the solutions for ¢ = 10~3 and 10~ at large
times T = 200 and 500, respectively. The obtained results shown in Fig. 6, clearly demonstrate that even when for very
small & the AP scheme can achieve high resolution in a very efficient way: for ¢ = 1073 it requires only 422 time steps to
evolve the solution until the final time T = 200 and for ¢ = 10~ it requires only 120 time steps to obtain the solution at
time T = 500.

Example 2—traveling vortex

In this example, we take &€ = 10~2 and simulate a traveling vortex with the same initial water depth profile as in
Example 1 in the same square domain [—1, 1] x [—1, 1] using a 100 x 100 uniform mesh and an open boundary condition
in both the x- and y-directions. The initial velocities from Example 1 are now modified by adding a constant velocity vector
(15,15)T, namely, we take
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Fig. 7. Example 2: Trajectories of the traveling vortex center computed by the proposed AP (left) and explicit (right) schemes at times 0 <t < 0.98.
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Fig. 8. Example 2: Contour lines of h computed by the proposed AP (left) and explicit (right) schemes.
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where r:=/x2 + y2. These initial data correspond to a rotating vortex traveling along a circular path.

We compute the solution by both the proposed AP and explicit schemes until the final time T = 0.98. In Fig. 7, we show
the computed trajectories of the traveling vortex center, that is, mesh points (x;, .. (t), Yk, (t)) at which {Hj,k(t)} achieves
its minimum value at time t € [0, T]. As one can see, the captured trajectories are very close to each other.

Fig. 8 shows the contour lines of h computed at the final time T = 0.98 by the proposed AP and explicit schemes. It can
be observed that the AP scheme preserves the shape of the rotating vortex much better than the explicit scheme. Moreover,
in Fig. 9, we show the side view of the simulated traveling vortex. As one can clearly see, the resolution achieved by the AP
scheme is much higher as by the final time the initial vortex structure is almost destroyed by the explicit scheme.

5. Conclusion

In the current study, we have developed an AP scheme for the 2-D low-Froude number shallow water system with
Coriolis forces. The method is based on splitting the flux into a sum of the nonlinear nonstiff and linear stiff flux terms,
which model the slow and fast dynamics, respectively. In order to relax the constraint of the time step due to the stiff
terms, an IMEX Runge-Kutta ODE solver is used to evolve the solution in time. To this end, the nonstiff part of the flux is
discretized explicitly using a second-order central-upwind approach and the stiff part is resolved by implementing a Poisson
solver using an implicit second-order central difference method.

The developed scheme is AP in the sense that it provides consistent and stable approximation of the underlying system
in the low Froude number regime, in which both the mesh size and time steps are to be selected based on the accuracy
consideration only. Numerical examples presented in the paper clearly demonstrate that the proposed AP scheme yields
efficient, accurate and stable approximation for the 2-D Saint-Venant system of shallow water equations with Coriolis forces
in all Froude number regimes.
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Fig. 9. Example 2: Side view of h computed by the proposed AP (left) and explicit (right) schemes.
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Appendix A. Implementation of the ARS(2,2,2) scheme

Here, we describe how the temporal accuracy of the AP scheme (3.40)-(3.42) can be increased to the second order using
the ARS(2,2,2) method described by the Butcher tableau (3.43). As ARS(2,2,2) is a two-stage IMEX method, we will introduce
the (-)* notation for all of the quantities computed at the first stage.

The first stage of the ARS(2,2,2) method reads as

h* —h"
At
(hu)* — (hu)"
At

+yatu)y +yatv)y +y1 —a)thu)y +y(1 —a)hv); =0, (A1)

n

14,2 n
=h h a
+y (hu2 + ZT) +y (huv)l + ygz

X

1p2 _ np\"

>h= —a"h a"
n 2,2 ya . _ Y *
We note that the system (A.1)-(A.3) coincides with the system (3.17)-(3.19) with At replaced with t := y At. Therefore,
following the same steps as in §3.5, we arrive at

— a”(l —C() — %
T TR Ahj, =
1 —a)

K.

ht = %(hv)*, (A2)

(hv)* — (hv)"
At

_]I'],k + T'R,y’llz’n
—n —n T —n —n
[Dx @)y + Dy vy + — (Dx Ay = Dy () (A4)

2
(hu),n (hv),n T (hv),n (hu),n
+ r(Dij’k + Dy R ) + ?(DXRM ~ Dy R )] ,

- 1 [—n T—=n h T _ a't — T -
() 1= - [(hu)j,k = G+ T (RET+ —RE™) = S (D + Dy B ) | (A5)
— 1 [—n T-—=n h T _ a't — T -
V) = e [(hv)j’k - (hu); . + ‘C(R;J:’%" _ ER;;)’H) _ 8_2(Dy hip— EDXh;k) , (A.6)

where K; :=1+ (t/¢)? and Ky :=1+ (¢/7)%.
After finding h*, (hu)* and (hv)* from (A.4)-(A.6), we continue with the second stage of the ARS(2,2,2) method, which
reads as

hn+1 __pn

oy =@ [+ G+ (=) - [t} + ()]
1 1
_ _ px " \ph,n
=5 RO+ (1= 5, )R (A7)
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()™ — ()" y o Y8 (0 y) (a y)a"
At ;(hv)" + 872}12 ——(hv)* + hy
1 1
— _R(hu),* 1— — R(hu),n, A8
2y * ( 21/) (A.8)
()™ — )"y g yaE 1 -y (1-y)a"
At + g(hll) + S—Zhy ——~(hu)* + 71‘1},
1 1
_ ER“”’)** +(1- E)R(h")’”. (A.9)

We solve (A.7)-(A.9) for K1, (hu)™*! and (hv)™*! to obtain

W =h" — (1 — ) [()§ ™ + (v)§T1] = (At — 1)1 — &) [(hw)} + (hv)}]

+ ZA; RO 4 (1 %)AtR(“)*”, (A10)
(hu)n+1 — % _(hu)n _(hv)n y IR(hu) * 4 ER(hv),*] ( _ —)At[R(h”) n R(hv) n]
T L
LAt-T ((hv)* B E(hu)*) (hn+1 N hn+1) a (At —7) (h + gh;) , (A11)
(hv)"*+! = % -(hv)n (hu) L2 {R(hv) * R(hu),*} ( )At[R(hv) an T T g, n]
T L 2y & &
_At-T <(hu)* + Lihvy* ) = (h"+1 hg“) _ray (Agtz_ 12 (h; - gh;;)_ . (A12)

We then differentiate equations (A.11) and (A.12) with respect to x and y, respectively, substitute them into equation (A.10)
and obtain the following elliptic equation for h"*1;
_at(1-a) (R R = 4 (] B L)AtR(h),n 4 AL

K 2y 2y

T

hn+1
T(1—w) T
- T[(hu)g + ()l + E((hv)g - (hu)';)
1 (hu),n (hv),n T (hv),n (hu),n
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We then compute the nonstiff flux terms R®:1, Rtw.n gtwv)n - ph).x - pu).x apnd RAV)-* ysing the central-upwind flux
approximation from §3.4 and discretize all of the spatial derivatives in (A.13) using the standard second-order central dif-
ferences. This results in
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After solving the linear algebra system (A.14) for {hﬁ }, we substitute it into equations (A.11) and (A.12) discretized using
the standard central differences and end up with



278 X. Liu et al. / Journal of Computational Physics 391 (2019) 259-279
——nt+1 At (hu) % (hv).%
(hu)]k = (hu)]k+—(hv)]k+—y R + R]k

1= ) - 2 S

a* n+1 —n+1 a'(At — 1) —x T —x
5 (Dehj" + 2Dy, )—6—2(th,,,<+;0¢],,<) :
—nt1 1 [——n Al v)x (hu) *
) = T[(hv)jgk (hu)]k+2y(7€ R )
1 (hv),n (hu)n At
+(1- ﬁ)m(n SR - —((hu)]k—i——(hv)]k)
a* 7t it a'(At — 1) —x T —x

References

[1] UM. Ascher, S.J. Ruuth, R]. Spiteri, Implicit-explicit Runge-Kutta methods for time-dependent partial differential equations, Appl. Numer. Math. 25
(1997) 151-167.
[2] E. Audusse, R. Klein, D.D. Nguyen, S. Vater, Preservation of the discrete geostrophic equilibrium in shallow water flows, in: Finite Volumes for Complex
Applications VI Problems & Perspectives, in: Springer Proceedings in Mathematics, vol. 4, Springer, Berlin Heidelberg, 2011, pp. 59-67.
[3] E. Audusse, R. Klein, A. Owinoh, Conservative discretization of Coriolis force in a finite volume framework, . Comput. Phys. 228 (2009) 2934-2950.
[4] G. Bispen, K.R. Arun, M. Lukacova-Medvid'ova, S. Noelle, IMEX large time step finite volume methods for low Froude number shallow water flows,
Commun. Comput. Phys. 16 (2014) 307-347.
[5] G. Bispen, M. Lukacova-Medvid'ovd, L. Yelash, Asymptotic preserving IMEX finite volume schemes for low Mach number Euler equations with gravita-
tion, J. Comput. Phys. 335 (2017) 222-248.
[6] F. Bouchut, J. Le Sommer, V. Zeitlin, Frontal geostrophic adjustment and nonlinear wave phenomena in one-dimensional rotating shallow water. II.
High-resolution numerical simulations, J. Fluid Mech. 514 (2004) 35-63.
[7] A. Chertock, M. Dudzinski, A. Kurganov, M. Lukacova-Medvid'ovd, Well-balanced schemes for the shallow water equations with Coriolis forces, Numer.
Math. 138 (2018) 939-973.
[8] F. Cordier, P. Degond, A. Kumbaro, An asymptotic-preserving all-speed scheme for the Euler and Navier-Stokes equations, J. Comput. Phys. 231 (2012)
5685-5704.
[9] P. Degond, M. Tang, All speed scheme for the low Mach number limit of the isentropic Euler equations, Commun. Comput. Phys. 10 (2011) 1-31.
[10] G. Dimarco, R. Loubére, M.-H. Vignal, Study of a new asymptotic preserving scheme for the Euler system in the low Mach number limit, SIAM J. Sci.
Comput. 39 (2017) A2099-A2128.
[11] A. Duran, F. Marche, R. Turpault, C. Berthon, Asymptotic preserving scheme for the shallow water equations with source terms on unstructured meshes,
J. Comput. Phys. 287 (2015) 184-206.
[12] H. Guillard, A. Murrone, On the behavior of upwind schemes in the low Mach number limit: II. Godunov type schemes, Comput. Fluids 33 (2004)
655-675.
[13] H. Guillard, C. Viozat, On the behaviour of upwind schemes in the low Mach number limit, Comput. Fluids 28 (1999) 63-86.
[14] ]. Haack, S. Jin, J.-G. Liu, An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations, Commun. Comput. Phys. 12
(2012) 955-980.
[15] A. Harten, P. Lax, B. van Leer, On upstream differencing and Godunov-type schemes for hyperbolic conservation laws, SIAM Rev. 25 (1983) 35-61.
[16] J. Hu, S. Jin, Q. Li, Asymptotic-preserving schemes for multiscale hyperbolic and kinetic equations, in: Handbook of Numerical Methods for Hyperbolic
Problems, in: Handb. Numer. Anal., vol. 18, Elsevier/North-Holland, Amsterdam, 2017, pp. 103-129.
[17] S. Jin, Runge-Kutta methods for hyperbolic conservation laws with stiff relaxation terms, J. Comput. Phys. 122 (1995) 51-67.
[18] S. Jin, Efficient asymptotic-preserving (AP) schemes for some multiscale kinetic equations, SIAM J. Sci. Comput. 21 (1999) 441-454, (electronic).
[19] S. Jin, Asymptotic preserving (ap) schemes for multiscale kinetic and hyperbolic equations: a review, Riv. Mat. Univ. Parma 3 (2012) 177-2016.
[20] S. Jin, L. Pareschi, G. Toscani, Uniformly accurate diffusive relaxation schemes for multiscale transport equations, SIAM J. Numer. Anal. 38 (2000)
913-936.
[21] R. Klein, Semi-implicit extension of a Godunov-type scheme based on low Mach number asymptotics, I: one-dimensional flow, J. Comput. Phys. 121
(1995) 213-237.
[22] R. Klein, E. Mikusky, A. Owinoh, Multiple scales asymptotics for atmospheric flows, in: European Congress of Mathematics, Eur. Math. Soc., Ziirich,
2005, pp. 201-220.
[23] A. Kurganov, Central schemes: a powerful black-box solver for nonlinear hyperbolic PDEs, in: Handbook of Numerical Methods for Hyperbolic Problems,
in: Handb. Numer. Anal., vol. 17, Elsevier/North-Holland, Amsterdam, 2016, pp. 525-548.
[24] A. Kurganov, C.-T. Lin, On the reduction of numerical dissipation in central-upwind schemes, Commun. Comput. Phys. 2 (2007) 141-163.
[25] A. Kurganov, S. Noelle, G. Petrova, Semi-discrete central-upwind scheme for hyperbolic conservation laws and Hamilton-Jacobi equations, SIAM ]. Sci.
Comput. 23 (2001) 707-740.
[26] A. Kurganov, E. Tadmor, Solution of two-dimensional Riemann problems for gas dynamics without Riemann problem solvers, Numer. Methods Partial
Differ. Equ. 18 (2002) 584-608.
[27] K-A. Lie, S. Noelle, On the artificial compression method for second-order nonoscillatory central difference schemes for systems of conservation laws,
SIAM J. Sci. Comput. 24 (2003) 1157-1174.
[28] H. Nessyahu, E. Tadmor, Nonoscillatory central differencing for hyperbolic conservation laws, J. Comput. Phys. 87 (1990) 408-463.
[29] S. Noelle, G. Bispen, K.R. Arun, M. Lukd¢ova-Medvid'ova, C.-D. Munz, A weakly asymptotic preserving low Mach number scheme for the Euler equations
of gas dynamics, SIAM J. Sci. Comput. 36 (2014) B989-B1024.
[30] F. Rieper, On the dissipation mechanism of upwind-schemes in the low Mach number regime: a comparison between Roe and HLL, J. Comput. Phys.
229 (2010) 221-232.
[31] PK. Sweby, High resolution schemes using flux limiters for hyperbolic conservation laws, SIAM ]. Numer. Anal. 21 (1984) 995-1011.


http://refhub.elsevier.com/S0021-9991(19)30281-5/bib61736368657231393937696D706C69636974s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib61736368657231393937696D706C69636974s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6175647573736532303131707265736572766174696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6175647573736532303131707265736572766174696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib414B4Fs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib62697370656E32303134696D6578s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib62697370656E32303134696D6578s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib424C59s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib424C59s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib424C5As1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib424C5As1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib43444B4Cs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib43444B4Cs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib636F7264696572323031326173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib636F7264696572323031326173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6465676F6E6432303131616C6Cs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib64696D6172636F323031377374756479s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib64696D6172636F323031377374756479s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib647572616E323031356173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib647572616E323031356173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6775696C6C617264323030346265686176696F72s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6775696C6C617264323030346265686176696F72s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6775696C6C617264313939396265686176696F7572s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib686161636B32303132616C6Cs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib686161636B32303132616C6Cs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib484C4Cs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6875323031376173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6875323031376173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6A696E3139393572756E6765s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6A696E31393939656666696369656E74s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6A696E323031306173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4A5054s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4A5054s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4B6C653935s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4B6C653935s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6B6C65696E323030356D756C7469706C65s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6B6C65696E323030356D756C7469706C65s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4B757243656E74536368s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4B757243656E74536368s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4B4C696Es1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4B4E50s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib4B4E50s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6B757267616E6F7632303032736F6C7574696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6B757267616E6F7632303032736F6C7574696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6C6965323030336172746966696369616Cs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6C6965323030336172746966696369616Cs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6E65737379616875313939306E6F6Es1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6172756E323031346173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib6172756E323031346173796D70746F746963s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib726965706572323031306469737369706174696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib726965706572323031306469737369706174696F6Es1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib73776562793139383468696768s1

X. Liu et al. / Journal of Computational Physics 391 (2019) 259-279 279

[32] B. van Leer, Towards the ultimate conservative difference scheme. V. A second-order sequel to Godunov's method, ]. Comput. Phys. 32 (1979) 101-136.

[33] S. Vater, R. Klein, A semi-implicit multiscale scheme for shallow water flows at low Froude number, Commun. Appl. Math. Comput. Sci. 13 (2018)
303-336.

[34] H. Zakerzadeh, The RS-IMEX scheme for the rotating shallow water equations with the Coriolis force, in: Finite Volumes for Complex Applications
VIII—Hyperbolic, Elliptic and Parabolic Problems, in: Springer Proc. Math. Stat., vol. 200, Springer, Cham, 2017, pp. 199-207.

[35] V. Zeitlin, Geophysical Fluid Dynamics: Understanding (almost) Everything with Rotating Shallow Water Models, Oxford University Press, Oxford, 2018.


http://refhub.elsevier.com/S0021-9991(19)30281-5/bib76616E31393739746F7761726473s1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib564Bs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib564Bs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib5A616Bs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib5A616Bs1
http://refhub.elsevier.com/S0021-9991(19)30281-5/bib5A65693138s1

	An asymptotic preserving scheme for the two-dimensional shallow water equations with Coriolis forces
	1 Introduction
	2 Dimensional analysis
	3 An asymptotic preserving (AP) scheme
	3.1 Analysis of the low Froude number limit
	3.2 Hyperbolic ﬂux splitting
	3.3 Implicit-explicit (IMEX) time discretization
	3.4 Central-upwind discretization of the nonstiff ﬂux terms
	3.4.1 Numerical diffusion of the central-upwind discretization (3.20)-(3.26)

	3.5 Fully discrete AP schemes
	3.5.1 Numerical diffusion and stability of the proposed AP scheme

	3.6 The discrete low Froude number limit

	4 Numerical examples
	5 Conclusion
	Acknowledgements
	Appendix A Implementation of the ARS(2,2,2) scheme
	References


